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https://en.wikipedia.org/wiki/Communication_protocol
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https://en.wikipedia.org/wiki/Distributed_database
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𝑇 =

2⌈log2 𝑛⌉ − 3
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⌈log2 𝑛⌉
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𝑓(1)  =  0;  𝑓(2)  =  1;  𝑓(3)  =  3

𝑓(𝑛)  =  2𝑛 − 4,   𝑓𝑜𝑟 𝑛 >= 4
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𝑓(𝑛 + 1) ≤  𝑓(𝑛) +  2,   𝑓𝑜𝑟 𝑛 ≥  4

(𝑛) = 2𝑛 − 3 𝑛 ≥ 2

2𝑛 − 4 ≤ 𝑓(𝑛) ≤ 2𝑛 − 3, 𝑓𝑜𝑟 𝑛 ≥ 4

𝑓(𝑛)  =  2𝑛 − 4, 𝑓𝑜𝑟 𝑛 ≥ 4
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𝑓(𝑛) = 2𝑛 − 4

 𝑇(𝐺)

 𝑀(𝐺)

 𝑁(𝐺)

𝐺𝑚,𝑛

 𝑇(𝐺𝑚,𝑛) 𝐺𝑚,𝑛

 𝑁(𝐺𝑚,𝑛) = 2mn–4

 𝑀(𝐺𝑚,𝑛) = 2mn–4
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𝑓(𝑛, 𝑘) =  ⌈
𝑛 − 𝑘

𝑘 − 1
⌉ + ⌈𝑛/𝑘⌉, 1 ≤ 𝑛 ≤ 𝑘2

𝑓(𝑛, 𝑘) =  2 ⌈
𝑛 − 𝑘

𝑘 − 1
⌉ , 𝑛 = 𝑘2

𝑓(𝑛, 𝑘) ≤ 𝑓(𝐻) ≤ 2𝑛 − 2𝑘 + 1

𝑓(𝑛) = 2𝑛 − 2
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2𝑛 − 4 𝑛 ≥ 4

𝑛 > 1

𝑓(𝑛) ≤
1

2
𝑛 ∗ log2 𝑛  +  𝑂(1),   𝑓𝑜𝑟 4|𝑛

(n) ≥ 2n − 3, for n > 8

f(n) ≤ 9n/4  −  6, for 4|n

9n

4
− 4.5 ≤ f(n) ≤

9n

4
−  3.5  for n = 2(mod 4), n ≥ 22

𝑓(𝑛) =
9𝑛

4
−  6 𝑓𝑜𝑟 4|𝑛, 𝑛 ≥ 8
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𝑘 ≥ 2 

𝑡0(𝑛, 𝑘)

𝑘 = 2 𝑘 ≥ 2 

t0(n, 2) = ⌈log2 n⌉, for n even

t0(n, 2) = ⌈log2 n⌉ + 1, for n odd

t0(n, k) = ⌈logk n⌉, for k|n

t0(n, k) = ⌈logk(n/(k − 1))⌉ + 1, otherwise

𝑡𝐿(𝑇)

𝑇

2⌈log2 𝑛⌉ − 1 ≤ 𝑡𝐿(𝑇) ≤ 2𝑛 − 3

2⌈log2 𝑛⌉ − 1

𝑡𝑘(𝑛)  = ⌈log𝑘+1 𝑛⌉
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𝑡(𝑛, 𝑘) = ⌈log𝑘 𝑛⌉, 𝑖𝑓 𝑘|𝑛

𝑡(𝑛, 𝑘) = ⌈log𝑘 (
𝑛

𝑘−1
)⌉ + 1, 

𝑘 ≤ 3 

𝑘 ≥ 4
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𝜏(𝑛, 𝑘)

𝜏(𝑛, 𝑘)

⌈
𝑘 + 4

2
(𝑛 − 1)⌉ − 2⌈√𝑛⌉ + 1 ≤ 𝜏(𝑛, 𝑘) ≤ ⌊(𝑘 +

3

2
)(𝑛 − 1)⌋

𝑘 ≤  𝑛 −  2

 

⌈
𝑘 + 3

2
(𝑛 − 1)⌉ − 2⌈√𝑛⌉ ≤ 𝜏(𝑛, 𝑘) ≤ ⌊(𝑘 +

3

2
)(𝑛 − 1)⌋

k ≥ n − 2

𝜏(𝑛, 𝑘)  =  (𝑘 +

3)𝑛/2 −  𝑐𝑜𝑛𝑠𝑡

𝜏(𝑛, 𝑘) ≤ (
𝑘

2
+ 2𝑝)(𝑛 − 1 +

𝑛 − 1

2𝑝 − 1
+ 2𝑝)
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log2 𝑛

𝑝 = ⌈log2 𝑛 /2⌉ 𝜏(𝑛, 𝑘) ≤ 𝑛𝑘/2 +  𝑂(𝑘√𝑛 +

𝑛 log2 𝑛)

𝑛 = 2𝑝

𝜏(𝑛, 𝑘) ≤ 𝑚𝑖𝑛 {
(⌈

𝑘+1

log2 𝑛
⌉ + 1)

𝑛 log2 𝑛

2
,

(⌊
𝑘+1

log2 𝑛
⌋ + 1)

𝑛 log2 𝑛

2
+ ((𝑘 + 1) 𝑚𝑜𝑑 log2 𝑛)(2𝑛 − 4)

}

𝜏(𝑛, 𝑘) ≤ 𝑛𝑘/2 +  𝑂(𝑛 log2 𝑛)

⌊
𝑛(𝑘+2)

2
⌋ ≤ 𝜏(𝑛, 𝑘) ≤

𝑛(𝑛−1)

2
+ ⌈

𝑛𝑘

2
⌉

𝑛𝑘/2 +  𝑂(𝑛) ≤ 𝜏(𝑛, 𝑘) ≤ 𝑛𝑘/2 +  𝑂(𝑛2)

𝜏(𝑛, 𝑘) ≤ {

𝑛 log2 𝑛

2
+
𝑛𝑘

2
,            𝑖𝑓 𝑛 𝑖𝑠 𝑎 𝑝𝑜𝑤𝑒𝑟 𝑜𝑓 2

2𝑛⌊log2 𝑛⌋ + 𝑛 ⌈
𝑘 − 1

2
⌉ ,             𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝜏(𝑛, 𝑘) ≥ ⌈
3𝑛 − 5

2
⌉ + ⌈

1

2
(𝑛𝑘 + ⌊

𝑛 + 1

2
⌋ − ⌊log2 𝑛⌋)⌉

𝜏(𝑛, 𝑘) ≤

𝑛𝑘/2 +  𝑂(𝑛 log2 𝑛)
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𝑛 ≥ 13

(𝑘/2 +  2𝑝) 𝑘/2 +  𝑝

𝜏(𝑛, 𝑘) ≤ (
𝑘

2
+ 𝑝) (𝑛 − 1 +

𝑛−1

2𝑝−1
+ 2𝑝)

log2 𝑛

𝑘 > 𝑛/2

𝑛 ≥ 5

𝜏(𝑛, 𝑘) ≤ 𝑛/2 ⌈log2 𝑛⌉  +  𝑛𝑘/2

𝜏(𝑛, 𝑘) ≤
2

3
𝑛𝑘 + 𝑂(𝑛)

𝑇(𝑛, 𝑘)  =

 ⎡𝑙𝑜𝑔2𝑛⎤ + 𝑘
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𝑏(𝑢) 𝑏(𝐺) = 𝑚𝑎𝑥 {𝑏(𝑢) | 𝑢 ∈

 𝑉(𝐺)} 𝑏(𝐺) ⎡𝑙𝑜𝑔2𝑛⎤

𝐾𝑛

𝑏(𝐾𝑛) = ⎡𝑙𝑜𝑔2𝑛⎤

𝑏(𝐺) = ⎡𝑙𝑜𝑔2𝑛⎤ 𝐺′ ⊂ 𝐺

𝑏(𝐺′) > ⎡𝑙𝑜𝑔2𝑛⎤

𝑛 ≤ 18

𝐵(𝑛) ∈ 𝛩(𝐿(𝑛 − 1)𝑛) 𝐿(𝑘) 
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𝐵(𝑛)

1.3171𝑛 ≤ 𝑇(𝐺) ≤ 1.5𝑛 + 1.5

⎡𝑙𝑜𝑔2𝑛⎤

𝑛 = 2𝑝 𝑛 =

2𝑝 − 2 𝑛 = 2𝑝 − 4

𝑇(𝑛) = ⎡𝑙𝑜𝑔2𝑛⎤

𝑇(𝑛) = ⎡𝑙𝑜𝑔2𝑛⎤ + 1
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⎣𝑛𝑘/2⎦ +  𝛩(𝑛)

𝐵𝑘(𝑛)

𝑇

𝐵𝑘(𝑛)

𝑇 = ⎡𝑙𝑜𝑔2𝑛⎤ + 1, 𝑘 = 1 𝑎𝑛𝑑 𝑛 > 2,



 
 
 
 

35 
 

𝑇 = ⎡𝑙𝑜𝑔2𝑛⎤ + 2, 𝑘 = 2, 𝑛 > 4 𝑎𝑛𝑑 𝑛 ≠ 2
𝑖 − 1,

𝑇 = ⎡𝑙𝑜𝑔2𝑛⎤ + 3, 𝑘 = 2, 𝑛 > 6 𝑎𝑛𝑑 𝑛 = 2
𝑖 − 1,

𝐵1(𝑛) ≤ ⎡𝑛𝑙𝑜𝑔2𝑛⎤ − 𝑛/2, 𝑛 = 2
𝑚,

𝐵1(𝑛) ≤ ⎡𝑛𝑙𝑜𝑔2𝑛⎤ − 𝑛, 𝑛 = 2𝑚 + 2⎣𝑙𝑜𝑔2𝑛⎦

𝐵1(𝑛) = ⎡𝑛𝑙𝑜𝑔2𝑛⎤, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

𝐵𝑘(𝑛)

𝑛 = 2𝑚 

 𝑚 = ⎣𝑙𝑜𝑔2𝑛⎦ 𝑎𝑛𝑑 𝑛 = 2
𝑚 + 𝑗

𝑇 = ⎡𝑙𝑜𝑔2𝑛⎤ + 𝑘, 𝑖𝑓 𝑘 ≤ 𝑛 − 𝑙𝑜𝑔2𝑛 −  1 𝑎𝑛𝑑,

𝑇 = ⎡𝑙𝑜𝑔2𝑛⎤ + 𝑘 +  1, 𝑖𝑓 𝑛 − 𝑙𝑜𝑔2 𝑛 ≤ 𝑘 ≤ 𝑛 − 2

𝑇 ≤ 𝑚 + 𝑘 + 1 + ⎣𝑘/(𝑚 − ⎡𝑙𝑜𝑔2𝑗⎤ − 1)⎦, 𝑖𝑓 𝑘 ≤ 2𝑚 −𝑚 − 1 ,

𝑇 ≤ 𝑚 + 𝑘 + 2 + ⎣(𝑘 − 1)/(𝑚 − ⎡𝑙𝑜𝑔2𝑗⎤ − 1)⎦, 𝑖𝑓 2
𝑚 −𝑚 − 1 < 𝑘 ≤ 2𝑚 − 2 

2⎣𝑙𝑜𝑔2𝑛⎦ 𝑙𝑜𝑔2𝑛 + 𝑘

𝐵𝑘(𝑛)

𝐵1(2
𝑚 − 2)  =  𝑚2𝑚−1 − 1,

𝐵1(2
𝑚 − 6) = (𝑚 − 1)(2𝑚 − 6)/2

𝐵𝑘(2
𝑚)  =  (𝑚 + 𝑘)2𝑚/2
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𝐵𝑘(𝑛) 𝑘 < ⎣𝑙𝑜𝑔2𝑛⎦ 

𝐵𝑘(𝑛)

𝐴2
− 𝐺 = 𝑊

⎡𝑙𝑜𝑔2𝑛⎤,𝑛
+𝑊1,𝑛

𝑇 = ⎡𝑙𝑜𝑔2𝑛⎤ + 1

⎡𝑙𝑜𝑔2𝑛⎤

⎡𝑙𝑜𝑔2𝑛⎤ + 1

2⎡𝑙𝑜𝑔2𝑛⎤ − 3
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G =  (V, E) |V| ≡ |V(G)| =

n

tG: E(G)  →  Z+

tG (e) e ∈ E(G) 

𝑃 = (𝑣0, 𝑒1, 𝑣1, 𝑒2, 𝑣2, . . . , 𝑒𝑘, 𝑣𝑘) 𝑣𝑖  ∈  𝑉(𝐺) 0 ≤ 𝑖 ≤ 𝑘

𝑒𝑖 ∈ 𝐸(𝐺) 1 ≤ 𝑖 ≤ 𝑘 𝑣0 𝑣𝑘

𝑒𝑖 𝑣𝑖−1 𝑣𝑖 1 ≤ 𝑖 ≤ 𝑘

𝑡𝐺(𝑒𝑖) < 𝑡𝐺(𝑒𝑗) 1 ≤ 𝑖 < 𝑗 ≤ 𝑘

𝑣0 𝑣𝑘 𝑢 𝑣 𝑢 𝑣

𝑣 𝑢

𝑡1 < 𝑡2 𝑡1

𝑡2
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𝑃 =  (𝑒1, 𝑒2, . . . , 𝑒𝑘) 𝑒𝑖 ∈ 𝐸(𝐺) 1 ≤ 𝑖 ≤ 𝑘

𝐺 𝑃 𝑠 + 1 𝑃(1) = (𝑒1, 𝑒2, . . . , 𝑒𝑝1) 𝑃(2) =

 (𝑒𝑝1+1, . . . , 𝑒𝑝2) 𝑃(𝑠+1) = (𝑒𝑝𝑠+1, . . . , 𝑒𝑘) 𝑃 =  𝑃(1)  ⊙  𝑃(2)  ⊙ ··· ⊙  𝑃(𝑠 +

1), ⊙

𝑃 =  𝑃(1)  ⊙  𝑃(2)  ⊙ ··· ⊙  𝑃(𝑠 + 1) 𝑃(𝑗)

1 ≤ 𝑗 ≤ 𝑠 + 1 𝑃(𝑗)  ⊙𝑃(𝑗+1) 1 ≤ 𝑗 ≤ 𝑠

𝑃 𝐺 𝑃

𝑃 𝑠

𝐺1 = (𝑉, 𝐸1) 𝐺2 = (𝑉, 𝐸2)

𝑉 𝐸1 𝐸1

𝐺1 + 𝐺2 = 𝐺 = (𝑉, 𝐸) 𝐸 = 𝐸1 ∪ 𝐸2 𝑒 ∈ 𝐸

𝑡𝐺(𝑒) = {
𝑡𝐺1(𝑒),                                    𝑖𝑓 𝑒 ∈ 𝐸1
𝑡𝐺2(𝑒) + max𝑒′∈𝐸1

 𝑡𝐺1(𝑒′),       𝑖𝑓 𝑒 ∈ 𝐸2 

𝐺1 + 𝐺2 +⋯+ 𝐺ℎ ℎ (𝐺1 = 𝐺2  = …  =  𝐺ℎ ≡  𝐺)

ℎ𝐺 𝐸(𝐺𝑖) ℎ𝐺 𝐸𝑖(ℎ𝐺) 𝐸(ℎ𝐺) = ⋃ 𝐸𝑖(ℎ𝑔)1≤𝑖≤ℎ

𝐸𝑖(ℎ𝐺) 𝐸(𝐺)

(𝑖 −  1)  ∗  𝑚𝑎𝑥 𝑒 ∈ 𝐸(𝐺) 𝑡𝐺(𝑒) 𝐴 ⊆ 𝐸(𝐺),

𝐸𝑖(ℎ𝐺) 𝐴𝑖 𝑃 𝐺 𝐸(𝐺) 𝐸𝑖(ℎ𝐺)

𝑃𝑖

1 ≤

  ∆ ≤ ⌊log2 𝑛⌋

2𝑘
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𝐻𝑘

𝐺(2𝑘, 4)

𝑛 ≥  2 ∆ ≥  1

𝑊∆,𝑛 𝑊∆,𝑛 (𝑖, 𝑗) 𝑖 =  1, 2 0 ≤  𝑗 ≤  𝑛/2 −

 1 𝑗 0 ≤  𝑗 ≤  𝑛/2 −  1 𝑙 =  1, . . . , ∆ 𝑙

(1, 𝑗) (2, (𝑗 + 2𝑙−1 − 1) 𝑚𝑜𝑑 𝑛/2)

𝑊1,𝑛 𝑛/2

𝑊∆,𝑛

⌊ ⌋
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𝑅((∝, 𝛽); (𝛾, 𝛿)) =

{
 
 

 
 

𝛿 − 𝛽, 𝑖𝑓 𝛿 ≥ 𝛽 𝑎𝑛𝑑 ∝= 1,
𝑛

2
− |𝛿 − 𝛽|, 𝑖𝑓  𝛿 < 𝛽 𝑎𝑛𝑑 ∝= 1,

|𝛿 − 𝛽|, 𝑖𝑓 𝛿 ≤ 𝛽 𝑎𝑛𝑑 ∝= 2,
𝑛

2
− (𝛿 − 𝛽), 𝑖𝑓 𝛿 > 𝛽 𝑎𝑛𝑑 ∝= 2.

G H n

f: V(G) → V(H) u v G

f(u) f(v) H tG(u, v) = tH(f(u), f(v))
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𝑣 𝐸𝑣(𝐺)

𝑣 𝐸𝑣(𝐺)

𝜌𝑣
+(𝑒, 𝐺)  =  {𝑒′ ∈  𝐸𝑣(𝐺) | 𝑡𝐺(𝑒′)  ≥ 𝑡𝐺(𝑒)},

𝜌𝑣
−(𝑒, 𝐺)  =  {𝑒′ ∈  𝐸𝑣(𝐺) | 𝑡𝐺(𝑒′)  ≤ 𝑡𝐺(𝑒)}.

𝑣1 𝑣2

𝐺′ 𝑣1 𝑣2

𝑢

𝐸𝑢(𝐺′) = 𝐸𝑣1(𝐺) ∪ 𝐸𝑣2(𝐺).
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P+(e) e ∈

E(G) u G G

e

Eu(P
+(e)G) = ρu

−(e, G) ∪ ρv
+(e, G),

Ev(P
+(e)G) = ρv

−(e, G) ∪ ρu
+(e, G).

P−(e)

𝐸𝑢(𝑃
−(𝑒)𝐺) = 𝜌𝑢

+(𝑒, 𝐺) ∪ 𝜌𝑣
−(𝑒, 𝐺),

𝐸𝑣(𝑃
−(𝑒)𝐺) = 𝜌𝑣

+(𝑒, 𝐺) ∪ 𝜌𝑢
−(𝑒, 𝐺).

𝑃+ 𝑃−

𝑡0

𝐴+ = 𝑃+(𝑒1)𝑃
+(𝑒2). . . 𝑃

+(𝑒𝑝) 𝐴− =

𝑃−(𝑒1)𝑃
−(𝑒2). . . 𝑃

−(𝑒𝑝)

𝑒𝑖, 𝑖 = 1, . . . , 𝑝

𝑨+(𝑨−)

𝒆𝒊
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𝐴+

𝑝 = 2 𝑡𝐺(𝑒1) < 𝑡𝐺(𝑒2) 𝑡𝐺

𝑒1 𝑒2 𝐴+ = 𝑃+(𝑒1)𝑃
+(𝑒2) 𝑃+(𝑒1)

𝑒1 𝑒2

𝑒1 𝑃+(𝑒2) 𝑒 𝑡𝐺(𝑒) > 𝑡𝐺(𝑒2)

𝐴+ = 𝑃+(𝑒2)𝑃
+(𝑒1) 𝐴+ 𝑡𝐺(𝑒) >

𝑡𝐺(𝑒2) 𝑒1

𝑡𝐺(𝑒) > 𝑡𝐺(𝑒1) 𝑒2

𝐴+

𝑒1 𝑒2

𝑃+(𝑒)

𝐴+ ⬛

𝐴+
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𝟐𝒏 − 𝟒, 𝒏 ≥ 𝟒

𝑓(𝑛)  ≤ 2𝑛 − 4

𝑓(𝑛)  ≥ 2𝑛 − 4

𝑓(𝑛)  ≥ 𝑓(𝑛 − 1) + 2

𝑓(𝑛)  ≥ 2𝑛 − 4

𝐶 = (𝑒1, 𝑒2, . . . , 𝑒𝑝)

𝑒1 𝑒𝑝
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𝐺′ |𝐸(𝐺′)|  ≥ 𝑓(𝑛 − 1) 

𝐺0 |𝐸(𝐺′)| =

𝑓(𝑛) − 2 𝑓(𝑛) ≥ 𝑓(𝑛 − 1) + 2

𝑝 ≠ 2 𝐴− = (𝑃−(𝑒2), 𝑃
−(𝑒3). . . 𝑃

−(𝑒𝑝−1))

𝑒1 𝑒2

𝐿1 = (𝑒1, 𝑒2, . . . , 𝑒𝑛) 𝐿2 = (𝑙1, 𝑙2, . . . , 𝑙𝑚)

𝐴𝑒
− = (𝑃−(𝑒2)𝑃

−(𝑒3). . . 𝑃
−(𝑒𝑛−1))

𝐴𝑙
− = (𝑃−(𝑙2)𝑃

−(𝑙3). . . 𝑃
−(𝑙𝑚−1))

𝑒1, 𝑙1, 𝑒𝑛, 𝑙𝑚

𝑒1, 𝑙1
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𝑓′(𝑛) = 2.25𝑛 − 6, 𝑛 = 4𝑘, 𝑘 ≥ 2 𝑓′(𝑛)

𝑓(𝑛) 𝑓′(𝑛)

⎡𝑙𝑜𝑔2𝑛⎤

𝛥 ≥ 2.

𝛥 = ⎡𝑙𝑜𝑔2𝑛⎤
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𝐺 = 𝑊[𝑙𝑜𝑔2𝑛],𝑛 +𝑊1,𝑛

𝛥1 = ⎡𝑙𝑜𝑔2𝑛⎤ 𝛥2 = 1

𝐴𝑙
− = {𝑃−(𝑒)|𝑡𝐺(𝑒) < 𝑙}

𝐴2
−

𝑨𝟐
−

𝑻 = ⎡𝒍𝒐𝒈𝟐𝒏⎤

𝑨𝟐
−

𝑨𝟐
−
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𝑡𝐺(𝑒1) = 1 𝑡𝐺(𝑒2) = 2 𝑡𝐺(𝑒3) = 2

𝑡𝐺(𝑒4) = ⎡𝑙𝑜𝑔2𝑛⎤

𝑨𝟐
−

⎡𝑙𝑜𝑔2𝑛⎤
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2⎡𝑙𝑜𝑔2𝑛⎤ − 3

𝐴+

𝐴+(𝑒1, 𝑒2, . . . , 𝑒𝑝) =

(𝑃+(𝑒1)𝑃
+(𝑒2). . . 𝑃

+(𝑒𝑝)) 𝐴−(𝑒1, 𝑒2, . . . , 𝑒𝑝) = (𝑃−(𝑒1)𝑃
−(𝑒2). . . 𝑃

−(𝑒𝑝)),

𝑒𝑖, 𝑖 = 1, . . . , 𝑝
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𝑨+(𝒆𝟏, 𝒆𝟐, . . . , 𝒆𝒑) 𝑨+(𝒆𝟏′, 𝒆𝟐′, . . . , 𝒆𝒑′)

𝒆𝟏, 𝒆𝟐, 𝒆𝟑 (𝒆𝟏′, 𝒆𝟐′, 𝒆𝟑′)

𝑘 = 𝑛′/2

𝑛′

𝑟.

2𝑟 + 𝑘
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𝑟

𝑛 = 24

𝑟 = 2 𝑘 = 3

𝑇′ =  2𝑟 + 𝑘

𝑛

(𝑘) (𝑟)
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𝑛 ≤ 2𝑘/2+𝑟+1, 𝑖𝑓 𝑘 𝑖𝑠 𝑒𝑣𝑒𝑛,

𝑛 ≤ 3 ∗ 2(𝑘−1)/2+𝑟 , 𝑖𝑓 𝑘 𝑖𝑠 𝑜𝑑𝑑.

𝑛1 𝑛2 𝑛1

𝑛2

𝑟

𝑛1 𝑛1 ≤ 2
𝑟 ∗ 2𝑘

𝑛2 = 2𝑟 ∗ (2∑ (𝑘 − 2𝑖)2𝑖−2
⸢𝑘/2⸣−1
𝑖=2 )
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𝑟 𝑛 = 𝑛1 + 𝑛2

𝑛 ≤ 2𝑟 ∗ (2𝑘 +  2∑ (𝑘 − 2𝑖)2𝑖−2
⸢𝑘/2⸣−1
𝑖=2 )

⬜

𝑘

𝑘 = 8 𝑛 ≤

32

2𝑘/2+𝑟−1

𝑇 𝑇 =

2⎡𝑙𝑜𝑔2𝑛⎤ − 3 𝑇 𝑛

𝑛 𝑘 𝑟

𝑇′ 2𝑛 − 4

𝑘 𝑟
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𝑇′ = 2⎡𝑙𝑜𝑔2𝑛⎤ − 2, 𝑖𝑓 𝑘 𝑖𝑠 𝑒𝑣𝑒𝑛,

𝑇′ = 2⎡𝑙𝑜𝑔2
𝑛

3
⎤ + 1, 𝑖𝑓 𝑘 𝑖𝑠 𝑜𝑑𝑑.

𝑘 𝑛 ≤ 2
𝑘

2
+𝑟+1 = 2

𝑇′

2
+1 𝑇′ = 2𝑟 + 𝑘

𝑛 𝑇′ = 2⎡𝑙𝑜𝑔2𝑛⎤ − 2 𝑘 𝑛 ≤ 3 ∗ 2
𝑘−1

2
+𝑟 = 3 ∗

2
𝑇′−1

2 𝑇′ = 2⎡𝑙𝑜𝑔2
𝑛

3
⎤ + 1

𝑛 ≤ 2
𝑘

2
+𝑟−1 + 2

𝑘

2
+𝑟−1
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𝑇′ = 𝑘 + 1 + 2𝑟 𝑇′ = 2⎡𝑙𝑜𝑔2
𝑛

5
⎤ + 3

𝑛, 𝑇′ 2⎡𝑙𝑜𝑔2𝑛⎤ − 3

𝑛 𝑘 𝑟

1 ≤ ∆≤ ⌊log2 𝑛⌋
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1 ≤ ∆≤ ⌊log2 𝑛⌋ 𝑊∆,𝑛

𝑛 1 ≤ ∆≤ ⌊log2 𝑛⌋

 𝑊∆,𝑛 𝜆(𝑊∆,𝑛) = ∆

 𝑊∆,𝑛 2∆/3 ≤ κ(𝑊∆,𝑛) ≤ ∆

𝑏(𝑊⌊log2𝑛⌋,𝑛) = 𝑔(𝑊⌊log2 𝑛⌋,𝑛) = ⎡𝑙𝑜𝑔2𝑛⎤

𝑢 𝑣 𝛽

𝐿𝜏 𝐿

𝑊𝑘,2𝑘

𝑊𝑘−1,2𝑘−2

𝑊𝑘−1,2𝑘−4

𝑊𝑘−1,2𝑘−6

𝑊𝑘−2,𝑛

2𝑘−1 + 2 ≤ 𝑛 ≤ 3 ∗ 2𝑘−2 − 4
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𝑊𝑘−1,𝑛

3 ∗ 2𝑘−2 − 4 ≤ 𝑛 ≤ 2𝑘 − 2

⎡𝑙𝑜𝑔2𝑛⎤

𝑛

1 ≤ ∆≤ ⎣𝑙𝑜𝑔2𝑛⎦ 𝑀𝛥,𝑛(𝑝) 𝑀𝛥,𝑛(𝑝) (𝑖, 𝑗); 𝑖 =

1, 2;  0 ≤ 𝑗 ≤ 𝑛/2 − 1 𝑗 𝑙 = 1,… , ∆ 𝑙

(1, 𝑗) (2, (𝑗 + 2𝑝+𝑙−1 − 1) 𝑚𝑜𝑑 𝑛/2) 𝑝

𝑝 ∈ [0,△ −1]
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n = 2𝑘– 2

n = 2𝑘– 2 𝑘 ≥ 3

∆ − 1 𝑊∆,𝑛

∆= ⎣𝑙𝑜𝑔2𝑛⎦

∆

𝐺1  =  (V; 𝐸1) 𝐺2  =  (V; 𝐸2)

𝐸1 𝐸2

𝐺1 + 𝐺2 = G = (V;  E) 𝐸 = 𝐸1 ∪ 𝐸2 𝑒 ∈ 𝐸

𝑡𝐺(𝑒) = {
𝑡𝐺1(𝑒),                                    𝑖𝑓 𝑒 ∈ 𝐸1
𝑡𝐺2(𝑒) + max𝑒′∈𝐸1

 𝑡𝐺1(𝑒′), 𝑖𝑓 𝑒 ∈ 𝐸2 

𝑡𝐺(e) e G

G = 𝑊∆,𝑛 + 𝑊1,𝑛 G 

𝐺′ = 𝑀𝛥,𝑛(𝑝) + 𝑀1,𝑛(𝑝) 𝑝 = ∆ − 1 𝑛 = 2𝑘 − 2

𝑮′

(0, 1) 𝐺′ 𝑆𝑈𝐵𝐺′

(i, j) 𝑖 = 1, 2 1 ≤ 𝑗 ≤ ∆

(1, 𝑗′) 2∆ ≤ 𝑗′ ≤ 𝑛/2

(1, 𝑗) (0, 𝑗′) 1 ≤ 𝑗 ≤ 2∆ 2∆ ≤ 𝑗′ ≤ 𝑛/2

2𝑘 − 2 − 2∆ = 2∆+1 − 2∆ − 2 = 2∆ − 2
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𝑆𝑈𝐵𝐺′ 𝑆𝑈𝐵𝐺′ (0, 1)

𝑆𝑈𝐵𝐺′ (0, 1)

𝑆𝑈𝐵𝐺′

(0, 1)

(0, 1)

𝐺′

𝐺 = 𝑀𝛥,𝑛(𝑝) + 𝑀1,𝑛(𝑝) 0 ≤ 𝑝 ≤ ∆ − 1 𝑛 = 2𝑘 − 2

𝑀𝛥,𝑛(⎣𝑙𝑜𝑔2𝑛⎦ − 1) 𝑊∆,𝑛

𝐺′ 𝑊∆,𝑛 +𝑊1,𝑛

𝑀𝛥,𝑛(𝑝) +𝑀1,𝑛(𝑝) 𝑝 = ∆ − 1, ∆ −

2, … , 1 𝑊∆,𝑛 +𝑊1,𝑛 𝑛 = 2𝑘 − 2

𝑛 = 2𝑘

2𝑘 2𝑘

𝑊∆,𝑛

𝑊1,𝑛

𝑀∆,𝑛(2)

𝑴∆,𝒏(𝟐)

𝑉 (𝑖, 𝑗) 𝑖 = 1 𝑗
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𝑗𝑛𝑒𝑤 = ⌈𝑗/2⌉ 𝑗𝑛𝑒𝑤 =
𝑛

2
+ ⌊𝑗/2⌋ 𝑖 = 2 𝑗𝑛𝑒𝑤 = 𝑗/2

𝑗 𝑗𝑛𝑒𝑤 =
𝑛

2
+ ⌊𝑗/2⌋ j

𝑛/2 ∆

log2 𝑛

𝑴∆,𝒏(𝒑) 𝒑 ≠ 𝟐

M 𝑤𝑓𝑖𝑥 = log2 𝑛 −

𝑖 + 2 𝐸′ 𝑒𝑙′ 𝑙 = 1, 2, … , 𝑛/2 𝐴
𝑒𝑙
′
−

𝐸′

𝑤𝑓𝑖𝑥 − 1 𝑤𝑓𝑖𝑥 + 1

𝑊∆,𝑛

log2 𝑛 𝑀∆,𝑛(𝑝)

2𝑘
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2𝑘

P = (u, 𝑒1, 𝑣1, 𝑒2, 𝑣2, . . . , 𝑒𝑘 , v) u v

𝑒𝑖 𝑒𝑗 𝑡𝐺(𝑒𝑖) < 𝑡𝐺(𝑒𝑗) 1 ≤ 𝑖 < 𝑗 ≤ 𝑘

𝐺 = 𝑊∆,𝑛 +𝑊1,𝑛 𝐺

u = (𝑖1, 𝑗1) 𝑖1 = 1 𝑗1 =

0

𝑢′ = (1, 𝑗′)

u = (𝑖1, 𝑗1) v = (𝑖2, 𝑗2)

(𝑗1 + 2
⌊log2𝑛⌋)𝑚𝑜𝑑 𝑛/2 ≥ 𝑗2

𝐷𝑢,𝑣  =  |𝑖1 − 𝑖2|  +  |𝑗1 − 𝑗2|

𝑣1 = (𝑖1, 𝑗1)

𝑣2 = (𝑖2, 𝑗2) 𝐷𝑢,𝑣1 = 𝐷𝑢,𝑣2 𝑖1 ≠ 𝑖2 𝑣1 𝑣2

u =

(𝑖1, 𝑗1) 𝑣 0 ≤ 𝐷𝑢,𝑣 ≤ ⌊log2 𝑛⌋

𝑢

𝑢 𝑣

𝑢



 
 
 
 

63 
 

𝑃𝑎𝑡ℎ𝑢,𝑣 𝐷𝑢,𝑣

𝑃𝑎𝑡ℎ𝑢,𝑣 = ∑ 𝑠𝑙 ∗ (2
𝑙+1 − 2𝑙

𝑘

𝑙=0
)

𝑘 = 𝐷𝑢,𝑣 𝑠𝑙 = 0 1 𝐷𝑢,𝑣

𝑃𝑎𝑡ℎ𝑢,𝑣 = 2𝑘+1 − 2𝑘 + 2𝑘−1…± 20 𝑃𝑎𝑡ℎ𝑢,𝑣

𝑢 𝑣

𝑃𝑎𝑡ℎ𝑢,𝑣

𝑃𝑎𝑡ℎ𝑢,𝑣 𝑢′ 𝑣

𝑢′ ff 𝑢

𝑇(𝑃𝑎𝑡ℎ𝑢,𝑣) = 𝑇(2𝑘+1 − 2𝑘 + 2𝑘−1…± 2𝑚) =

𝑃𝑎𝑡ℎ𝑀(𝑢,2𝑚),𝑣 = (𝑃𝑎𝑡ℎ𝑢,𝑣 − 2
𝑚) 𝑃𝑎𝑡ℎ𝑢,𝑣 − 2

𝑚

𝑇 𝑃𝑎𝑡ℎ𝑢,𝑣 M(u, 2𝑚) 𝐷𝑢,,M(u,2𝑚) = 2
𝑚

𝑚 𝑃𝑎𝑡ℎ𝑢,𝑣
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𝑇

𝑇 6 → 1

𝑃𝑎𝑡ℎ1,6 = (2
3 − 22) + (21 − 20)

𝑇(𝑃𝑎𝑡ℎ1,6) = 𝑃𝑎𝑡ℎ2,6 = 2
3 − 22 + 21 − 20 − 20 = 23 − 22

6 2

2 1

6 → 2

6 1
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𝒖 𝒗 𝒗 → 𝒖

𝑫𝒖,𝒗 ≤ 𝟐
⌊𝒍𝒐𝒈𝟐 𝒏⌋

u =  (𝑖1, 𝑗1)

v =  (𝑖2, 𝑗2) (𝑗1 + 2
⌊log2𝑛⌋)𝑚𝑜𝑑

𝑛

2
≥ 𝑗2 𝐷𝑢,𝑣 ≤ 2

⌊log2𝑛⌋

𝑣 𝑢

𝑣 𝑢

𝒖 =  (𝒊𝟏, 𝒋𝟏)

𝒗 =  (𝒊𝟐, 𝒋𝟐) 𝒗 → 𝒖 (𝒋𝟏 +

𝟐⌊𝒍𝒐𝒈𝟐 𝒏⌋)𝒎𝒐𝒅
𝒏

𝟐
> 𝒋𝟐

u = (𝑖1, 𝑗1) v = (𝑖2, 𝑗2) 𝑣 → 𝑢 (𝑗1 + 2
⌊log2𝑛⌋)𝑚𝑜𝑑

𝑛

2
> 𝑗2

𝑣

ff

𝑢 𝑣

(𝑗1 + 2
⌊log2 𝑛⌋)𝑚𝑜𝑑

𝑛

2
> 𝑗2

𝑣 𝑢

(𝑗1, (𝑗1 + 2
⌊log2 𝑛⌋) 𝑚𝑜𝑑

𝑛

2
)
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6 → 1 𝑇

 

6 → 1

𝑃𝑎𝑡ℎ

𝑃𝑎𝑡ℎ

𝑃𝑎𝑡ℎ′ 𝑃𝑎𝑡ℎ

𝑢 𝑣1 𝑃𝑎𝑡ℎ𝑢,𝑣1 = 𝑃𝑎𝑡ℎ′𝑢,𝑣2

𝐷𝑢,𝑣1 = 𝐷𝑢,𝑣2 𝑃𝑎𝑡ℎ𝑢,𝑣1 2𝑘+1 − 2𝑘 +

2𝑘−1…± 2𝑚

𝑷𝒂𝒕𝒉𝒖,𝒗𝟐
′ = 𝑷𝒂𝒕𝒉𝒖,𝒗𝟏 ± (𝟐

𝒎 − 𝟐𝒎) 𝒖

𝒗𝟐
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𝑃𝑎𝑡ℎ𝑢,𝑣2
′ 𝑃𝑎𝑡ℎ𝑢,𝑣1

𝑃𝑎𝑡ℎ𝑢,𝑣1 𝑃𝑎𝑡ℎ𝑢,𝑣2
′ 𝑣1 𝑣2 𝑢

𝑮 = 𝑴𝜟,𝒏(𝒑) +𝑴𝟏,𝒏(𝒑) 𝟎 ≤ 𝒑 ≤ ∆ − 𝟏 𝒏 ≠ 𝟐𝒌

𝑢 = (𝑖1, 𝑗1) 𝑣 = (𝑖2, 𝑗2)

(𝑗1 + 2
⌊log2 𝑛⌋)𝑚𝑜𝑑

𝑛

2
> 𝑗2

(𝑗1 + 2
⌊log2𝑛⌋)𝑚𝑜𝑑

𝑛

2
> 𝑗2

𝑀1,𝑛(𝑝) 𝑢′ = (𝑖1′, 𝑗1′) 𝑢

𝑒′ ∈ 𝐸(𝑀1,𝑛(𝑝)) 𝑡𝑀∆,𝑛(𝑝)+𝑀1,𝑛(𝑝)
(𝑒′) > 𝑡𝑀∆,𝑛(𝑝)+𝑀1,𝑛(𝑝)

(𝑒) 𝑒 ∈ 𝐸(𝑀∆,𝑛(𝑝))

𝑒′ 𝑢 𝑢′

(𝑗1 + 2
⌊log2 𝑛⌋)𝑚𝑜𝑑

𝑛

2
< 𝑗2 𝑢′

𝑢 𝑒′
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ℎ𝐺 𝑃 = 𝑃(1)⊙𝑃(2)⊙

…⊙𝑃(𝑠+1) 𝑃(𝑗)

1 ≤ 𝑗 ≤ 𝑠 + 1 𝑃𝑖 𝑃𝑖 =

𝑃𝑖
(1)
⊙𝑃𝑖

(2)
⊙…⊙𝑃𝑖

(𝑠+1)
1 ≤ 𝑖 ≤ ℎ 𝑃(𝑘) = 𝑃𝑘

(1)
⊙𝑃𝑘+1

(2)
⊙…⊙

𝑃𝑘+𝑠
(𝑠+1)

ℎ𝐺 𝑃(𝑘) 𝑢 𝑣 1 ≤ 𝑘 ≤ ℎ − 𝑠 𝑃(𝑘)

𝑃(𝑘′) 𝑘 ≠ 𝑘′ 𝑃 (ℎ − 𝑠)

𝑢 𝑣 ℎ𝐺

𝑃′ 𝑢 𝑣 (ℎ − 𝑠) 𝑃’(𝑘) 𝑢
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𝑣 1 ≤ 𝑘 ≤ ℎ − 𝑠 𝑃 𝑃’ 𝑃(1), … , 𝑃(ℎ − 𝑠)

𝑃′(1),… , 𝑃′(ℎ − 𝑠)

𝑢 𝑣 𝐺 𝑝 𝑠

𝑢 𝑣 𝐺 𝑝(ℎ − 𝑠)

𝑢 𝑣 ℎ𝐺 ℎ ≥ 𝑠

 

𝑝 𝑠 𝑢 𝑣

𝐺 𝑘 + 1 𝑢 𝑣 (𝑠 + ⌈
𝑘+1

𝑝
⌉)𝐺

𝐺 𝑛 𝑚 𝑝 𝑠

𝐺 𝜏(𝑛, 𝑘) ≤ (𝑠 +

⌈
𝑘+1

𝑝
⌉)𝑚

𝐺

 𝐸(𝐺) 𝑙 𝐹(0), 𝐹(1), … , 𝐹(𝑙−1)

𝑒 ∈ 𝐹(𝑖) 𝑒′ ∈ 𝐹(𝑗) 𝑡𝐺(𝑒) < 𝑡𝐺(𝑒
′) 𝑖 < 𝑗

 𝑢 𝑣 𝑝 𝑢 𝑣

𝑞 𝑟𝑖 𝐹(𝑖)

0 ≤ 𝑖 ≤ 𝑙 − 1

𝑘

𝜏(𝑛, 𝑘) ≤ 𝜕(𝑛, 𝑘)

𝜕(𝑛, 𝑘)
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𝜕(𝑛, 𝑘) = ∑ |𝐹(𝑖 𝑚𝑜𝑑 𝑙)|0≤𝑖≤𝜔

𝜔

∑ 𝑟𝑖 𝑚𝑜𝑑 𝑙0≤𝑖≤𝜔 ≥ 𝑘 + 𝑞 + 1

�̃� = ℎ𝐺 + 𝐺′ ℎ = ⌊
𝜔

𝑙
⌋ 𝐺′ = (𝑉,⋃ 𝐹(𝑖)0≤𝑖≤𝜔−ℎ𝑙 )

|𝐸(�̃�)| = ∑ |𝐹(𝑖 𝑚𝑜𝑑 𝑙)|0≤𝑖≤𝜔

𝜏(𝑛, 𝑘)

𝐺 = (𝑉, 𝐸) 𝑛

𝑢

𝑣1, 𝑣1
′ , 𝑣2, 𝑣2

′ , … , 𝑣𝑚, 𝑣𝑚′

𝑛 = 2𝑚 + 1

𝑣𝑖±𝑚 ≡ 𝑣𝑖 𝑣𝑖±𝑚
′ ≡ 𝑣𝑖′ 𝑖 = 1,2, … ,𝑚

𝐸(𝐺) = 𝐹(0) ∪ 𝐹(1) ∪ 𝐹(2)

𝐹(0)   =   {(𝑣𝑖, 𝑣𝑖
′):  𝑡𝐺((𝑣𝑖, 𝑣𝑖

′)) =  1, 𝑖 =  1, 2, … ,𝑚}

𝐹(1𝑎)   =   {( 𝑣𝑖′, 𝑢):  𝑡𝐺((𝑣𝑖′, 𝑢))  =  2, 𝑖 =  1, 2, … ,𝑚 }

𝐹(1𝑏)   =   {( 𝑣𝑖, 𝑢):  𝑡𝐺((𝑣𝑖, 𝑢))  =  3, 𝑖 =  1, 2, … ,𝑚}

𝐹(1)   =   𝐹(1𝑎) ∪ 𝐹(1𝑏)

𝐹(2) = {(𝑣𝑖
′, 𝑣𝑖+1): 𝑡𝐺((𝑣𝑖

′, 𝑣𝑖+1)) = 4, 𝑖 = 1,2, . . . , 𝑚}

𝐺 𝑛 = 11

𝐺

𝑖, 𝑗 = 1,2, … ,𝑚

𝑗 ≠ 𝑖, 𝑖 − 1, 𝑖 + 1, 𝑖 + 2

 𝑣𝑖 𝑢

o 𝑣𝑖
3
→ 𝑢



 
 
 
 

71 
 

o 𝑣𝑖
1
→ 𝑣𝑖

′
2
→ 𝑢

o 𝑣𝑖
4
→ 𝑣𝑖−1

′
2
→ 𝑢

 𝑢 𝑣𝑖
′

o 𝑢
2
→ 𝑣𝑖

′

o 𝑢
3
→ 𝑣𝑖

1
→ 𝑣𝑖

′

o 𝑢
3
→ 𝑣𝑖+1

4
→ 𝑣𝑖

′

 𝑣𝑖 𝑣𝑗

o 𝑣𝑖
3
→ 𝑢

2
→ 𝑣𝑗−1

′
4
→ 𝑣𝑗

o 𝑣𝑖
1
→ 𝑣𝑖

′
2
→ 𝑢

3
→ 𝑣𝑗+1

4
→ 𝑣𝑗

′
1
→ 𝑣𝑗

o 𝑣𝑖
4
→ 𝑣𝑖−1

′
2
→ 𝑢

3
→ 𝑣𝑗

 𝑣𝑖 𝑣𝑗
′

o 𝑣𝑖
3
→  𝑢

2
→ 𝑣𝑗

′
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o 𝑣𝑖
1
→ 𝑣𝑖

′
2
→ 𝑢

3
→ 𝑣𝑗

1
→ 𝑣𝑗

′

o 𝑣𝑖
4
→ 𝑣𝑖−1

′
2
→ 𝑢

3
→ 𝑣𝑗+1

4
→ 𝑣𝑗

′

 𝑣𝑖
′ 𝑣𝑗

o 𝑣𝑖
′
2
→ 𝑢

3
→ 𝑣𝑗+1

4
→ 𝑣𝑗

′
1
→ 𝑣𝑗

o 𝑣𝑖
′
1
→ 𝑣𝑖

3
→ 𝑢

2
→ 𝑣𝑗−1

′
4
→ 𝑣𝑗

o 𝑣𝑖
′
4
→ 𝑣𝑖+1

1
→ 𝑣𝑖+1

′
2
→ 𝑢

3
→ 𝑣𝑗

 𝑣𝑖
′ 𝑣𝑗

′

o 𝑣𝑖
′
2
→ 𝑢

3
→ 𝑣𝑗

1
→ 𝑣𝑗

′

o 𝑣𝑖
′
1
→ 𝑣𝑖

3
→ 𝑢

2
→ 𝑣𝑗

′

o 𝑣𝑖
′
4
→ 𝑣𝑖+1

1
→ 𝑣𝑖+1

′
2
→ 𝑢

3
→ 𝑣𝑗+1

4
→ 𝑣𝑗

′

𝑗 = 𝑖, 𝑖 − 1, 𝑖 + 1, 𝑖 + 2

|𝐹(0)| = (𝑛 − 1)/2 |𝐹(1)| = 𝑛 − 1, |𝐹(2)| = (𝑛 − 1)/2

𝑝 = 3 𝑟0 = 𝑟1 = 𝑟2 = 1 𝑞 = 3

𝜔 ≥ 𝑘 + 3

∑|𝐹(𝑖 𝑚𝑜𝑑 3)|

𝑘+3

𝑖=0

=

{
 
 

 
 

2

3
(𝑛 − 1)𝑘 +

5

2
(𝑛 − 1), 𝑖𝑓 (𝑘 𝑚𝑜𝑑 3) = 0

2

3
(𝑛 − 1)(𝑘 − 1) +

7

2
(𝑛 − 1), 𝑖𝑓 (𝑘 𝑚𝑜𝑑 3) = 1

2

3
(𝑛 − 1)(𝑘 − 2) + 4(𝑛 − 1), 𝑖𝑓 (𝑘 𝑚𝑜𝑑 3) = 2
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𝑛 𝑢′

𝐸(𝐺) = 𝐹(0) ∪ 𝐹(1) ∪ 𝐹(2)

𝐹(0)   =   {(𝑣𝑖, 𝑣𝑖
′):  𝑡𝐺((𝑣𝑖, 𝑣𝑖

′)) =  1, 𝑖 =  1, 2, … ,𝑚}

𝐹(1𝑎)   =   {( 𝑣𝑖′, 𝑢):  𝑡𝐺((𝑣𝑖′, 𝑢))  =  2, 𝑖 =  1, 2, … ,𝑚 }

𝑒𝑎 = (𝑢, 𝑢
′), 𝑡𝐺(𝑒𝑎) = 3

𝐹(1𝑏)   =   {( 𝑣𝑖, 𝑢′):  𝑡𝐺((𝑣𝑖, 𝑢′))  =  4, 𝑖 =  1, 2, … ,𝑚}

𝑒𝑏 = (𝑢, 𝑢
′), 𝑡𝐺(𝑒𝑏) = 5

𝐹(1)   =   𝐹(1𝑎) ∪ 𝐹(1𝑏) ∪ {𝑒𝑎, 𝑒𝑏},

𝐹(2) = {(𝑣𝑖
′, 𝑣𝑖+1): 𝑡𝐺((𝑣𝑖

′, 𝑣𝑖+1)) = 6, 𝑖 = 1,2, . . . , 𝑚}
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𝑢 𝑢′ 𝑒𝑎 𝑒𝑏 𝐺 𝑛 = 12

|𝐹(0)| = (𝑛 − 2)/2 |𝐹(1)| = 𝑛, |𝐹(2)| = (𝑛 − 2)/2

𝑝 = 3 𝑟0 = 𝑟1 = 𝑟2 = 1 𝑞 = 3

𝜔 ≥ 𝑘 + 3

∑|𝐹(𝑖 𝑚𝑜𝑑 3)|

𝑘+3

𝑖=0

=

{
 
 

 
 
1

3
(2𝑛 − 1)𝑘 +

5

2
𝑛 − 4, 𝑖𝑓 (𝑘 𝑚𝑜𝑑 3) = 0

1

3
(2𝑛 − 1)(𝑘 − 1) +

7

2
𝑛 − 5, 𝑖𝑓 (𝑘 𝑚𝑜𝑑 3) = 1

1

3
(2𝑛 − 1)(𝑘 − 2) + 4𝑛 − 5, 𝑖𝑓 (𝑘 𝑚𝑜𝑑 3) = 2

𝑛 𝑛
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𝒌 𝝉(𝒏, 𝒌)

𝝉(𝒏, 𝒌) ≤
𝟐

𝟑
𝒏𝒌 + 𝑶(𝒏)

𝑘 <<  𝑛 𝑛 >  5

𝐺 =  (𝑉, 𝐸) 𝑘 𝑉

𝐸 𝐺 =  𝐻1 + 𝐻2 + 𝐻3

𝜌(𝐺) 𝐺

𝑛 𝑘 𝐻1

𝑖 𝑖 + 1 𝑖 =  1, 2, . . . , 𝑛 −  1

𝑛 −  1

𝐻1 𝐻2 𝐻2

𝑛

𝑛 − 3 𝑛 − 5 𝑛 − 7 𝑛 − 1 𝑛 − 4 𝑛 − 6 𝑛 − 8 𝑛 − 2

𝐺 𝐻3

𝑖 𝑖 −  1 𝑖 = 𝑛 −  1, 𝑛 −

 2, . . . , 2
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 𝐻1  𝐻2 𝐻3

𝑘 =  2 

𝑘 𝑛 𝑘

𝑛 2

𝑘

𝐻2 𝐻3 𝐺 𝐻2 𝑛

𝑛 − 5 𝑛 − 7 𝑛 − 1 𝑛 − 4 𝑛 −

6, 𝑛 − 8, . . . , 𝑛 − 2

𝑘

𝑛 𝐻2

𝑛 − 3, 𝑛 − 5, 𝑛 − 7, . . . , 𝑛 − 2, 𝑛 − 4, 𝑛 − 6, 𝑛 − 8, . . . , 𝑛 − 1

𝑘 𝐻1 (𝑛 −  1)  +  1

𝐻2 𝑘(𝑛 −  2)/2 +  1 𝐻3

𝑘(𝑛 −  2)/2 𝑘

𝜏 (𝑛, 𝑘)  ≤ (𝑛 − 2) + 2 + 𝑘(𝑛 − 2)/2 + 1 + 𝑘(𝑛 − 2)/2 = (𝑘 + 1)(𝑛 − 2) +  3
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𝑘 𝑘 ≥  3 3

𝑘

𝑘 𝐻1 + 𝐻2

𝐻2 𝑛

𝑛 − 3, 𝑛 − 5, 𝑛 − 7, . . . , 𝑛 − 1, 𝑛 − 4, 𝑛 − 6, 𝑛 − 8, . . . , 𝑛 − 2 𝑛

𝑛 − 3, 𝑛 − 5, 𝑛 − 7, . . . , 𝑛 − 2, 𝑛 − 4, 𝑛 − 6, 𝑛 − 8, . . . , 𝑛 − 1

𝑛 𝐻3 3

𝐻2 𝐻3

𝑘 𝐻2

𝑛 − 5, 𝑛 − 7, . . . , 𝑛 − 1, 𝑛 − 4, 𝑛 − 6, 𝑛 − 8, . . . , 𝑛 −

2 𝑛 𝑛 − 5, 𝑛 − 7, . . . , 𝑛 − 2, 𝑛 − 4, 𝑛 − 6, 𝑛 − 8,… , 𝑛 − 1 𝑛
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𝐺 𝑘 𝐻1 (𝑛 −

 1)  +  1 𝐻2 𝐻3 𝑘(𝑛 − 2) + 2 𝑘

(𝑛 − 2) + 2 + (𝑛 − 2)𝑘 + 2 =  (𝑘 + 1)(𝑛 − 2) + 4

𝑣𝑖 𝑣𝑗 𝐺

𝑘 + 1 𝑣𝑖 𝑣𝑗

𝑘 = 1 𝑘 = 2

𝜏(𝑛, 1) ≤ 2𝑛 − 3 + ⌊
𝑛

2
⌋ 𝜏(𝑛, 2) ≤  2𝑛 − 3 + 𝑛

𝜏(𝑛, 𝑘) ≤ 𝑛𝑘/2 + 𝑂(𝑛)
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(∝, 𝛽) (𝛾, 𝛿)

𝑊⌊log2𝑛⌋,𝑛

𝑅((∝, 𝛽); (𝛾, 𝛿)) =

{
 
 

 
 

𝛿 − 𝛽, 𝑖𝑓 𝛿 ≥ 𝛽 𝑎𝑛𝑑 ∝= 1,
𝑛

2
− |𝛿 − 𝛽|, 𝑖𝑓  𝛿 < 𝛽 𝑎𝑛𝑑 ∝= 1,

|𝛿 − 𝛽|, 𝑖𝑓 𝛿 ≤ 𝛽 𝑎𝑛𝑑 ∝= 2,
𝑛

2
− (𝛿 − 𝛽), 𝑖𝑓 𝛿 > 𝛽 𝑎𝑛𝑑 ∝= 2.

(∝, 𝛽) (𝛾, 𝛿) 𝑊⌊log2 𝑛⌋,𝑛

(𝛾, 𝛿) (∝, 𝛽)
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𝑅((∝, 𝛽); (𝛾, 𝛿)) ≤ 2⌊log2𝑛⌋−1 − 1

(𝛾, 𝛿) (∝, 𝛽)

{𝑎𝑖}, {𝑏𝑖} {𝑓𝑖}

𝑎1 = {
1, 𝑖𝑓 ∝= 2,
2, 𝑖𝑓 ∝= 1,

𝑎𝑖 = {
1, 𝑖𝑓 𝑎𝑖−1 = 2,
2, 𝑖𝑓 𝑎𝑖−1 = 1,

𝑓1 =

{
 
 

 
 

2⌈log2(𝛿−𝛽+1)⌉ − 1, 𝑖𝑓 𝛿 ≥ 𝛽 𝑎𝑛𝑑 ∝= 1,

2⌈log2(
𝑛
2
−|𝛿−𝛽|+1)⌉ − 1, 𝑖𝑓  𝛿 < 𝛽 𝑎𝑛𝑑 ∝= 1,

2⌈log2(|𝛿−𝛽|+1)⌉ − 1, 𝑖𝑓 𝛿 ≤ 𝛽 𝑎𝑛𝑑 ∝= 2,

2⌈log2(
𝑛
2
−(𝛿−𝛽)+1)⌉ − 1, 𝑖𝑓 𝛿 > 𝛽 𝑎𝑛𝑑 ∝= 2.

𝑏1 = {
(𝛽 + 𝑓1)𝑚𝑜𝑑 𝑛/2, 𝑖𝑓 ∝= 1,

(
𝑛

2
+ 𝛽 − 𝑓1)𝑚𝑜𝑑 𝑛/2, 𝑖𝑓 ∝= 2.

𝑓𝑖 =

{
 
 

 
 

2⌈log2(|𝑏𝑖−1−𝛿|+1)⌉ − 1, 𝑖𝑓 𝑏𝑖−1 < 𝛿 𝑎𝑛𝑑 𝑎𝑖−1 = 1,

2⌈log2(
𝑛
2
−(𝑏𝑖−1−𝛿)+1)⌉ − 1, 𝑖𝑓  𝑏𝑖−1 ≥ 𝛿 𝑎𝑛𝑑 𝑎𝑖−1 = 1,

2⌈log2(𝑏𝑖−1−𝛿+1)⌉ − 1, 𝑖𝑓 𝑏𝑖−1 ≥ 𝛿 𝑎𝑛𝑑 𝑎𝑖−1 = 2,

2⌈log2(
𝑛
2
−|𝑏𝑖−1−𝛿|+1)⌉ − 1, 𝑖𝑓 𝑏𝑖−1 < 𝛿 𝑎𝑛𝑑 𝑎𝑖−1 = 2.

𝑏𝑖 =

{
 
 

 
 (𝛽 +∑ (−1)𝑗−1𝑓𝑗

𝑖

𝑗=1
)𝑚𝑜𝑑 𝑛/2, 𝑖𝑓 ∝= 1,

(
𝑛

2
+ 𝛽 −∑ (−1)𝑗−1𝑓𝑗

𝑖

𝑗=1
)𝑚𝑜𝑑 𝑛/2,   𝑖𝑓 ∝= 2.

{𝑎𝑖}, {𝑏𝑖} {𝑓𝑖} 𝑖 = 𝐿 𝑎𝐿 = 𝛾

𝑏𝐿 = 𝛿 ((𝑎𝐿 , 𝑏𝐿), (𝑎𝐿−1, 𝑏𝐿−1),… , (𝑎1, 𝑏1), (𝛼, 𝛽))

(𝛾, 𝛿) (∝, 𝛽) (2, 2)

(1, 0)

(2, 2)
1
→ (1, 2)

2
→ (2, 3)

3
→ (1, 0)
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𝑊3,10 +𝑊1,1

𝑛 =  10

𝑾⌊𝒍𝒐𝒈𝟐 𝒏⌋,𝒏 +𝑾𝟏,𝒏

𝑾𝒍𝒐𝒈𝟐 𝒏,𝒏

𝐺 =  𝑊⌊log2𝑛⌋,𝑛 + 𝑊1,𝑛 (1, 𝛽) ∈

𝑉(𝐺) 0 ≤ 𝛽 ≤ 𝑛/2 − 1 𝑊⌊log2 𝑛⌋,𝑛

(1, 𝛽)

𝑉(1,𝛽) = {(𝛾, (𝛽 + 𝛿) 𝑚𝑜𝑑
𝑛

2
) : 𝛾 = 1,2;  𝛿 = 0,1, … , 2⌊log2𝑛⌋−1 − 1}

𝑊⌊log2𝑛⌋,𝑛

(1, 𝛽) ∈ 𝑉(𝐺) 0 ≤ 𝛽 ≤  𝑛/2 −  1

𝑉(2,𝛽) = {(𝛾, (𝛽 − 𝛿 + 𝑛/2) 𝑚𝑜𝑑
𝑛

2
) : 𝛾 = 1,2;  𝛿 = 0,1, … , 2⌊log2𝑛⌋−1 − 1}

𝑛 𝑛 =  2𝑚 𝑉(1,𝛽) = 𝑉(2,𝛽) = 𝑉(𝑊log2𝑛,𝑛) 𝑊log2 𝑛,𝑛
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𝑛 ≠ 2𝑚 𝑊1,𝑛 𝑊⌊log2𝑛⌋,𝑛

(1, 𝛽) (2, 𝛽) ⌊log2 𝑛⌋ + 1

𝑊⌊log2 𝑛⌋,𝑛

(1, 𝛽) (2, 𝛽) 𝑊⌊log2 𝑛⌋,𝑛

(1, 𝛽) (2, 𝛽)

𝑉�̃� = 𝑉(1,𝛽) ∪ 𝑉(2,𝛽)

∆= ⌊log2 𝑛⌋ 𝑉�̃� = 𝑉(𝐺) 𝛽 𝑊⌊log2 𝑛⌋,𝑛 +𝑊1,𝑛

𝜏(𝑛, 𝑘) 𝑘

𝑛 𝑛 𝑛 =  2𝑚

𝑘

𝜏(𝑛, 𝑘) ≤
𝑛

2
log2 𝑛 +

𝑛𝑘

2
𝑛

(∝, 𝛽) (𝛾, 𝛿)

𝑊⌊log2𝑛⌋,𝑛 ∝, 𝛾 = 1,2;  𝛽, 𝛿 = 0, 1, 2, … ,
𝑛

2
− 1 𝑝 = ⌊log2 𝑛⌋

(𝛾, 𝛿) (∝, 𝛽)

𝑞 = ⌊log2 𝑛⌋



 
 
 
 

83 
 

𝑊⌊log2𝑛⌋,𝑛

(∝, 𝛽) = (1, 0)

𝑉(1) = {(2, 0)},

𝑉(∆) = {(𝑖, 2∆−2 + 𝑗): 𝑖 = 1,2; 𝑗 = 0, 1, … , 2∆−2 − 1},   ∆= 2,3, … , ⌊log2 𝑛⌋

𝑉(∆)

1 ≤ ∆≤ ⌊log2 𝑛⌋ (1, 0) {𝑎𝑖}, {𝑏𝑖} {𝑓𝑖}

(1,0) 𝑉(∆)

∆ ∆= ⌊log2 𝑛⌋

𝑛 = 2𝑚 − 2

(𝛾, 𝛿) 𝑉(∆)

1 ≤ ∆≤ ⌊log2 𝑛⌋

⌊log2 𝑛⌋ (𝛾, 𝛿) (1, 0)

(𝛾, 𝛿)

𝑅((1,0); (𝛾, 𝛿)) > 2⌊log2 𝑛⌋

(𝛾, 𝛿)

𝑉(∆) (1 ≤ ∆≤ ⌊log2 𝑛⌋)

(1;  0) ⌊log2 𝑛⌋

⌊log2 𝑛⌋

𝑅((1,0); (𝛾, 𝛿)) ≤ 2⌊log2𝑛⌋ (𝛾, 𝛿)

(1;  0) (𝛾, 𝛿)
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⌊log2 𝑛⌋ 𝑉(∆) (1 ≤ ∆≤ ⌊log2 𝑛⌋)

 (𝛾, 𝛿) (1, 0)

(𝛾, 𝛿)

(1, 0) ⌊log2 𝑛⌋

𝑛 ≠ 2𝑚 − 2  (𝛾, 𝛿) 𝑅((1,0); (𝛾, 𝛿)) ≤ 2⌊log2𝑛⌋

(1, 0)

⌊log2 𝑛⌋ − 1

⌊log2 𝑛⌋ − 1

𝑅((1,0); (∝, 𝛽)) ≤ 2⌊log2𝑛⌋ 𝑛 =

2𝑚 − 2 𝑛 = 2𝑚 + 2 ⌊log2 𝑛⌋ = 𝑚

𝑅((1,0); (𝛾, 𝛿)) > 2⌊log2 𝑛⌋

⌊log2 𝑛⌋

𝑛 ≠ 2𝑚 − 2 𝑞 = ⌊log2 𝑛⌋

𝜏(𝑛, 𝑘) ≤
𝑛

2
⌈log2 𝑛⌉ +

𝑛𝑘

2

𝐺 = 𝑊⌊log2𝑛⌋,𝑛
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𝐸(𝐺) 𝐺 𝑙 = ⌊log2 𝑛⌋

𝐸(𝐺) = 𝐹(0) ∪ 𝐹(1) ∪ …∪ 𝐹(⌊log2𝑛⌋−1)

𝐹(𝑖) = {𝑒: 𝑒 ∈ 𝐺;  𝑡𝐺(𝑒) = 𝑖 + 1};   𝑖 = 0, 1, 2, … , ⌊log2 𝑛⌋ − 1

𝐹(𝑖) |𝐹(𝑖)| = 𝑛/2 𝑖 = 0, 1, 2, … , ⌊log2 𝑛⌋ − 1

⌊log2 𝑛⌋ 𝐹(𝑖) 𝑖 =

0, 1, 2, … , ⌊log2 𝑛⌋ − 1

𝑝 = ⌊log2 𝑛⌋

𝑞 = ⌊log2 𝑛⌋

𝑟𝑖 = 1 𝑖 = 0, 1, 2, … , ⌊log2 𝑛⌋ − 1 𝜔

𝜔 ≥ 𝑘 + 𝑞 𝜕(𝑛, 𝑘)

𝜕(𝑛, 𝑘) =
𝑛

2
(𝜔 + 1) =

𝑛

2
⌈log2 𝑛⌉ +

𝑛𝑘

2

⌈log2 𝑛⌉ +

𝑘

𝑇(𝑛, 𝑘) = ⌈log2 𝑛⌉ + 𝑘
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⌈log2 𝑛⌉
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𝑡
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o 

o 

 

 

 

𝑀1, 𝑀2, 𝑀3



 
 
 
 

93 
 

 



 
 
 
 

94 
 

𝑂(𝑛2)

𝑚

true 

false 

true false 

i=0,…,n-1 

j=0,…,n-1 

s=0,…m[i,j].size() 

PathsSetJoint += vector<TEdge>(TEdge(i, j, m[i][j][s]))) 

p=0,…,PathsSetJoint.size()-1 

curr.front().v1==

curr.back().v2 

curr := PathsSetJoint[p] 

return curr; 

PathLastVertex:=curr.back().v2 

PathLastWeight:=curr.back().weight 

j:=0,…,m.size()-1 

s:=0,…,m[PathLastVertex][j].size()-1 

PathLastWeight<

m[PathLastVerte

x][j][s]. 

 PathsSetJoint.push_back(curr) 

curr.push_back(TEdge(PathLastVertex,j,m[PathLastVertex][j][s]) 

return 0 
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 𝑀1

 𝑀2

 𝑀3

𝑀3
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𝑀2 𝜏(𝑛) ≤ 1.89 log2 𝑛 𝑀3 𝜏(𝑛) ≤ 2.5 log2 𝑛

𝑀2
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⌈log2 𝑛⌉

 

𝑛 =

2𝑚 − 2
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