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UCTIWUSULLP CUL2UuLNRC AFLNhEUSGP T

Phdugh  wpphujwimpoiip: Uju wppiwwnwbipp  dhpupbpod o dnciyghnbiug
Spugpuynpuiwtt  finhpkpht: - Zknmwgnunipjutt - wpwpluit. wpwbg  whwbph
dnughniw  Spwgptptt G, npntp  vwhdwiymd i npybu  whewwnynn
thnthnjuwjutbpny hwjwuwpnidubph hwdwlupgbip wpwtg whybph A-hwoynud?,?
dniuljghntimy  Spwgptph wbpwpd Yhnh ubdwinhljuwt (hhdtwljwuit ubdwbnhlui)
uwhdwidnud £ wpwpd Yrnh ¥ Yndphtiwnnph dhgngny 3% Zhdbwluwinid niuljghniug
Spuqpbtph htnbkpypinwnnpubpp hhduynud b Eplynt mbuwljh gnpénnnipniuubtph Ypu’
nbnunpmpnit b dhwpwy  Anbpmlghw:  Ugwgnigjuws L, np  wpnghpnipught
ubdwtnhuukpp, bhhdudws wmuwhuph punbkpypinnwghwih  wignphpdutph  Jpu,
wihwlwubih  Eu:  ©Bpp  wypnginmipughtt ubdwbnhywbbpp,  hhdtdws wyy
hunbtpypbwnwghwih wignphpdutph Ypw, hwdpbund o Spwqpbpph  hhdbwlwut
ubdwtnhuyh htwn, wyn ghypnid wyyws ypnghinmpuyhtt ubkdwbnpuwubpp hwdwpynid
&l pht, hulj huljunul nupnid® ng (ph;

Znud Wuwpugpus Bt hutnbkpypbwnwghuh wignphpdubph SNFR (nbnuppmud b
tnpuuy Alp phpnd) nuup, bpu Ynblpkn ophtwlikp LSNFR wignphpdp  (Awu
nbnunpnud b inpdw) dbuh phpnud), RSNFR wigqnphpdp (we wknunpnid b unpdwy dtuh
plipnud), FSNFR wgnphpdp (Iphy winunpmud b unpdwy) dth phpnud), hisybu bk ANFR
(qauyghtt tnpdwy duh phpnud), ACT(wwnpy) b PAS(wuuhy) wignphpdubtpp: Unyl
woluwtinubipnid vwhdwinmd £ ACT wygnphpuh dbwthnjuws nuppbpulp” ACT*-p, npp,
h wwppbpnipinit ACT-h, wpgmudktnh hwoduplp juwnwpmd E Epp wyh whwp E
nbknunpyh wetiuq Uk thnthnppujuih wquun Uninph thnpuwpb: LSNFR, RSNFR,
FSNFR wyqnphpuubkpp hswhu twb ACT, ACT*, PAS, HNFR Yhwdwpkup hhudtwljut
hunbtpypknwghwih wignphpdubp, hul] ypnginnipuyhtt ubdwbnpyutpp, hhdugws wyn
wgnphpdutph Ypw, hhdbwlwt ypngbnnipuyhtt ubdwbnphljuubp: 2>-nd wmyugnigyus
E, np ypngbnnipwjht ubdwbnhuttpp hhduqus PAS U HNFR wignphpdutph dpw phy
kb, huly ACT, SNFR wygnphputtph Jpw hhdtnws ypngbgnipught ubdwinhluibpp’ ny
1nhy: Unyu wphiwwnwipnid gnyg k wipdnwd, np ACT* -h Ypw hhdudué wypngnnipuyghte
ubdwbnhlwi unybwbu ng 1phy k:

25 wohmmwnwbpbpnid wwwgnigyws E, np hhdtwlwb ny 1phy wpngbpnipught
ubdwbnhwubpp  (puguonmpjudp ACT*-h) qnuyq wn qnyq wbhwdbdwnbh ke
Zkwmwppppnipinit £ wnwowginid wyy junph ntunidbwuhpnudp dbl hwjwuwpnidhg
Juquuws spugptiph quunud:

! Barendregt H.P. The lambda calculus, its syntax and semantics. Amsterdam: North Holland Pub.
Comp., 1981.

2 Nigiyan S.A., Avetisyan S.A. Semantics of Untyped Functioanal Programs. Programming and Computer
Software, Vol. 28, N3, 2002, p.5-14.

3 Stoy J.E. Denotational semantics: the Scott-Strachey approach to programming language theory. MIT
Press, 1977.

4Field A.J., Harrison P.G. Functional programming. Addison-Wesley Pub. Co., 1988.

> Huruan C.A., Aserucsa C.A. OG anropuTMax HHTEpIPETAlUH GECTHIIOBBIX (YHKIMOHATBHBIX
nporpamm. Becrauk PAY. Cepust dpusuko-mMaTemMaTHueCcKre 1 eCTeCTBEHHbIe HayKy, 2, 2006, c.77-84.
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Bpynt dnibljghntiwyy Spwgpbp hwdwpynid o hwdwpdbp, tpt tpwig hhdtwlwh
ubdwnhuubpp hudpbljund B Zwdwh oypinhuhqugdwtt tuyyunuljutbph  hwdwp
wlhpwdbton b jhund dpwghpp dbwthnjubk), wjuhtpt' ubkpyuyugtl; wyb By wyp
hwdwpdtp dpwugpny: Uhuhwyn k, np, oqgunbkny dpwuqptpp hhdtwfjub ukdwtnhluyghg,
Yuduwywlwt dpwughp Jupbkh b dbwihnpul) by hwjwuwpnidhg juquws spugph:
Puwljwbwpwp hupg E wpwewtnwd, pt wpynp Jupkih b guijugws spughp dbuthnuty
Ukl hujwuwpnidhg Juquyws spuqph wjtiybu, np wwhywbdku pnnp ypngkinnipugh
ubdwtnhlukpp:

Zhdtwlut ogunuugnpéyny dhwjunjumipniutphg B wbnugpdwi dbwjununipiniip,
nptt hpkuhg ubpuyugund t hwjwuwpnudubph we dwubpnud  thnihnpuwlwbph
thnjuwupkt hwdwywunwupwt phpdtph nbnugpmipni: Zwupg B wnwewinid. wpynp
wwhwywiymd b, pt ny dSpwugptiph hhdtwlwb ny phy ypnginnipuyhtt ubdwbnhuubkpp
wynuhuh dbwpunjunipniiubphg htwnn: Zknwppppoipyjut t wpdwith bwb $niulghniug
Spuqptph hwjuwuwpnudubph pwbwh vhuthdhqugdwt jutinhpp' hhdtdws wnknunpdw
Alufunfunipjut Ypu:

Uslwwnwiph tyyuunuljs m pughphtpp: Uju woiwwnwiph hhdtwlwt byuwnwlj nu
luhrlbphhp]} htwnlyuubtpt G,

Zbknwgqnunkp  hhdtwlwt  ny  phd wpnghnmipughtt | ubdwinhlwibkph
hwdbkdwwnbhnipjut jpunhpp Uk hwjwuwpnidhg juquguws spugpbph hwdwnp:

2. Mupqby, phk wpynp Jupkh b judwywut spughp dAbwhnjul) dky hwjuwuwpnidhg
Juquwsé spugph wytybu, np wwhwywudkt tpw pninp hhdtwjut ypngbnnipwght
ubdwtnhutkpp:

3.  Zhwwgnub] wjb dbhwhnpumipnittbpp, npntp hhdws B nknunpnudubph Jpu,
wupql]®  wwhywind i wyn Alwthnpumipnoibubpp popnp hhdtwub
wpngnmipughtt ubdwbnhyuubkpp, pk ny, b hbnwgnunk] wy dbwthnjunipniuitph
pupnnipnibp, npnup judwjwlwb spwughp dbwthnjunid Eu dhthdw) putwynipjudp
hwjwuwnpnidutphg juquws Spwugph:

Zhnmgnunmpjut  dbpogubpp: Uju wouwwnwbpmd  hhnwgnunnmipyui hwdwp
oquuugnpéynid E wmnwtg mhwytph A-hwoyh, hwipwhwoyh, wignphpdubph nhkunipyu,
dwpbdwnhljujui npudwpuinipyui b gqpubtiph nkunipjut dkpngutpp:

Upyniupubph tinpmpynibip: Unktwpununipjut hhdtrwljut wpnyyniipbph G
1.  Uwwgnigyl) L, np ypnghinnipuyghtt ubdwbnhwubkpp, npnughg dkhp hhduqws t ACT

wignphpuh ypw, huy upwup' SNFR pwuh wignphpdtbphg npbt dkbh pu,
hwdbdwwnbh Eu Ukl hwjuwuwpnidhg juqujws spugpbph guunid: Uywugnigyly) L
np  wpoghnnipughtt - ubdwbwnhuwibpp,  hhduws  LSNFR, RSNFR, FSNFR
wgnphpdtutph dJpw, qnyq wn qnyq wihwdbdwwnbh b dky hwjwuwpnidhg
Juqudws Spwgpbph  guund:  Uwywgmigdlp E twl, np  wpnghnnipuyght
ubdwbwnhywubkpp, npnughg dbthp oquwgnpémid L hunbpypbunwghuyh ACT*
wgnphpdp, hul] dnuup® guujugws wignphpd SNFR nuuhg, wihwdbdwnbh tu
Ukl hwjwuwpnidhg juquus Spugpbph nuunid:

2. Uwwgmgyky k np gnnipinit niith wytwhuh Spwghp, npp sniuh hpkt hwdwpdbp dkly
hwjwuwpnidhg juqujus spughp wyiybu, np hwdpuukt btpuig poinp hhdbwluwi
wpogbnnipughtt - ubdwbnpuibpp: Vjwpugpdlp b dbwithnjumpni,  npp
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juduwjuljut spughp dbwthnpunid b tpimt hwjwuwpnidhg juquddus spuqpp’
wwhwywibing SNFR nuuh wju wgnphpdubph Jpu hhdugws wpngbinnipuyght
ubdwtnhuikpp, npnup puupupnud B npnowlh yuydwh:

3. Uwwgnigyly L, np wyt dhwthnjumipiniuttpp, npnup hhdtdus tu mbnunpnudutph
Jpw, pughwinip wodwdp, skt yuwhywind spwgptph hhdtwlwt ypngknnipuyght
ubdwtnhuiubtpp U, np wyy  Auwihnpnippibbbpng judwjwluwt - Spwqpp
Aluthnjunidp dhthdw) puwbtwlnipjudp hajwuwpnidubnhg Yuquyws spugph, NP
ndjyup pughp b Ugugnigdt] b twl, np tpyme wwppkp dhthdwy Spwgpkpp
hhdttwjut  wpngbnnipuyhtt - ubdwbunpluwubkpp, pughwimp wedwdp, sk
hwdpuljunud:

Stuwfwis U Yhpwrwliwb wbwlymppoiip: Ujup wownwipnid  unwugdud
wpryniupubpl niukt hyybu mbuwfwb, wyuybu b jhpupwlut bywbtulnipniu: Fpubp
Jupnn b oqunugnnpéyt] dniughniiwg spwugnptiph oynhlhquguwt punhpubpnud, hyytu
il inp $nruyghniiwyg Spugpuynpldwt hwdwljwupgbph uvnbtnsdwub dudwiwl:

Uunugjus  wpymbpubph  wypnpuwghwi:  Uwnbkbwhimumpyui  hhdtwlwul
wpiynibpubpp qiynigyly & N2 Spugpuynpdwt b hudnpdwghntt mbjuininghwknh
wudphnth ubdhtwpnwd, ©N2  hudnpdwnhlugh b fhpwrwlwb  dwpkdwnhlugh
$ulnipintnh punhwinip ubdhtwpnud, Zw-Onruwut (Ujuynbuwt) hwdwuwpuih
nupkjut ghnnwdnpnymud (Gphwt, 2009) b dhowqquyhtt ghrnwdnnnyutpnud (CSIT-07,
Bpluwi, 2007 b CSIT-09, Bplwl, 2009):

Ugjuwwnwiph  hpdttwjuwt  wpmynitpubtpp  tkpwndws o hpuwwnwpuldws snpu
wpuwnwtiptbpnud:

Uolhmumwnwtiph Yupmgumépih m dwjuyp:  Uwnbbwhinunmpiniip  punugus L
ubkpwénipiniithg, bpkp quhg, bqpuljwugnipmnithg b ogquugnpéyws gpuijwunipjui
gutijhg (30 wuntl): Unbkhwhinunipjub Swjuyp 82 ke E:

UTIUSULLP AN UL TUUNRESNPLE

Lhpwsmpymimd tjupugpjus b wnbhwinuulut wphiwnwiph hknwgnunnipjui
hhdtwlwut punhpp, hhdtwynpjws £ wnbkhwpinunipjut phdugh wpphwljuinipniup b
unpnipniiin: Zudwenn Jhpyny tkpujugyws kiwlh wojmunwtiph pnduiimulnipniup:

Qniju 1I-md phipdwd i hhdtwlwt vwhdwimdubpp, npnup Jkpgqus tu 2-hg:
Zknmwgnunjws k ny 1phy ypnginnipughtt ubdwtnpjubph hwdbdwnbhnipjut jpunhpp
Ukl hwjuwuwpnidhg Yuquws spuqpbph quunmd: Unwehtt qnijup punjugus k Epyne
pwdupg'1.1-1.2:

1.1 pmdumd ubpluyugdus ki hhdtwuljwt vwhdwinulubpp b dbwljkpuydws bt phinpbd
1.1.1-p%

! Barendregt H.P. The lambda calculus, its syntax and semantics. Amsterdam: North Holland Pub.
Comp., 1981.
2 Nigiyan S.A., Avetisyan S.A. Semantics of Untyped Functioanal Programs. Programming and Computer
Software, Vol. 28, N3, 2002, p.5-14.
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Onthnpuwljuitbph hwoybih puqunipmniip tpwbwltup V-ny:

Uwhdwimy 1.1.1 Uwhdwikip phpdtph A puqunipniip.

1) Gphx €V, mymx €A;

2) ©phk ty,t; €A, wyw (tt;) € A: Upju ghwypnud Juubup, np (¢t;) phpdp uvnnwugyty b
t1,t; phputphg wwy hughuyh gnpdnnnpruh Uhgngny:

3) bGphxeVluteA uyu (Axt) € A: Uju nphypnid Juuktp, np (Axt) phpdp unwgyty Lt
ptpuhg b x  hnuwuihg  wpunpulghwih - gnpsnnnipyut dhgngny,  Ax-p
Juiuduubkup wpunpuljunnp, hulj -t wpunpuljuinph wqptgnipjut mhpnype:

Uwhdwimd 1.1.2 7hgmp t € A: x thnphnpowljuith $hpums uninpp ¢ phpund
Jutduubkup juwquws, Epk wjt jud yunuinid E npul wpunpulnnph, jud gnudnd £
uyn  thnthnpwlwbt  oqguuwugnpénny  wpunpwluinph  wqpigmput whpoypod:  x
thnthnpuwljuth Ununpp ¢ phpunud juduikip wquwn, Epk wjh juydws sk: Guubktp, np
x thnthnppwljup wqun k¢ phipunud, tpk wyi nith wntwqt Uk wquun dninp:

t ptipuh pninp wquun thnthnpwuttpnp Juowbwytup fv(t)-ny:

Ujt phipdp, npp sniith wquun thnthnjumubbp, jubjuubkip thwl:

Pnnp thuly phpdtph puqunipniup Jupwbwltup A°>ny:

NMuydwbwynpybup  ¢[xq, ..., X0 Wowbwll] t phpdp’ Wwhny tpwimd  Jkq
htwnwppppnn hpuphg wwuppbp thnthnjuwlwbbbpp x4, X; ..., X, m > 0:

tlty, oo tm] 0y Quad £[xq = ty, ..., X 1=ty ]-n Jupwmtwmllup wyt plipdp, npp unwugynid
E t-hg' x4, x5 ..., % thnthnpjuwljutitbph pninp wqun dntnptph thnpuwpkt dhwdwdwbiuly
nbknunpbny hwdwyuwunwuppwbwpwnp ¢4, ¢, ..., 6, phpdbpp:

Nuydwbwynpdp t(x)-n] wowbwll) ¢ phpdp’ Wwhnd x hnhnjpwlwih $hpuws
wquu Ununpp, bt ¢(7)-n] wyt pipdp, npp wvnwgynud & t-hg' x $hpuws dninph thnjuwptte
wnbknunpbkny 7 phpdp:

Stnunpnulp Jutduukup poyjuwnpkih, Ept wyn gnpénnnipniithg hbwnn wknunpyng
pipukph ny Uh wquun dntnnp sh Juuyynud: Ukup Ynhwnwpybup dhuyh poyjuwnpkh
nbknunpnidubn:

Uwhdwimu 1.1.3 ¢; b ¢, phpdbipp jubquikip Ynugpmibn, tpk bpwutghg dkyp
Yupbih b unwbwy dnwhg' Jepuiuibng juydws thnthnpwlubbbtpp, b Yqpkup
wjuwbu ¢y = ty:

Ujunithtwnl dkup sktp mwuppbpwljh Ynugpnikun phipdtpp:

Ukpuniskup phipdtinh upd gpbjudlibtp.

(.o (t1ty) . ty) phpUp, npubn ¢ €A, i=1,..,kk>1 Yupwhwlkup ¢tt;..t-ny,
(Ax1 (Ax5(....(Axpt) ...) phpdp, npunkn x; € V, t € A, Yupwtwlkup Ax; x5 ... X t -0,
j=1..,mm>0,

I =Ax.x,

T = Axy.x,



F = Axy.y,

0 = (Ax. xx)(Ax. xx),

if t; thent; else tz = tytyt3, npnka ty,t,,t3 €A,

<ty ety SE XL Lty npbnx EV, G EAX € fr(t),i=1,..,mm =1,

U= 2% XX, npubinx; €V, k # j = x, Zx,k,j=1,...m1<i<m m=1,

P = Ax.xUM, nputinx €V, 1<i<mm=1,

Y = 2h.(Ax.h(xx))(Ax.h(xx)), npnkn xh€V: Y-p Jubjuwbkip whpwpd Yhkunh
Ynuphtwwnnp:

Uwhdwimu 1.1.4 p-nhgnighuyh qunuihwpp hpkuphg tbkpluyuginud - hunbjuy
qnugkph puqumpmibp’ B = {((Ax. tlxDt’, tlx =t']) | t,t' € A, x € V}, npntn (Ax. t[x])t’
phpun Ynsynid k f-ntintpu Yud nupnuljh nhgbpu, huly tlx = t'] phpdp’ bpw hwpbpe:

Uhwpwy B-nbpmlighwt (—p), B-nknmlghwb (--) b B hwjuuwpmpmip
(=p) vwhdwtynd kb unynpuljut diny: Ujunthbnl updwbwynptip g uhdynip sqpby:

Uju plpdp, npp sh yupnibwlnud nhnbpu, Ynsynid E unpdw) dl: Bnpnp unpdwy dukph
puqunipiniup bpwbwlkup NF-ny, hulj thwul] tnpdwy dukph puqunipniup’ NF°-ny:

Yuuklp, np ¢ plipdt nith inpdwy &b, ek gnmipynia nith t' € NF, wjiygbunp t = t':

AxXq o Xp. Xty .ty wbuph phpdbpp, npubn x,x; €V, teAi=1, wkj=1,..,mk>
0,m = 0, Ynsynid ku qijuwyghtt unpdwy Aubkp: Fnnp quuyhtt tnpdw) dukph puqunipniip
wowbmlkup HNF-ny: Ywukp, np ¢ phpdu niih qijuught itnpdw b, tpt gnnipiniu niih
t' € HNF, wjuybu np ¢t = t": Zwynuh t, np NF € HNF, W HNF ¢ NF:

Uwhdwimy 1.1.5 Unwg nhybph $niuyghntiuy spughpt hpkhg tkpuyugind E (1)
hwjwuwpmutbph hwdwlwpgp

fi = tlfi - fl
1)
fm = tmlf1 - ful
npunbn f; €V,i# j = fi # fj, tilfy o fin] € A fO(GLfr o fin]) € oo fnd,
i, j=1,..,mm=1 (1)nid wnwohtt hwjwuwpnuip Yhwdwpkiup spwqph gqluwdnp
hwjuwuwpnud:

Pninp (1) whwh dpwugpkph puqunipmniop tpwhwlkup P-ny:

Yhunwplbbp (1) spugph puusmup’ (1, ..., Tpy), npnkn

T; = PM(Y(Ax. < t4[P*x, oo, BRX), ooyt [PTX, o, PRX] >)), i =1, ..., m

7; phpup Juidukip (msdwb quwynp Yndwynubinm, npp wduinwd Eu (1) spwugnph
wiownd Yhnh ubdwtnhlu (hhdbwu vkdwtnhljuw):

Uwhdwimu 1.1.6 thgnip P-u (1) dpwghpt k, hulj 74-p° P Spwgph whpwpd Yhnh
ubdwinhlwl, wyn ghwypmu Fix(P) puqunipyniip vwhdwinnd Ehtnlyu Yhpy'

Fix(P) = {(Vq, .., Vky to) |11 V1 o Vg == tg, Uy, oor, Vg, o € NFO, k = 0}:
7



Fix(P) jwujwuklp P spwqph whpwpd Yhnh ubdwbnhjughtt hwdwywunwujuwbng
pwuqunipnii:

Ehnptd 1.1.1 (nEkqunpnudbtph dwupb): thgnip wpdws £ (1) mhwyh P Spughp b
V1, e, Vg, tg € NFO phipubipp, npunkn k = 0: Uy nhyypnud®
Wy, s Vi tg) EFix(P) ©3n = LEMf, o) fulV1 ooV 2= tg,  npubn  t2{fi, o, fn] = fi,
tls[fi' ""fm] = tl [tf_l[fl‘ - ‘fm]‘ et tfn_l[fl‘ b ’fm]]’ S 2 1’ L’ = 1’ b ’m:

12 pwdinud uwhdwbws bt hhdtwlwb wpnghinnipughtt ukdwbnhuibkpp b
ubpunisqus i wbhwlwubjhnipjut, phynipjut b wihwdbdwwnbhnipjut
qunuthwpibpp: Zknwgnundus k hhdtwlwb ns 1phy wpngbngnipughtt ubdwinhlwibkph
hwdbkdwwnbhnipjut jpunhpp Uk hwjwuwpnidhg juquguws spugpbph hwdwnp:

PEptup hunbkpypbunwghwih wgnphpuh vwhdwbnudp:

Uwhdwimy 1.2.1 A hinbpypbunwghwih wignphpup, unwbuyny (1) wkuph P dpughp

b X phpdd npybu dnunpuyht wjujubkp, jud wdwpund B wpwwnwbpp b
Jhpunupdund X' € NF, fo(X') N {fi, .., fm} = 0, jud wphuwwnnid £ wibpy:

A wygnphpdn ogunugnpsmu E htnljwy gnpsnnnipynt iikpp

w) t1[f1 . finl o tmlfi o fin] PERUERR MEnuppnd hwdwwywwnwupwbwpwn f, .., i
thnthnfuwljuitbph npnp wquin dnuinplph thnpownpkie

P) Upwpuy B-nhnmiyghu:

Ujdd uwwhdwblp Procy(P) pwqunipnitp, npp  huwdwywuuwupwind LA
hunbkpuynpkwnwghwih wignpppdt oginugnpénn ypngknnipuht ukdwtnhluwghi:

Uwhdwimud 1.2.2 Yhgmip P-u (1) dpwghptt £ b A-u' nplhgk hunbpyplnwghwgh
wgnphpd: Uyn nhuypnid” Procy (P) puqunipjniup uwhdwuynud £ htnlyuy hpy.

Procy(P) = {(vy, ., Vi, to) | AP, t1[f1) o) findvy ovi)  mpnoquws & U hwduuwp
t(), V1, ...,Uk,to € NFO,k > 0}'

Uwhdwimd 123 A hunbpypbunwghuh  wgnphpdht hwdwywnwujuwing
wpngnmipuyhtt ubdwbnhut withwuuubh b Ept juduwyulwub P € P dpugpp hwdwp
Proc,(P) c Fix(P):

Usliwinnipinit -nid wmyugnigws k plinpbud 1.2.1-q:

Phnptd  1.2.1  (whhwlwubjhmpjut  dwupl): Ywdwjuluwt P € P Spugph b
htuntpyptwnwghuyh A wignphpdh hwdwp Procy (P) < Fix(P):

Uwhdwimd 124 A hunbpypbunwghuh  wgnphpdhtt  hwdwwyuwnwupiwing
wpngbnmipuyhtt ubdwbnhlwi ;phy b, kel judwjului P € P spugph hwdwp
Fix(P) c Procy(P):

! Nigiyan S.A., Avetisyan S.A. Semantics of Untyped Functioanal Programs. Programming and Computer
Software, Vol. 28, N3, 2002, p.5-14.
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Uwhdwimy 1.2.5 A & B punbkpyptnwughwh wignphpdutpht hwduwywnwueuwbng
wpngnmipuyhtt ubdwbnpuibpp withwdbdwnbh b, el pujupupynud Bu hbnlyug
wupdwibikpp

1)
2)

qoynipnit niuh P € P spuqhp, wytybu np Proc,(P) & Procg(P)
gqoynipnit niuh P € P spuqhp, wytwybu np Procg(P) & Proc,(P)

Bpk X € NF, wyu L(X)-n] bwowbwlkip X ptpdp, hul hwunwl phypnud L(X)-ny
pwhwlkup X', nputn X’ unnwgynud £ X-hg dhwpwy dwpn nhgmlyghuyny (uyt vhwpuyg
ntnnijghuyny, npp hwdwwywnwupwinid £ wdkiwdw nknkpuhi):

Ljwpwugpkup N wignphpup, npp ipdws X ptpdh hwdwp jupnignid £ ipu inpduyg
&lip Lphk wyt gnynipinit nith b wpuwwnnid wmbtkpe hwjunwly nhwpnud.

N wjgnphpu

Unwnp' X phpdp

Bip' N(X) phpup, tpk N-p npnoqus E X-h Jpu:

1.

Gphk X € NF, wmyu ykpunwpduby X, hwjwurwly nhypnid® N(L(X)):

H wgnphpd
Unwnp' X phpup
Bip' H(X) phpup, tpk A-p npnowd E X-h Jpu:

1.

Gphk X € ANF, myyw Ykpunupdibt) X, hmjunwl nhuypmd’ H(L(X))

buwnbkpuypbunwghwih w dutph SNFR nuup.

Yudwjwljwl A € SNFR wignphpu mih hkwnljw) wkupp’

Ununp' (1) whwh P pwughp b X phpd wybwby, np fv(X) < {f1, ..., fm}
Bp' AP, X) phipup, tptk A-u npnodws £ P-h b X-h Jpu

1.

Brt N(X) npnodwsd sk, wyw A wignpheun bu npnodws sk, b N wignpheuh widbpe
wpiwnwipp hwdwywinuupwind £ A wignphpdh wudbpe wppuwnwtphl,
hwljunwly nhypnid whght) 2-py Yhwnhi:

Gpt N(X) =t €NF\NF°, wwyu A(P,t"), npnbkny ¢’ unwuginmd L ¢-hg
tilfi o fnl o tmlfi - fin]  pERUERL wbnunpnudny  hwdwywnwujpwbwpwup

f1r s frn thnthnuwjutibinh npnp wqun Uninpbph thnpjuwpk, hwjunwl nhypnid
JEpunupduty N(X):

Quuykpybkup SNFR nuuh Ynuljptn wygnphpdubp® LSNFR, RSNFR, FSNFR:

Uignphpu LSNFR

Unuunp' (1) mhwh P dpwghp b X phpd wjtybu, np fv(X) < {f, ..., fn}
Bip' LSNFR(P,X) phpdp, kpk LSNFR-p npnpqwsd & P-h b X-h Jpu:

1.

Gpt N(X) npnodus sk, wmyw LSNFR wygnphpup bu npnodws sk, U N wignphpuh
widtpy wolhwwnwipp hwdlwwywunwuppwind ' LSNFR wignphpdh  wbdkpe
wphuwnwiphty, hwjwpwl nEypnid wugutk) 2-pn YEnpe
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2. Bpk NX)=t(f;) e NF\NF° nputn f-u {fy,...fn} hothnjpuubikph
wlktwdwjn wquun dnnpt E, www LSNFR (P, t(t;)), hwjupwl phwypnid
JEpunupduty N(X):

Uignphpu RSNFR

Ununp® (1) whwh P dpughp b X plipd wywbu, np fo(X) € {fy, ..., fm}s

Gip' RSNFR(P,X) ptpup, tpk RSNFR-p npnpqws & P-h b X-h Jpu:

1. Bphk N(X) npnoywsd sk, wuyyw RSNFR wygnphpup bu npnpdws sk, b N wygnphpdh

widlipy wojuimwnwipp hwdwywunwupwinid £ RSNFR wignpphpuh  wytkpe
wpumnwiphly, hwjwpwl ntypnid wmugut) 2-pn YEnpe

2. Bpk N(X) = t(f;) € NF\ NF°, npnty fi-u {f;, ..., fin} thnthnjuwubtbph wdkbwwg
wquwn Untnpl &, wyw RSNFR (P, t{t;)), hmjunwl nhypnud JEpunupduty N (X):

Ujgnphpd FSNFR

Unuunp' (1) mhwh P dpwghp b X phpd wytybu, np fv(X) < {fi, ..., i},

Bp' FSNFR(P,X) ptnpup, tpk FSNFR-p npnoyws £ P-h b X-h Jpu:

1. Bphk N(X) npnpquwsd sk, wyw FSNFR wygnphpeup bu npnoqus sk, b N wygnphpuh
widbpe wohwnwipp hwdwwywwnwupwund £ FSNFR wignphpuh wdbkpg
wpuwnwipht, hwjunwl ntypnid wiguky 2-pn Yenhi:

2. Bpk NX)=tlfy, . fi] ENF\NF°, wwuwu FSNFR (P, t[ty, .., tn]), hulupwy
nhypnid Jhpunupduty) N(X):

Quuljtpykup HNFR, PAS, ACT wgnphpuutpp:

Uignphpu HNFR

Ununp® (1) mhyh P spwughp b X phpd,

Bip' HNFR(P,X) phpudp, tpt HNFR-p npnoywsd | P-h b X-h Jpu:

1. Bpk H(X) npnodwsd sk, wyw HNFR wignphpdp bu npnpdws sk, b H wignphpdh

wilpy wpppwnwipp hwdwwwwnwupwind £t HNFR wignphpuh  wybpe
wpuwnwiphty, hwwnwl nEypnid wugulk) 2-py Yenpe

2. bpk HX) = %1 X %64 [f1, o) fin] o Oolfar s fin] € NF 1
fo(HX)) N{fi, ., fn} =0, wyu HX), hwjuowl pbypnud, tpk x = f;, wyuw

HNFR(P, A%y oo Xy ti[f1, oo fn 011 f1s ooos fin] o Onlfis o fn])s  hwljupwl  plugpnud’
Axq . Xy XHNFR(P, 01 [f1, -+’ fin]) v o HNFR(P,0,f1, -, fm])» npnkn x,x; €V, 65 €

Aj=1.,us=1.,vhv=01<i<m:

Tthgmp npws b ¢, ptpdp, npuntn Shpuqws E 7, Bupwptpdh npbk dmanp: t,-n
wuwjdwtwynpykup tpwbwlky wyt phpdp, npp vinwugynd £ ¢, -hg" 71-h $hpugws Uniinpp
thnJuuphiibing 7; phpdny:

Uignphpd PAS

Unuunp' (1) mhwp P dpwghp b X phpd wjuiybu, np fv(X) < {fi, .., fm}
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Bp' PAS(P, X) phpup, tpk PAS-p npnoqws & P-h b X-h Jpu:
1. Bphk X ENF U fv(X) n{fi, ..., fu} = 9, wmyu Jpugupdut] X, hwjurwl ntwypnid
wlgub] 2-py Yhnht:

2. Bpk X =X(fi), nputy fi-u {fi,..,frn} hohnjuwwibbph wdbtwdwje wqun
Uniwnpt | b wyy Untnpp qnbudmd £ X phpdh wdkbwdwj nbnbpuhg dwh, wmuyw
Jtpugupduty PAS(P, X(t;)), hujunwl nhypnid whgtk) 3-pg Yhwnpe

3. Bpk X = Xk npnkn x €V, t,7 €A, U X phpuh wlktwdwhn nknkpup (Ax. )7
phpdt b, wyw yepunupduby PAS(P, Xipx=r)):

Ujgnphpd ACT

Ununp' (1) mhyh P dpwughp b X phpd,

Bp' ACT(P, X) ppup, kpk ACT-p npnoywsd & P-h b X-h Jpu

1. Bphk X ENF U fv(X) n{fi, ..., fu} = @, wmyu Jpugupduly X, hwjurwl ntwypnid
wlguk] 2-py Yhnht:

2. ©Bpk X =X(fi), nputy fi-u {fi, .., frn} hohnjuwwbbbph wdbtwdwje wqun
Uniwnpt | b wyp Unitnpp qniudmd £ X phpdh wdkbwdwju nbnbpuhg dwh, wmuyw
JEpugupdul] ACT(P, X(t;)), hujunwl nypnud whguk) 3-py Yhnhe

3. Bpk X = Xk npnkn x €V, ¢, 7 €A, U X phpuh wlktwdwhn nknkpup (Ax. )7
plipdu E wyyw Jepunupduty ACT (P, Xyx=acr(e,n):

Lhddw 1.2.1 Hhgnip nipdus & P dpwghpp' f = ¢, npubin t € A, fv(t) = {f}:

Uy niygpmid” Procycr(P) = @:

Yhunnmpynit 1.2.1 Zwodh wntbng wyy, np ACT wyqnpppdp, pun (kddw 1.2.1-h,
wphuwwinnid | wigkpe Ukl hwjwuwpnidhg juquwé nkljnipupy spugpbph hwdwp, dkup
Juyupwgptup ACT wignphpdh dbwthnfudws tmwppkpuyp® ACT™:

ACT wgnphpup ACT*-hg nwupptynid E dhwjt 3-pn Yhwnnud:

Ujgnphpd ACT*

Ununp® (1) mhwyh P spwughp b X phpd,

Bp' ACT*(P, X) phpup, tpk ACT*-p npnoqwsd & P-h b X-h Jpu:

1. Bphk X € NF u fv(X) n{fy, .., fm} = 0, myuw Ykpunupdil) X, hwjunwl ghuypnid

wigutiy 2-pn Yhnple

2. Bpk X =X(f;), npnty fi-u {fi,..,fn} hnhnjuwwbbbph wdbiwdwje wqun
Uninpl kb wyy dntnpp quidnud £ X phpdh wdktwdwju nkntpuhg dwh, wuw
Jtpugupdul) ACT*(P, X(t;)), hmjunwl nypnud whglty 3-pg Yhwnh:

3. Bpk X = X(xso npnkn x €V,t,7 €A, U X phpuh wiktwdwhu nknbpup (Ax. )7
phpul b, wyw Jepununpdut) ACT*(P, X,) , kpt x € fv(t), W ACT* (P, X¢[x=acr (1))
hwljunwly nkypnid:
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Quuybpykup phnpbdutp 1.2.2 — 1.2.5-p, npnup Ytipgus L 1,2-hg:

Phnptd 122 (SNFR nuuh  wqnphpdubplt  ogunwgnpénn  wpnghnnipwght
ubdwbwnhwubph ny |phynipyutn dwupt): nmpnit nith P € P dpwughp wytwbu, np
Judwywlwh A € SNFR wgnphpuh hwdwp Fix(P) ¢ Proc,(P):

Ehnptd 123 (HNFR wignphpdli oquiwuqnpénn  wpnghnnipughtt  ubdwbnhlugh
Inhynipjut dwuht): Ywdwyulwb P € P spugph hwdwp Fix(P) c Procyyeg (P):

Phnptd  1.24 (PAS uygnphpdlt  oquuwugnpénn  wpnghnnipughtt  ubdwnhljugh
IRhyniprut dwuhb): Yudwyuwb P € P spugph hwdwp Fix(P) € Procp,s(P):

Ptopkd 125  (FSNFR,LSNFR,RSNFR,ACT  wjqnpphpuubkpl  oquiwqnpédnn
wpngbnmipuyhtt ubdwbnhiuibph wthwdbdwnbihnipyut dwuhi):

w) wpngknnipught ubdwbnhwubkpp, npnup oquuugnpénid L hunbkpynpknwghuwgh
FSNFR, LSNFR, RSNFR wjqnphpuutpp, qnyq wn qniyq wthwdbdwnbh Bl

p)  wpnghinmipujhtt ubdwbwnhlubbpp, npnughg  Jbkjp oquugnpénid  E
hunbpyptwnwughugh ACT wignphpup, hull dnwup’ guijugws wignphpd SNFR nuuhg,
wihwdbdwwnbh Eu:

Uwnkuwjununipjut dky wmywgnigynid ku pinpbkdutp 1.2.6 — 1.2.8-n:

P;-ny wywbwljkup wyu P € P Spwqpbpp, npntp punjugws ku Ukl hwjwuwpnudhg:

Phnptd 126 (ACT L ACT* wgnphpdubptt  ogqunuignpénn  wpnghnnipught
ubdwbnhywubph hwdkdwnbjhnipjut vwuhb):

w) Judwywlwi P € P spugph hwdwp Procyer(P) © Procycr+(P)

P gunipinit nibh P € P; spwghp wybybiu, np Procyer-(P) & Procyer(P)

Phnptd 127 (ACT U SNFR uygnphpdubptt  oquiwugnpédnn  wpnghnnipught
ubdwbnhywubph hwdbkdwnb hnipyut dwuht k) hwjuwuwpnidhg juqujws spugptph
nuunt):

w) judwywlwut P € P; dSpugph b A € SNFR wygnphpup hudwp
Procacr(P) © Procy(P);

p) gonipnil nith P € P; dpwghp wyiybu, np judwyulwi A € SNFR wignphpuh
hwuwp Procy(P) & Procycr(P):

Ptopkd 128  (FSNFR,LSNFR,RSNFR, ACT*  wjgnphpdubtpli  oquwugnpény
wpongbnnipughtt ubdwbnhuibph wthwdbdwnbjhnipjut dwuht dby hwjwuwpnidhg
Juquuwsd sSpugptph nuuntd):

! Nigiyan S.A., Avetisyan S.A. Semantics of Untyped Functioanal Programs. Programming and Computer
Software, Vol. 28, N3, 2002, p.5-14.

2 Hurmaa C.A., Aserncan C.A. O6 anropurmMax HHTEpIpeTaniuy GeCTHIOBBIX (YHKIOHAIBHBIX
nporpamm. Bectauk PAY. Cepus pusnko-mMaTeMaTHueCcKre U eCTeCTBEHHbIe HayKy, 2, 2006, c.77-84.
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w) ypogtnnipuwihtt ubdwbnhlwibpp, npntp ogquiugnpénid tu hunbkpypbwnwghugh
FSNFR, LSNFR, RSNFR wgnphpdukpp, qnyq wn qnuyq wbhwdbdwwnbih tu dkly
hwjwuwpnidhg Juquyws spugqptph npuunid;

P wpnghynipughtt  ubkdwbwnhlwbbpp, npnughg  Jdkip oquuugnpdmid  k
huntpyptunwghwih ACT* wgnphpudp, hul Unwup' guuljugws wignphpd SNFR nuuhg,
wihwdbdwwnth B Uk hwjwuwpnidhg juquywsé spuqpkph quunid:

Uwhdwimy 1.2.6 Ywuklp, np hunkpuypbunwghugh 4 wignphpup pujupupnd k(%)

hwwnlmpjuinp, Epk mbnh nith htnbyjw wuwydwinp.
Jutuwyuwlwi (1) whyh P dpugph hwdwp, tpk 6(f) € NE\NFC, fe€{fy,...fn} L t' =
t(r),7 € NF, b 7 qupnibwynud & fy, ..., fiy hnthnjuwutbtph dhuyt by wquun dnunp,
wwyw A wignphpdp (w) gnpénnnipnitt hpuwjuwbwgubnt dwudwbwl pbnpnd k
thnthnpuwluittph dhtinygt wquun dntnptpp ¢t b t' phpdbph hwdwp:

MNuygmud  1.2.1 PAS, ACT, ACT*, HNFR, LSNFR, RSNFR, FSNFR wjgnphpuubpp
pujupupnud B (*) hwinlnipjun:

NMuydwbwynpytup SNFR*-ny pwbwljl) wji A € SNFR wyqnphpuubkph puqunipniip,
npnup pujupupnd Bt vwhdwinud 1.2.6-nmud ukpunisdus () hwnlnipjuiin:

Ymu 2-p wlhpjws t uwyh hwpght, pk wpynp jupbh B judwjwlwd spughp
Althnjul) iy hwjwuwpnidhg juqudus spwgph wytwybu, np wwhwywigb tpw
hhdtwlut ny 1phyd wpngbinnipuyhtt ubdwbnhuwubkpp: Gpypnpny goijup punjugus k
EpYynt pwduhg' 2.1-2.2:

2.1 pumdimd ubpdnisgws k Spugpbiph hwdwpdbpmput qunuthwpnp b wyugnigyus
E plinpbd 2.1.1-p:

Uwhdwimy 2.1.1 Ywubklp np P dpwghpp hwdwpdtp t P’ spugpht, tpk Fix(P) =
Fix(P"), b ygpkup P~P":

Pnnp hhdtwlui huntpypknwghwjh wqnphpdutph puqunipniip
tpwbulytlp A@-ny| A©® = {LSNFR,RSNFR, FSNFR, ACT, ACT*,PAS, HNFR}:

Ehnptd 2.1.1 Anymipinih nith Py € P dpwghp, nph hwdwp gnnipinit snith wjtiyhuh
P € P, spwghp, np P~Py, b pudupupdh hbnbju] wwydwip Proc,(P) = Procy(Py),
Judwyulwi 4 € A©® wignphpuh hwdwp:

2.2 pudimy tkpunisyws b spugpbph dhwthnjumpjut qunuthwpp b ajupugpyus k
dluthnjunipni, npp juduwyulwb dpwghp dbwihnjunid E bpynt  hwdwuwpnidhg
Yuqujws spwgph’ wwhwwubinyg upwbg SNFR* hunbkpypbunwghuyh wignphpdutpht
hwdwywwnwupwing ypngknnipuyhtt ukdwtnhljwkpp:

Uwhdwimy 2.2.1 T: P - P hwpquplljh wprnuyuunlbpnudp Yosggnd £ P dpwugpbph
dliuthnjunipnil, pk gutjugws P € P spugph hwdwp T(P)~P:

Thunnmpnth 2.2.1 Uuhwpn E, np gnjnipinit niuh wyiygghuh 7 dbwhnfunipyniy, npp

Judwjuwlui (1) mhyh P dpwghp Yadbwihnjuph kY hwjuwuwpnidhg juqujus spugph:
bpnp, nhiwpltup htwnbyw) T; : P - P; wpnnuwunljkpnudp.

13



(1) whyh P € P spugpht hwdwyunwuumbbgikip htwnbyuy P’ € P, spughpp f = 74,
npubn f €V, hull 7;-u P Spwgph hhdtwlwb ubdwbwnmhlub b @hnpbd 1.1.1-hg
wllhpwytu htintinud &, np Fix(P) = Fix(P"): Zkwbwpwp T;-p Abwhnjunipinch k:

Lpwtwlklp tM™-ny ¢t F ... F T phpup, npinkn t € A,n > 0:
n

Tthgnip P-u (1) dpwghpu L, b t € A, fv(t) € {fy, ..., fin}: T-n] Juowbwykup wylt phpup,
npp unwgynmd k t-hg® fj,j =1,..,m thnpnpwlubtbph wdkt Jh wqun dnunp
thnfuwphtbng £,V phpdny, j = 1, .., m:

C wgnphpd

Ununp' ty, ..., Ly, m > 1 phpdbpp:

Blp' C(t; ..., ty) phpup:

1. Bptk m=1 wwu Yhpunupdub] Ax.xt;] phpdp, hwjwowl phwypmd

Jbpugupduby Ax. x t1C(t,, ..., ty) phpup:

Converter wjgnphpd
Unuunp® (1) whwh P spughpp:
Bp' Converter(P) spuqhpp:

1. dhpunupdily (2) Spughpp’
fi = tlfl = 2T @
fo = t2lf2] = C(ty, oo, )

Pnpbd 2.2.1 Ywdwywljwl (1) whuh P spugph hwdwn Converter (P) ~ P:

@bnpkd 222 Yudwyuwhwi (1) whwh P dpwqph hudwp Proc,(Converter(P)) =
Procy(P) gwmujmgué A € SNFR* hunbkpupbwnwghuygh wignphpuh hwdwnp:

Qqniju 3-p wdhpdwd L Spwgptph wyh dbwihnpunipymititpht, npnup hhdujws tu
mbnunpuul  gnpénnmipjut Jpu:  ZEknmwgnundué o Spwgphph hhudtwljwb
wpongbnnipughtt - ubdwbnpluibpp wpuhuh dbwnjmpoiabtph dwudwbwl:
Munulbwuhpqwsé b dpwugptph hwjwuwpnmdubph pwbwlh dhuhdhqugdwb juunhpp
hhuuwé ntnunpdwb dbwthnumpiniuttnh Jpu: Sniju 3-p punugws k. snpu pwduhg'
3.1-3.4:

3.1 pwdumd vwhdwidws b wbnunpdwt gnpsnnnipmnitp $niuljghniwy Spugpkph
hwuwp, wyugnigyus k, np uytt dhwthnjunipni b Zknmwgnundws ku hhdtwlwt ny phy
wpngbnmipughtt ubdwbnhyuibpp wyn dhwthnjumpiniuttph dadwbwly:

Uwhdwimu 3.1.1 f; (hnthnjuwfuip jubduikip nbynipupy (1) spugpoud, Gpk f; €
fr), i=1,..,m

Uwhdwimuy 3.1.2 (mknugpdwhb gnpénnnipinil): thunwpltip (3), (4) dSpugpbkpp’

h=t

fic1 =tiq
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fi=t 3)

fir1 = tis1

fi = tlfi =t

fici =tialfi =t
fir1 = tialfi = ] 4)

fm = tm[fi = ti]
npunkn f; €V,i #j = fi # fi tilfy - fin] € A fo(ilfy o f]) € {1 s fnd,
ij=1..,mm>1:

Quubklp, np (4) Sdpwghpp uwnwgyl] t (B) Spwgphg Yhpwnbny wbknunpdwb
gnpénnnipinit ny nklnipuhy f; thothnjuwuih hwdwp, i = 1, ..., m:

Tthgnip ipdws k (1) mhyh P dpughp: Ywukp, np P’ dpughpp unnwgynid £ P puqphg
ubnunpduwt  gopénnmpjut  dhgngny, bpk P'-p unwgymd L P-hg Yhpwnbkng
nbknunpdwt gnpénnnipnib npuk £, i = 1,..., m thnthnppwluh hwdwp:

Ujunthtnl jyuwydwtwynpytup sphwnwplly fi-h nknunpoudubpp:

Etopkd 3.1.1 Yhgnip nibklp (1) whyh P dpwghp, b P’ spwughpp unwugyty & P-hg'
nbknunpuut gnpénnnipjut Uhgngny: Uy nliwypnid P ~ P':

Ehopkd 3.1.2 Yhgnip niukup (1) whwh P dpughp, b P’ unnwugyt) £ P-hg’ wbknunplwl
gnpénquipjut - Upongny: Uy ghwypnwd  Procyer(P) = Procyer(P'),  Procycer-(P) =
PTOCACT*(P’):

Uwhdwimd 3.1.3 Ywuklp np, T Ahwhnlnmipmniip hhdtiuws b wnbnunpdul
gnpénnmipjutt Yypw, Lphk judwjwlwui (1) whyh P épwuqph hwdwp gnmnipmibt niukl
P, Py, ..., P, Spugpbp wjuwybu, np Py =P, T(P) =P, b P; unwgynud Lt P;_;-hg
nbnunpdwb gnpénnnipju thongny, i = 2, ..., k, k = 2:

Stnunpdwi gnpénnnipjwt Ypu hhdtdws ponp dAbwihnjunipniuitph puqunipniup
Yupwbmlkup T-ny:

LSNFR,RSNFR, FSNFR hunkpyptunwghuyh wignphpdubph puqunipniiap tywbwltup
AD -y AD = {LSNFR,RSNFR, FSNFR}:

Etnpkd  3.1.3 Ywdwuhuwh 4 € AY  hunbpypbnwghugh  wignphpuh  hwdwp
qumipinit mth Py dpwghp b Ty €T dhwhnjumpnit wjbybu, np Proc,(P) #
PTOCA(TA(PA)):
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3.2 pudimd dAtwlbpyynd t hwduuwpmdubph pwbwlh dhthdhqugudwb futnhpp
dniuhghniiwy dSpwgptiph hwdwp' MES b numdbwuphpynid Eu wyn punph hdwunny
dhthdw pwiwlnipjudp hwjwuwpmdubphg Juqudws Spwgpbph wpngbnnipugh
ubdwtnhukpp:

Ujdd uwhuwkup MES (Minimal Equation System) pjuunhpp dniulghnuiwg spwgpkph
hwdwn:

Munhp MES Yhgnip wipdus L (1) whwh P dpwghp: @tk huhdw) pubwlnipudp
hwjuwuwpnidibp wwpnibwlnn P’ dpughp wytwybu, np P’ = T(P), npubn T € T

Etopkd  3.2.1 Qnmipymit nibh P odpwghp uybwbu, np Procy(Py) # Procy(P,)
Yuduwyulwt A € SNFR wgnphpuh hwdwp, npnbn Py, P,-p P dpwqpny npnpynn MES
huunph mwppbp pusmudubpt G

3.3 pudumd phipynud ki gpudutiph wkunipniihg oqunugnpddus vwhdwunudubpp, b
tjupugpynud £ MFVS NP nddup jughpp:

Tthgnip niukup G = (V, 4) Ynndunpnypdus gpudp, npinkn

V-t ququplbnh puqunipinitt t,
A -t wnbnubph puqunipniut k:

Uwhdwimd 3.3.1 VpV;..Vg_; ququpubph hwonppuljuiimipnitip, npnbn Vp =
Ve, Vi# Vi i#jij=1,.,k=2, k>=2,Vy-1,V,) €EAp=1,...k — 1, nsynid k ghly:

Uwhdwimyd 3.3.2 ¢ = (V,4) Ynnuinpnodws qpudp jubjuukp wghljhl, tpk uwyh
ghlyy sh wupnibwlnid:

Uwhiwimd 333 V' cV  puqimpmnitp jubjuikip hwnnyp 6 = (V,A4)
Ynnutnpnpyws qpubh hundwp, bpk 67 = (V7, A") qpudp wghlyihly E npunkn V" =V \ V7,
A" ={(x,NIx,y) EAux,y eV"}

unhp MFVS Qunik] dhuhdw) puwtwlmpjudp ququpibp yupnitwulnng huwnnype
npjus ¢ = (V, 4) qpudh hwdwp:

Zwpnuh &, np MFVSp NP ndqup fuuighp B

Ehnptd 3.3.1 (MFVS uunph NP ndqupnipjub dwuhb): MFVS ainhpp hwinhuwimd
NP ndqwp Jutphp:

3.4 pudumu gnyg Ewpynud MFVS W MES aunhputinh hwdwpdbpnipiniup:

PEnpkd 3.4.1 MFVSp hwdwpdtp & MES-hu:

Ptnptd 3.4.1-hg hinlinud | phinpbd 3.4.2-q:

Phnpkd 3.4.2 (MES unph NP nddupmpjub dwuhb): MES fuinhpp hwinhuwbnud £ NP
ndjup ptghp:

! Karp R.M., Miller R.E., Thatcher J.W. Reducibility among combinatorial problems. Complexity of
Computer Computations. Plenum Press, New York, 1972.
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UCUSULLE zPULUUUL UMMBOAPLELESD

Uwnktwpnunipyniinid uinwgy k) B hknlyu hhdtwlut wipyyniuputpp.

. Uyuwgnigyt] t, np wypngbgnipughtt ubdwbunhlywtpp, npnughg dkhp hhdudws & ACT
wignphpuh dpw, huy Wnup SNFR pwuh wignphpdibphg npuk dkbh ypuw,
hwdbdwnkh B Uk hwjuwuwpnidhg juquyws spugpbph nuunud: Uyugnigyt) k np
wypngbnnipuyhtt ubdwbnhlwubpp, hhdtws LSNFR, RSNFR, FSNFR wjgnpphpuutph
Ypw, qnuyq wn qniq wihwdbdwnbh tu Uk hwjwuwpnidhg juqudus spugqptph
nuunid: Ugyugnigylk] b twl, np wypnghinnipujhtt ubdwbnhlwubkpp, npnughg dkyp
oquuuugnpénid t hunbpuypbwnwghugh ACT* wygnphpdp, hul dpuup’ guifugus
wqnphpd SNFR nuuhg, wmthwdkdwwnbjh Eu Uk hwjuwuwpnidhg juqudws spugpkph
nuund, [2]:

. Uwywugnigyt] £ np gnmipinit nith wyyhuh dpwghp, npp snith hpkt hwdwpdtp Ukl
hwjwuwpnidhg Juquyws spwghp wytybu, np hwdpulukt tpwbg pnjnp hhdtwlwh
wpngbnnipuyhtt ubdwbnhyuibpp: Vjuwpugpyl) £ dbwhnjunipinit, npp judwjwljut
Spwghp Alwthnpunid t Epint hwjwuwpnidhg juquddus Spwugqph’ wyuwhwywikng
SNFR* nuuh wjgnphpdutph ypu hhdtws wypnginmipuyhtt ubdwnplwubpp, [3], [4]:
. Uyugnigyt] k np dbwthnjunmipinitbpn, npnup hhdtdws tu wknunpnudubph dpw,
wwhwywunwd tu ACT & ACT* wgnphpdubph ypu hhdugws ypngtnnipught
ubdwiinphuubpp, hul dtwugws hhdtwlu ny ;phy wypngbnnipughtt ukdwtnhlukpp
skt quwhwywinud: Uwwugmigdt) b twl, np dbkpp tpdws dbwhnpunipiniuubpnyg
Juduwjwlut Spwgph dbwthnjunudp dhthdw] pwbwlnipjudp hwjwuwpmdubphg
Yuqujwd dpugph NP ngdjup jutnpp kU np Epynt nwppbp dhihdw spugptph
hhdtwub wywpngbnnipuyhtt ubdwbtnhlwibpp, ptinhwinip wedwdp, skt hwdpuyund,
[1]:

UuStulNuUnNkE3UL TrauLuuLeNkU 20USULUYYUO
UCUSULLLED sULul
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(CSIT-2007), Publishing House of NAS of RA, Yerevan, 2007, p.41-42.

. Ghazaryan G.A. On incomparability of some procedural semantics of untyped functional
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PE3IOME
Kasapsu I'op Apamosuy

“O mpeobpa30BaHUAX OECTUIIOBBIX (HYHKIIMOHATBHBIX IIPOrPAMM H UX
IIPOIle [y PHBIX CEMAaHTUKAX

JuccepranyonHas paboTa MOCBAILIeHa Ipo6ieMaM (QyHKIIMOHAJIBHOTO IPOrpPaMMUPOBaHUA.
O6wexToM HCCIefOBaHUA ABIAeTca OecTHIoOBasd (GYHKIMUOHAJIbHAsA IIPOrpaMMa, KOTOpas
IIpe/ICTaBIAeT COOOM CHCTEMY ypaBHEHUII (C OTAEMAIOMUMUCS II€peMEeHHBIMY) B 6eCTUIIOBOM A-
ucynciaeHnr. CeMaHTMKAa HENOZBIDKHOW TOYKM (OCHOBHAsE CEMaHTHKA) OeCTHUIIOBOM
GYHKIIMOHAIBHOM IIPOrPaMMBI ONIPeZeIAeTCS C MOMOILIBI0O KOMOMHATOPA HEIIOABIKHON TOUKH
Y. Ilpomenypsie ceMaHTHKM OeCTHIIOBBIX (YHKIMOHAJIBHBIX IIPOTPaMM OCHOBaHBI Ha
QITOPUTMAaX HHTEPIpPeTAalluy, MCIOJAB3YIOUX [Ba BHJA OIEpalluM: IOACTAaHOBKY U
opHOmarosyio B-pexykuuio. MssecTHo, 4TO IpolesypHBIe CEMAHTHKH, OCHOBaHHBIE Ha TaKUX
ITOPUTMAaX MHTEPIIpeTallMU SABJIAIOTCA HEIPOTHBOPEYMBBIMU. Ecay mpouemypHas ceMaHTHKA
COBIIaZlaeT C OCHOBHOII CEeMaHTHMKOMH IIPOTpaMM, TO OHAa Ha3bIBAaeTCA IIOMHOH, B IIPOTHBHOM
Crydae — He IIOJHOM.

V3 u3BeCTHBIX aJrOPHUTMOB MHTepIpeTanuu paccmarpuBaiorca ACT (akrusHslil), PAS
(maccususIit), HNFR (mopacTraHOBKAa M pefyKLIMsA K TOJIOBHOM HOpManbHOI dopMe), a Tak ke
kiacc anroputMoB SNFR (momcTaHOBKa M pefyKLUsA K HOPMaJIbHON (opMe), U KOHKPETHBHIE
mpuMeps! u3 sroro kiaacca — LSNFR (neBas ImOACTaHOBKA M pefyKIMs K HOPMaJbHOH (dopMme),
RSNFR (mpaBas mOACTAaHOBKA M PpeAyKIHsS K HopmansHOil dopme), FSNFR (monHas
MOJCTAHOBKA M peNyKUMA K HOpMajbHONW ¢opme). B gmamHOil pabGoTe OIMCHIBaeTCA
npeoGpasoBanubiii BapuanT anropurma ACT — ACT”, xotopsiit B oraudne or ACT Bbruuciser
apryMeHT TOJIBKO B TOM CJIydae, KOTZa er0 3HaYeHMe ITO/CTABJIAETCA BMECTO ITO MEHBIIeH Mepe
OZHOTO CBOGOZHOTO BXOXAEHHUA II€peMeHHOH. VI3BecTHO, 4TO IIpOlefypHBIE CEMaHTHUKHU,
OoCHOBaHHbIe Ha anroputMmax PAS um HNFR aBnAioTcs MOJIHBIMU, a IpOIeypHble CeMaHTUKH,
OCHOBaHHBle Ha anroputrmax kjmacca SNFR u amropurme ACT He ABIAIOTCA TIOJHBIMHU.
ITponenypHble ceMaHTHKHM, OCHOBaHHBIe Ha anropuTMax wuHTepnperanuu LSNFR, RSNFR,
FSNFR, ACT, ACT*, PAS, HNFR Mb! Ha3bIBaeM OCHOBHBIMU IIPOIe[yPHBIMU CEMaHTHKAMHU.

WzBecTHO, YTO OCHOBHBIE HEIIOJHBIE IIPOLieAypHBIe CeMaHTHKU (3a uckaoueHuem ACT™)
IIONApHO He cpaBHUMSIL IIpefcTaBisgeT MHTepeCc MCCIeJOBaHME 3TON IIPOGIEMBI B Kiacce
IIPOTPaMM COCTOAIIMX U3 OHOTO yPaBHEHU.

B menpAx ONTHMMM3AIMH, 4YacTO ObIBAeT HEOOXOZMMO IIpeoOpa3OBBIBATH IIPOIPAMMY, T.€.
NIPeJCTaBIATh €e JpPYroi, OSKBUBAJIEHTHOH eil mporpammoii. OdYeBHZHO, YTO MOXHO
Impeo6pa3oBaTh IIPOU3BOJIBHYIO IIPOrpaMMy B SKBHBAJIEHTHYIO €I IIPOrpaMMy, COCTOAIIYIO U3
ogHOro YypaBHeHHs1. COOTBETCBEHHO BO3HMKAeT BOIIPOC: BO3MOXHO JIM IIpeoGpasoBaTh
IIPOM3BOJIHYIO IPOTPaMMy B IIPOTPAMMY COCTOAIIYIO U3 OZHOTO YpaBHEHUd, KOTOpas Obl
COXpaH:JIa BCe OCHOBHBIE IIPOLielypPHble CEMaHTUKU!

B pabore paccMaTpuUBAIOTCS IPeoOpa3sOBaHHUA, OCHOBAaHHBIE HAa IIOCTAHOBKAX. Bo3HMKaeT
BOIIPOC: COXPAHAIOTCA JIX BCe OCHOBHbBIE HEIIOJHBIE IIPOlLieflypHbIe CEMAaHTHKU IIOCJTIE TaKHX
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npuoGpasoBanuii? IlpescraBnger Tak >Xe MHTepeC 3aflaya MUHUMH3AI[UM YUCIA ypaBHEHH
(YHKIIMOHAIBHEIX IPOTPaMM, C IIOMOIUIBIO STHX IIPe0Opa3OBaHUM.
B pabore mosry4eHs! CleLyIOle OCHOBHbIE Pe3YIbTaThI:

1. JlokasaHo, 4TO IIpOlelypHBIe CeMAHTHKH, OFHA U3 KOTOPBIX OCHOBaHA Ha anropurme ACT, a
Jpyras - Ha OJJHOM U3 aIropuTMoB kiaacca SNFR, cpaBHUMBI B KJIacce IIPOIPaMM, COCTOSIITIX
U3 OFHOTO YypaBHeHMA. JloKasaHO, YTO TIpOleAypHBIe CEMaHTHKH, OCHOBaHHBIe Ha
anropurmax LSNFR, FSNFR, monmapHO HeCpaBHHMBI B KJIacCe IIPOTPaMM, COCTOAIIUX U3
OofHOTO ypaBHeHMA. JIOKazaHO TakKe, UTO IPOLEAypHbIe CEMAaHTHKM, OZHA M3 KOTOPBIX
HCIIOoNb3yeT aaropurMm uHTepnperanuu ACT™, a gpyrag — smoboit anroputM kKiracca SNFR,
HeCpaBHUMBI B KJIacCe IIPOTpaMM, COCTOANIMX U3 OFHOTO ypaBHeHH, [2].

2. Jloxa3aHO, 4YTO CYIeCTByeT TaKasd IIPOTpaMMa, KOTOpasf He HMeeT OSKBUBAJIEHTHOH eil
IIPOTPaMMBI, COCTOAIIeHl M3 OJHOrO ypaBHEHHH, KOTOpas COXpaHAeT BCe OCHOBHBIE
mpouenypHsie ceMaHTHkH. OImUCsIBaeTca mpeoGpasoBaHMe, KOTOPOe IO KaX0i ImporpaMme
CTPOUT SKBHMBAJIEHTHYIO el IIPOrpaMMy, COCTOSINYIO M3 JBYX YpPaBHEHMH, COXPaHSIONIYIO
IIpolle[ypHble CeMaHTHKM, OCHOBAHHBIE Ha aaroputMax kiaacca SNFR™ (aaropuTsl Kiacca
SNFR, xoTOpbIe yZ0BIETBOPAIOT HEKOTOPOMY YCJIOBHIO), [3], [4].

3. JloxasaHo, 4TO Te IIpeoGpasoBaHUA, KOTOPbIe OCHOBAaHBI Ha IIOJCTaHOBKAX, B OOLIeM CIydae
He COXPaHAIOT OCHOBHBIE IIPOLieLyPHBIE CEMAaHTHKM, M IIPeoOpasoBaHIe C IIOMONIBIO 3TUX
IIpeo6pa3oBaHMil IPOU3BOJIBHOM IIPOrpaMMbl B IPOTPaMMY, COCTOAIIYI0 M3 MHUHUMAJIBHOTO
KojudecTBa ypaBHeHMH, aBagerca NP TpysHoii 3agmadeit. JlokasaHO Takxe, YTO OCHOBHBIE
IpolleZypHble CEMAaHTHKU JABYX Pa3HBIX MHHHMAJIbHBIX IIPOTpaMM, B oOlieM ciydae He
CoBIazaioT, [1].
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ABSTRACT
Gor A. Ghazaryan
“On transformations of untyped functional programs and their procedural semantics”

The thesis is devoted to the problems of functional programming. The main object of the
research is the untyped functional program, which is defined as a system of equations (with
separated variables) in the untyped A-calculus. The fixed-point semantics (main semantics) of
the untyped functional program is defined by the fixed-point combinator Y. The procedural
semantics of untyped functional programs are based on interpretation algorithms that use two
types of operations: substitution and one-step B-reduction. It is known that procedural
semantics based on such interpretation algorithms are consistent. If procedural semantics match
with the main semantics of the programs, then these procedural semantics are called complete,
and in the opposite case, these procedural semantics are called incomplete.

Interpretation algorithms ACT (active), PAS (passive), HNFR (head normal form reduction),
and also the class of algorithms SNFR (substitution and normal form reduction) and its
examples: LSNFR (left substitution and normal form reduction), RSNFR (right substitution and
normal form reduction), FSNFR (full substitution and normal form reduction) are regarded. In
the thesis, the modification of algorithm ACT is introduced, i.e. the algorithm ACT*, which as
opposed to the algorithm ACT, calculates the argument only when it should be substituted for at
least one of the free occurrences of the variables. It is known that procedural semantics that are
based on algorithms PAS and HNFR are complete, and the procedural semantics that are based
on algorithms ACT and SNFR are incomplete. In the thesis the procedural semantics based on
interpretation algorithms LSNFR,RSNFR,FSNFR,HNFR,PAS,ACT,ACT" are called main
procedural semantics.

It is known that the main incomplete procedural semantics (except ACT*) are pairwise
incomparable. It is interesting to investigate this problem within the class of programs
composed of one equation.

Often for optimization purposes, it is necessary to transform the program, i.e. to represent a
program by another equivalent program. It is evident that any program can be transformed to
an equivalent program composed of one equation. Consequently, a question arises: whether it is
possible to transform any program to a program composed of one equation, which preserves the
main procedural semantics?

In this work transformations that are based on substitutions are regarded. A question arises:
whether the main incomplete procedural semantics remain the same after such transformations?
It is also interesting to investigate the minimization problem of the number of equations of
functional programs based on such transformations.

The main results of this work are the followings:

1. It was proved that procedural semantics, the one based on algorithm ACT (active), the other
based on any algorithm of class SNFR (substitution and normal form reduction), are
comparable within the class of programs composed of one equation. It was proved that
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procedural semantics that are based on algorithms LSNFR (left substitution and normal form
reduction), RSNFR (right substitution and normal form reduction), FSNFR (full substitution
and normal form reduction) are pairwise incomparable within the class of programs
composed of one equation. It was proved also that procedural semantics, the one using
interpretation algorithm ACT”, the other using any algorithm of class SNFR, are

incomparable within the class of programs composed of one equation, [2].

It was proved that there exists such a program that has not an equivalent program composed

of one equation, such that the main procedural semantics remain the same. The
transformation which represents programs by two equations, such that procedural semantics
using algorithms of class SNFR™ (algorithms of class SNFR that satisfy to a certain condition)
remain the same, was introduced, [3], [4].
. It was proved that transformations that are based on substitutions, in general do not preserve
the main procedural semantics of programs, and that the transformation of any program into
a program composed of minimal number of equations using this type of transformations, is
NP-hard problem. It was proved also that the main procedural semantics of two different
minimal programs in general do not match, [1].
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