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𝑇 = ⎡𝑙𝑜𝑔2𝑛⎤

𝐷𝑜𝑢𝑔𝑙𝑎𝑠 𝑊𝑒𝑠𝑡1

                                                
1 D .B. West, “Gossiping without duplicate transmissions" , SIAM J. Alg. Disc. Meth., vol. 3, pp. 418-

419, 1982 
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2𝑛 − 4

𝜏(𝑛, 𝑘) 𝜏(𝑛, 𝑘)

𝜏(𝑛, 𝑘) ≤
𝑛

2
𝑙𝑜𝑔

2
𝑛 + 𝑛𝑘/2 𝑛  𝜏(𝑛, 𝑘) ≤ 2𝑛 ⎣𝑙𝑜𝑔2𝑛⎦ +  𝑛 ⎡

𝑘−1

2
⎤ 

                                                
2 B.Baker and R.Shostak, “Gossips and telephones" , Discrete Math., vol. 2, pp. 191-193, 1972 
3
 T. Tijdeman, “On a telephone problem" , Nieuw Arch. Wisk., vol. 3, pp. 188 - 192, 1971  

4 R.T.Bumby, “A problem with telephones" , SIAM J. Alg. Disc. Math., vol. 2, pp. 13-18, 1981 
5 A. Pelc, “Fault-tolerant broadcasting and gossiping in communication networks”, Networks vol. 28, 

1996  
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𝐺 = (𝑉, 𝐸) (|𝑉| = |𝑉(𝐺)| =

𝑛)

𝑡𝐺: 𝐸(𝐺) −>

 𝑍+ 𝑒 ∈  𝐸(𝐺) 𝑡𝐺(𝑒)

𝐺1 = (𝑉, 𝐸1) 𝐺2 = (𝑉, 𝐸2)

𝐺1 + 𝐺2 = 𝐺 = (𝑉, 𝐸) 𝐸 = 𝐸1 ∪ 𝐸2 𝑒 ∈ 𝐸

                                                
6
 R.W. Haddad, S. Roy and A .A . Schaffer, “On gossiping with faulty telephone lines" , SIAM J. Alg. 

Disc. Meth., vol. 8, pp. 439-445, 1987  
7
 Z. Ho and M. Shigeno, “New bounds on the minimum number of calls in failure-tolerant Gossiping" 

, Networks, vol. 53, pp. 35-38, 2009 
8 T. Hasunama and H . Nagamochi, “Improved bounds for minimum fault-tolerant gossip graphs" , 

LNCS 6986, pp. 203-214, 2011 
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𝑡𝐺(𝑒) = 𝑡𝐺1
(𝑒), 𝑒 ∈ 𝐸1 𝑡𝐺(𝑒) = 𝑡𝐺2

(𝑒)  +

 𝑚𝑎𝑥𝑒′∈𝐸1
𝑡𝐺1

(𝑒′), 𝑒 ∈ 𝐸2

𝑛 ≥  2 1 ≤ ∆ ≤ ⎣𝑙𝑜𝑔2𝑛⎦ 

𝑊𝛥,𝑛 𝑊𝛥,𝑛 (𝑖, 𝑗)  𝑖 =

{1,2} 0 ≤  𝑗 ≤  𝑛/2 − 1 𝑗 𝑙 0 ≤  𝑗 ≤  𝑛/2 − 1 𝑙 = 1, . . . , 𝛥

𝑙 (1, 𝑗) (2, 𝑗 + 2𝑙−1  − 1 𝑚𝑜𝑑 𝑛/2)  

𝐺 𝐻

𝑓: 𝑉(𝐺) → 𝑉(𝐻) 𝑢

𝑣 𝐺 𝑓(𝑢) 𝑓(𝑣)

𝐻 𝑡𝐺(𝑢, 𝑣) = 𝑡𝐻(𝑓(𝑢), 𝑓(𝑣))

𝐸𝑣(𝐺)

𝐸𝑣(𝐺)

𝜌
𝑣

+(𝑒, 𝐺) =  {𝑒′ ∈  𝐸𝑣(𝐺)|𝑡𝐺(𝑒′) >

𝑡𝐺(𝑒)} 𝜌
𝑣

−(𝑒, 𝐺)  =  {𝑒′ ∈  𝐸𝑣(𝐺) | 𝑡𝐺(𝑒′)  < 𝑡𝐺(𝑒)}

𝑃+(𝑒) 𝑢 𝑣

𝑒 ∈ 𝐸(𝐺) 𝐺

𝐺 𝑒

𝑃−(𝑒) 𝐸𝑢(𝑃+(𝑒)𝐺) = 𝜌𝑢
−(𝑒, 𝐺) ∪ 𝜌𝑣

+(𝑒, 𝐺) 𝐸𝑣(𝑃+(𝑒)𝐺) = 𝜌𝑣
−(𝑒, 𝐺) ∪

𝜌𝑢
+(𝑒, 𝐺) 𝑃+ 𝑃−
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2𝑛 − 4

𝛥1 = ⎣𝑙𝑜𝑔2𝑛⎦, 𝛥2 = 1

𝐴𝑙
− = {𝑃−(𝑒)|𝑡𝐺(𝑒) < 𝑙}

𝑙 𝐴2
−

𝐴2
−

𝑇 = ⎡𝑙𝑜𝑔2𝑛⎤
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𝑇 ≥ 2⎡𝑙𝑜𝑔2𝑛⎤ − 3

𝐴+

 

𝑛 = 2𝑘 − 2, 𝑘 ≥ 3

𝑛 ≥ 2 1 ≤ ∆ ≤ ⎣𝑙𝑜𝑔2𝑛⎦ 

𝑀𝛥,𝑛(𝑝)

(𝑖, 𝑗);  𝑖 = 1, 2;  0 ≤ 𝑗 ≤ 𝑛/2 − 1

𝑗 𝑙 = 1, . . . , 𝛥 𝑙 (1, 𝑗) (2, (𝑗 +

2𝑝+𝑙−1 − 1) 𝑚𝑜𝑑 𝑛/2) 𝑝

𝑝 ∈ [0,△ −1]

                                                
9
 V. H. Hovnanyan, Su. S. Poghosyan and V. S. Poghosyan, “Method of local interchange to 

investigate Gossip problems”, Transactions of IIAP of NAS RA, Mathematical Problems of Computer 
Science, vol. 40, pp. 5-12, 2013  
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𝐺′ = 𝑀
⎣𝑙𝑜𝑔2𝑛⎦,𝑛

(⎣𝑙𝑜𝑔2𝑛⎦ − 1) + 𝑀1,𝑛(⎣𝑙𝑜𝑔2𝑛⎦ − 1)

𝐺 = 𝑀
⎣𝑙𝑜𝑔2𝑛⎦,𝑛

(𝑝)  +  𝑀1,𝑛(𝑝), 0 ≤ 𝑝 ≤ ⎣𝑙𝑜𝑔2𝑛⎦ − 1

𝑀
⎣𝑙𝑜𝑔2𝑛⎦,𝑛

(⎣𝑙𝑜𝑔2𝑛⎦ − 1)

𝑊
⎣𝑙𝑜𝑔2𝑛⎦,𝑛

𝑀
⎣𝑙𝑜𝑔2𝑛⎦,𝑛

(𝑝), 0 ≤ 𝑝 ≤ ⎣𝑙𝑜𝑔2𝑛⎦ − 1

𝑛 2𝑘 − 2

𝑛 = 2𝑘 , 𝑘 ≥ 3

𝑊𝑙𝑜𝑔2𝑛,𝑛

𝑊1,𝑛.

𝑀𝑙𝑜𝑔2𝑛,𝑛(1)

𝑛/2

𝑙𝑜𝑔2𝑛

𝑀𝑙𝑜𝑔2𝑛,𝑛(𝑝), 𝑝 ≠ 1

𝑀𝑙𝑜𝑔2𝑛,𝑛(𝑝)

𝑙𝑜𝑔2𝑛

𝑙𝑜𝑔2𝑛

𝑛 ≠

2𝑘 𝑛 ≠ 2𝑘 − 2

𝑢 = (𝑖1, 𝑗1)

𝑣 = (𝑖2, 𝑗2) (𝑗1 + 2⎣𝑙𝑜𝑔2𝑛⎦) 𝑚𝑜𝑑 𝑛/2 ≥ 𝑗2

𝐷𝑢,𝑣 = |𝑖1 − 𝑖2|  + |𝑗1 − 𝑗2|

𝑢 =

(𝑖1, 𝑗1) 𝑣

0 ≤ 𝐷𝑣,𝑢 ≤ ⎣𝑙𝑜𝑔2𝑛⎦

𝑣
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𝑃𝑎𝑡ℎ𝑢,𝑣 𝐷𝑢,𝑣

𝑃𝑎𝑡ℎ𝑢,𝑣 = ∑ 𝑠𝑙(2𝑙+1 − 2𝑙)𝑘
𝑙=0 , 𝑘 = 𝐷𝑢,𝑣 𝑠𝑙 = 0 𝑠𝑙 = 1

𝐷𝑢,𝑣

𝑇(𝑃𝑎𝑡ℎ𝑢,𝑣) = 𝑇(2𝑘+1 − 2𝑘 +

2𝑘−1. . . ±20 𝑊
⎣𝑙𝑜𝑔2𝑛⎦,𝑛

+ 𝑊1,𝑛

𝑀
⎣𝑙𝑜𝑔2𝑛⎦,𝑛

(𝑝) + 𝑀1,𝑛(𝑝)

𝐺 = 𝑀
⎣𝑙𝑜𝑔2𝑛⎦,𝑛

(𝑝) + 𝑀1,𝑛(𝑝)

𝑛 ≠ 2𝑘 𝑝 = 0, . . . , ⎣𝑙𝑜𝑔2𝑛⎦ − 1

8

𝐺 𝑛 𝐸(𝐺)

𝑙 𝐹(0), 𝐹(1), … , 𝐹(𝑙−1)

𝑒 ∈  𝐹(𝑖) 𝑒′ ∈  𝐹(𝑗) 𝑡𝐺(𝑒)  <  𝑡𝐺(𝑒′) 𝑖 < 𝑗

𝑢 𝑣 𝑝 𝑢

𝑣 𝑞

𝑟𝑖  𝐹(𝑖) 0 ≤ 𝑖 ≤ 𝑙 − 1

𝜏 (𝑛, 𝑘)  ≤   ∑ |𝐹(𝑖 𝑚𝑜𝑑 𝑙)|𝜔
𝑖=0 , 𝜔

∑ 𝑟𝑖 𝑚𝑜𝑑 𝑙 
𝜔
𝑖=0 ≥  𝑘 + 𝑞 + 1

𝐺 = (𝑉, 𝐸)

𝑛 =  2𝑝 + 1

𝑢 2𝑝

𝑣1, 𝑣1′, 𝑣2, 𝑣2′, … , 𝑣𝑝, 𝑣𝑝′ 

𝑣𝑖±𝑝 = 𝑣𝑖

𝑣𝑖±𝑝′ = 𝑣𝑖′ 𝑖 = 1, 2, . . . , 𝑝

𝐸(𝐺)  =  𝐹(0)  ∪  𝐹(1)  ∪  𝐹(2), 𝐹(0)   =   {(𝑣𝑖 , 𝑣𝑖
′):  𝑡𝐺((𝑣𝑖 , 𝑣𝑖

′)) =

 1, 𝑖 =  1, 2, … , 𝑝} 𝐹(1𝑎)   =   {( 𝑣𝑖′, 𝑢):  𝑡𝐺((𝑣𝑖′, 𝑢))  =  2, 𝑖 =  1, 2, … , 𝑝 } 𝐹(1𝑏)   =

  {( 𝑣𝑖 , 𝑢):  𝑡𝐺((𝑣𝑖 , 𝑢))  =  3, 𝑖 =  1, 2, … , 𝑝} 𝐹(1)   =   𝐹(1𝑎) ∪ 𝐹(1𝑏) 𝐺

𝑣𝑖,𝑣𝑖′  𝑢

|𝐹(0)|  =  (𝑛 − 1)/2  |𝐹(1)|  =  𝑛 −

1 |𝐹(2)|  =  (𝑛 − 1)/2, 𝑝 =  3   𝑟0  =  𝑟1  =  𝑟2  =  1 𝑞 =  3 𝜔 ≥
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 𝑘 + 3 𝜏 (𝑛, 𝑘)   ≤   2𝑛𝑘/3  +   𝑂(𝑛)

𝑘 =  1 𝑘 =  2 

𝜏 (𝑛, 1)   ≤

  2𝑛 –  3 +  ⎣𝑛/2⎦ 𝜏 (𝑛, 2)   ≤   3𝑛 –  3

𝐺 = 𝑊
⎣𝑙𝑜𝑔2𝑛⎦,𝑛

𝐺 𝐸(𝐺)

𝑙 =  ⎣𝑙𝑜𝑔2𝑛⎦ 𝐸(𝐺) =  𝐹(0)  ∪  𝐹(1) ∪ … ∪ 𝐹(𝑙−1)

𝐹(𝑖)  =  {𝑒: 𝑒 ∈  𝐺; 𝑡𝐺(𝑒)  =  𝑖 + 1 }  𝑖 =  0, 1, 2, … , ⎣𝑙𝑜𝑔2𝑛⎦ − 1 𝐹(𝑖)

|𝐹(𝑖)|  =  𝑛/2 𝑖 =  0, 1, 2, … , ⎣𝑙𝑜𝑔2𝑛⎦ − 1 𝐺

⎣𝑙𝑜𝑔2𝑛⎦ 𝐹(𝑖)

𝑝 = ⎣𝑙𝑜𝑔2𝑛⎦ 

𝑞 = ⎣𝑙𝑜𝑔2𝑛⎦ 𝑟𝑖  =  1 𝑖 =  0, 1, 2, … , ⎣𝑙𝑜𝑔2𝑛⎦ − 1 𝜔

𝜔 ≥  𝑘 + 𝑞 𝜏(𝑛, 𝑘)  ≤  𝑛(𝜔 + 1)/2 =

 
𝑛

2
⎡𝑙𝑜𝑔

2
𝑛⎤ + 𝑛𝑘/2, 𝜏(𝑛, 𝑘)

𝑇(𝑛, 𝑘) = ⎡𝑙𝑜𝑔2𝑛⎤ + 𝑘
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𝑀1, 𝑀2, 𝑀3
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