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0.1 Introduction

All papers [1H3] that form the basis of this thesis are located on a crossroad between the fields
of supersymmetric field theories, gauge field theories and instanton calculus. Supersymmetry is
a space-time symmetry discovered (rediscovered) in the 1970’s independently by Gervais and B.
Sakita (in 1971) |4, Golfand and Likhtman (also in 1971) [5], and Volkov and Akulov (1972) [6].
Its existence in nature is neither proved nor disproved nevertheless it plays a major role in
theoretical physics. One of the reasons of its popularity is the Coleman-Mandula theorem [7]
which elevates supersymmetry to the status of the single possible extension of the Poincare
group, assuming some natural constraints. The existence of the conformal symmetry as an
extension of the Poincare group is a loophole, where all particles are massless.

Gauge symmetry was first present in Maxwell’s famous work on electrodynamics ” A
Dynamical Theory of the Electromagnetic Field” in 1864-65 [8], the more modern formulation
was popularized by Pauli in 1941 [9]. Nowadays gauge fields are used to describe three of
four fundamental forces, one would hardly need any other reasons to study them, furthermore
they are present in broad areas of pure mathematics and theoretical physics such as differential
geometries and Gravity.

Instantons are a more specific area of research and occur in various situations and contexts
like in the calculation of tunneling effects of vacuum states in quantum field theories or in
calculations of path integrals in the semiclassical limit [10]. The rest of our introduction is
dedicated to the structure of this thesis.

The thesis is divided in to four chapters, the first chapter illustrates some of the back-
ground knowledge needed to understand the other chapters. We had to cherry pick the material
out of the vast amount of necessary prerequisites, therefore we had to sacrifice consistency for
the sake of having a brief summary. For a more broad understanding we urge the reader to
have a look at the references. The other three chapters are dedicated to the works on which

the thesis is based.



Chapter 1 starts with a short introduction of conformal symmetry. Hear the im-
portance of the symmetry are highlighted, continued by the geometric and formal definitions.
Followed by the derivation of the the algebra generators with space-time dimensions bigger then
two. The generators are explained and paired with the corresponding group members. After-
wards the Witt and Virasoro algebras are introduced. Then a quick outline of the differences
between different space time dimensions is given, followed by the necessary references for this
part.

Because our main interest is in the application of instantons in gauge theories at the
beginning of section [I.2] a short overview of path integrals and their connection with Feynman
diagrams and non-perturbative effects is given. Further the definition of instanton is mentioned,
with the deliberate choice of Euclidean metrics. The process of changing to Euclidean metric
is also explained. In section the system of a double well potential is discussed. The main
goal here is to illustrate a situation where instantons arise in a well-known system. Then, it is
argued that the shift in vacuum states is described by instantons, also by explicit calculations
this effect is clarified. In the end the tunneling amplitude is written which operates as expected.

In section|1.2.2|an introduction of instantons in Yang-Mills theories is given, by presenting
the action, equations of motion and the Bianchi identities, which makes possible to properly
define instantons and and anti-instantons. Also a discus of the benefits of Wick rotation and its
practicality and the differences between Euclidean space-time over Minkowski space-time in this
setting is given, which in itself is a reacquiring theme in supersymmetry. Then the instanton
number and the Chern character are defined, it is also indicated that instanton solutions are
an essential part in approximations of path integrals and non-perturbative effects.

The section [1.2.3]is devoted to the Clifford algebra and its representations. The definition
of Clifford algebra in Euclidean and Minkowski spaces are given continued by representations
of the algebra for two dimensions, four dimensions (which are the Dirac gamma matrices) and
in six dimensions (these are the famous t’ Hooft symbols [11]), the representations are given
in both Minkowski and Euclidean spaces. At the end a scheme for construction of arbitrary

dimensional representations in Euclidean space is illustrated.



In the connection between Young diagrams to partitions is given. Euler’s famous
equation is also mentioned, with a hint on how to proof it. This section is a tribute to actual
calculations done in [1},3].

Next, in section the ADHM construction [12] is introduced, which is a method for
constructing a self-dual field strength. Also, the moduli space for instantons with instanton
number k is defined, and its dimension is indicated. By a straight check the correctness of
ADHM is confirmed. At the end of this section the BPST [13] instanton is introduced by
showing that it is a special case of the ADHM construction.

In section the Lorentz algebra and its representations are discussed. The algebra
of Lorentz transformations is given, the more familiar space rotations and boosts are also
defined. The definitions of representations and equivalent representations are given. Also the
notion of irreducible representations is highlighted. Then the direct sum and direct product,
as methods to construct higher dimensional representations, are reviewed. As an example
the 4 ® 4’ representation and its reduction to a direct sum of irreducible representations is
illustrated. In an simplistic fashion the notions of Hodge dual, tensor representations and
spinor representation are discussed. At the end, the construction of irreducible representation
via the SU(2) ® SU(2) covering group is shown.

is devoted to Majorana spinors. This review is meaningfully divided into two, first
the simple connection between the Dirac equation and Majorana spinors is described. The
second part is devoted to the formally correct illustration of Majorana spinors. A basis for
4 x 4 matrices is constructed out of the gamma matrices. The v5 matrix and with it the Weyl
spinors are defined. Then by the construction of some auxiliary operators the Majorana spinors
are defined. A proof of the contradiction of the Weyl and Majorana conditions is derived.

Supersymmetry has a central role in theoretical physics. One way to see its importance
and give a introduction to it is to look at the Coleman-Mandula theorem. In section [1.4.1
the Coleman-Mandula theorem is given and its implications are explored by a simple thought
experiment. Then in a toy theory of two scalar fields it is argued that additional generators of

internal symmetries must be Lorentz scalars. Then by adding a fermion field with interaction



it is argued that the only extension of Poincar algebra is a spin one half conserved current,
which are the generators of supersymmetry.

Next in the superspace is introduced as the natural upgrade of Minkowski space
with Grassmann coordinates. Necessary differential and integral relations are given.

In the following section the superfield is introduced as a field on superspace. By
expanding the superfield in Grassmann coordinates a connection is established between super-
fields and usual field on Minkowski space. The distinction of fermionic and bosonic superfields
is established. The notions superderivatives and supercharges is also reviewed with their corre-
sponding anticommutative and commutation rules. Then the chiral and vector superfields are
introduced, the gauge superfield is illustrated as a natural sub case of the vector superfield. By
gauge fixing the Wess-Zumino field is detached.

Chapter 2. Linear quiver NV = 1 5D gauge theory in Q background is considered. It
is shown that under certain restrictions on the VEV’s of the adjoint scalar field corresponding
to the first node, only the array of Young diagrams, such that the first diagram has a single
column only the others are empty, contribute to the partition function. Furthermore it is
proved that this partition function in a simple way is related to the expectation values of
Baxter’s () operator (at specific discrete values of the spectral parameter) in the gauge theory
with the special node removed. Using known expression of the partition function in the U(1)
quiver, Baxter’s T-Q difference equations are established and explicit expressions for the VEV
of the ) operator in terms of generalized g-deformed Appel’s functions is fond. Finally the
corresponding expressions for the 4D limit are derived.

The chapter is organized as follows.

In section a short review of 5d linear quiver gauge theory: the Nekrasov partition function
and important observables @), y are introduced.

In section [2.3| an extended quiver with specific parameters at the extra nod is introduced and
its relation to the Q-observable is analyzed.

Section specializes to the case of U(1)" theory. Difference equations Q-observable are

derived. Explicit expressions for the () observable in terms of generalized Appel and hyperge-
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ometric functions are found.

In section through dimensional reduction, corresponding difference equations and their so-
lutions for the 4d theory are found.

In sections [2.6] [2.7] some technical details, used in the main text, are presented.

Chapter 3. In this short notes using AGT correspondence we express simplest fully
degenerate primary fields of Toda field theory in terms an analogue of Baxter’s ()-operator nat-
urally emerging in N/ = 2 gauge theory side. This quantity can be considered as a generating
function of simple trace chiral operators constructed from the scalars of the N' = 2 vector mul-
tiplets. In the special case of Liouville theory, exploring the second order differential equation
satisfied by conformal blocks including a degenerate at the second level primary field (BPZ
equation) we derive a mixed difference-differential relation for Q-operator. Thus we generalize
the T-@Q difference equation known in Nekrasov-Shatashvili limit of the (2-background to the
generic case.

In Section we show that an appropriate choice of parameters [14] in A,;; linear
quiver theory with U(n) gauge groups is equivalent to insertion of the analoge of Baxters Q-
operator into the partition function of a theory with one gauge node less A, theory with generic
parameters. In the 2d CF'T side such special choice corresponds to insertion of a degenerated
primary field in the conformal block [14].

In Section [3.3] restricting to the case of Liouville theory, starting from the second order
differential equation satisfied by the multi-points conformal blocks including a degenerate field
V_p2 [15] we derive the analogues equation satisfied by the gauge theory partition function
with @) operator insertion. Then we show that this equation leads to a mixed linear difference-
differential equation for () operators which is a direct generalization of the T'— () equation from
NS limit to the case of generic (2-Background. Finally we summarize our results and discuss a
couple of further directions which we think are worth pursuing.

Chapter 4. We specify Gaiotto’s proposal for the RG domain wall between some coset
CFT models to the case of two minimal N=1 SCFT models SM, and SM,_, related by the

RG flow initiated by the top component of the Neveu-Schwarz superfield ®; 3 . We explicitly
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calculate the mixing coefficients for several classes of fields and compare the results with the
already known in literature results obtained through perturbative analysis. Our results exactly
match with both leading and next to leading order perturbative calculations.

The chapter is organized as follows:
Section [4.2]is a brief review of the 2d N = 1 superconformal filed theories.
Section is devoted to the description of the coset construction of N =1 SCFT. Of course
everything here is well known; our purpose here is to fix notations and list the relevant formulae
in a form, most convenient for the further calculations.
In Section [4.4 we formulate Gaiotto’s general proposal for a class of coset CEFT models.
Section [4.5| is the main part of our paper. We explicitly calculate the mixing coefficients for
the several classes of local fields in the case of the supersymmetric RG flow discussed above
using RG domain wall proposal. Then we compare this with the perturbation theory results

available in the literature finding a complete agreement.



Chapter 1

Preliminary ideas and concepts

1.1 Introduction to conformal symmetry

Before we start to introduce the symmetry itself we want discus one of its main applications,
the Conformal Field theory (CFT). CFT is a field theory as the name suggests with an ad-
ditional symmetry the conformal symmetry. CFT’s are QFT’s but because of the additional
symmetry the approach can be somewhat different. In a standard QFT the goal is to calculate
all correlation functions at least to some precision, which usually involves the Lagrangian or
partition function. In contrast if our theory has a bigger (bigger then the standard Poincar
group) symmetry it can be used to get some information about the correlation functions with-
out actually solving or even knowing the full Lagrangian. The extreme of this situation arises
in 2 dimensions where the conformal group is infinite dimensional. In this short overview we
define some of the core definitions and relations in conformal symmetry.

Conformal transformations are transformations that conserve the angle between two in-
tersecting lines at the point of intersection. The more abstract definition states that if we have
a map ¢ from a metric space M; to a metric space M then the map conserves the metric up

to a function

0x'? 0x'

g;,o(xl) ST = A(2) g (). (1.1)
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-2 -1 0 1 2

Figure 1.1: The conformal map of the complex mapping z — i, where the blue contours are

the real part, the orange contours the imaginary. Notice that at the intersections the angle is
us

5
We use Einsteins convention [16] by assuming a sum over all repeating indexes. From now on,
for convenience, we take M; = My = M and, furthermore, that M is a flat Minkowski space
with signature (—,...,—,+,...,+), we denote this metric by 7. The condition of conformality
has this simplified form:

0x'? 0x'°

npoﬁw = A(:L’)nw, . (1'2)

If A(z) is 1 than we get the condition for Poincar transformations, which implies that the
Poincare transformations are a sub-case of the more general conformal transformations.

To study a symmetry it is nearly always a good idea to study its Lie algebra: the in-
finitesimal expansion near the identity. These objects have an additional structure, besides the
product operation that they inherit from the group, they also have a summation operation.
Nevertheless they are sufficiently general(at least for our case), by which we insist that there is

a "reverse expansion” from the Lie algebra to the group.
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Infinitesimal coordinate transformations have this general form:

2P =2 + ¢ + O(€?). (1.3)

To select only the conformal transformations out of all transformations we demand eq to

be true.

oz’ 0x'° Oe” Oe®
v 7 P - 2 o e 2
"loo oxH dxv lpo <6“ + oz +O(e )) <6l’ + ox? +O(e ))
oe’ oef
= Puv + 77;10@ + an@ + 0(62)
Oe Oe,
= N + (({hﬁ + 8x“> +0(e%). (1.4)
From here we can conclude
ayeu + aVG,u - K(x)nul/ ) (15)

where K(z) is derived from the expansion of A(z), and can be calculated by taking the trace

of eq
K(r) = (0"), (1.6)

where d is the dimension of our space. So we get the conformality condition on the parameter

of coordinate transformations €e”.

2
Oue, + 0p€, = E(@“eu)nuy : (1.7)
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This (1.7]) can be used to construct higher derivative conditions namely:

(M + (d —2)0,0,)(0-€) =0, (1.8)
(d—1)0@-¢) =0, (1.9)
00060 = S0+ 1y~ D)0 0) = 0. (1.10)

Note that [L.§ and [I.9 make it clear that d = 1 and d = 2 are special. So we first look at the

case where d > 3. From equations an follows:

0,0,(0-€) =0. (1.11)

which means (0 - €) is at most linear in z, so by expanding € in powers of x we get:

€y = ay + b’ + cWA:z:”:L“A , (1.12)

where a,, b,, and c,, are infinitesimal small constants. All this constants stand for various
transformations and in general any conformal transformation is a sequence of them.

a, stands for space-time translations. b,, can be divided (like every matrix) into a sum
of a symmetric and an antisymmetric parts, from equation [1.5) we see that the symmetric part

is proportional to the metric.

b = anu, +my,, (1.13)

hear o represents dilatations and m,, represents rotations. Using eq we can reduce the

number of independent components of ¢, by doing so we get:

Cux = Munbx + 1 by — Murby, where b, ==, . (1.14)

¢y stands for the special conformal transformations(SCT). By exponentiation the generators

13



Name Transformation Generator
translation ot — o* + at P, = —i0nu
dilation at — ot D = —iz*0,
rotation at — Mba” L, =i(x,0, —x,0,)
.U«_( . )bll« . . v
SCT ot — 1_2?6.:8)4?(2’1@(%%) Kyu = —i(2x,2"0, — (z - x)0,)

Table 1.1: Conformal transformation and their generators for d > 2

of the infinitesimal transformations one can recover the finite (aka group) transformations( see

table .

For two dimensional space-time its customary to use complex coordinates.

0 izt (1.15)

correspond to the algebra of the conformal group, denoted ! and [, the generators [, and [,

form the de Witt algebra.

[lm7l_ ] = (m - n)lern )
Ly 1] = 0. (1.16)
This algebra has a central extension, with central charge ¢, the Virasoro algebra
(1.17)

C
[Lm7 Ln] = (m - n)Lern = E(mg - m)5m+n,0 s

14



the L’s are the Virasoro generators. Both the de Witt and Virasoro algebras are infinite dimen-
sional which makes them entirely different from the four dimensional algebra. This remarkable
property has an important role in string theory and some integrable models. There are some

excellent books and lecture notes on this topic, for a broader discussion or the continuation of

it see [17-19] .

1.2 Introduction to Instantons

In quantum field theories correlators contain all the information about the observables of the
system. The path integral approach enables us to calculate the correlations in QFT’s. Histor-
ically this approach was created to calculate Feynman diagrams for perturbative phenomena,
but now it is believed that the path integrals, even for small coupling constants, can describe
non-perturbative effects. The path integrals are notoriously hard to calculate, to counter this
hardship a number of approaches were developed. One of the more consistent approaches is to

look at path integrals as limits of integrals over fields on latices.

Where S is the action, in particular for gauge theories

1
S = “iF d*FS, F (1.19)

We always assume the Einstein summation convention if not explicitly stated otherwise. In the
classical limit A — 0 the integral is dominated by the extreme 65 = 0 point which can be

a maximum, minimum or a saddle point. It is convenient to take the analytic continuation:

tp =it (1.20)

15



we change to a FKuclidean space time.

. 1 a a

Here we have the advantage of having a positive defined action. The correlation functions
are dominated by the minimum of Sg(¢) these can be vacuum minimum or solutions to the
equation of motion. Instantons are solutions to the Euclidean equation of motion. If the theory
has a small coupling constant ¢g? we are enabled to calculate the usual vacuum bubble diagrams
and perturbations around the instanton solutions. Besides, the role in calculating path integrals
instantons have many other uses. One such situation arises when the tunneling between two

vacuuin states are calculated.

1.2.1 Instantons in Quantum Tunneling

Instantons can be used to calculate tunneling effects between two vacuum states. To see this

lets look at a particle in a double well potential

V(z) = Vo<1 - i—;)Q (1.22)

Vo is the height of the barrier between the two sectors, and in case if V{j >> 1 the solutions

of the Schrdinger equation gives rise to a spectrum similar to the harmonic oscillator with

corrections
1 1
E,=n+=-+=-A,))wo, (1.23)
2 2
where
w Y%
A, ~ e ‘) wh = —20 (1.24)

16



—X0 X0
Figure 1.2: The double-well potential

This corrections are a result of the tunneling effect between the two sectors, and as expected
the corrections get exponentially smaller when we rise the barrier. To see this let us compute

the probability of a particle shifting from x = —zy to x = xy in §t time

-2

(zole 70 — o) = /Dm(t)exp( — /;t dtp [% + VE(x)D . (1.25)
where
Ve = —V(x). (1.26)

The transition to Euclidean space-time has the effect of changing the usual Lagrangian like in
equation by the Hamiltonian with the Fuclidean potential V. The equation of motion for

the double well potential are

i =—V(x), (1.27)

17



and its solution

T =+/—2Vg(z) = @(1‘2 — ), (1.28)

Lo
2V
x = xotanh tg —20 ) (1.29)
Lo
Inserting these into the Euclidean action one finds
00 -2 00 AV 8 2
S = / dtp|s — Vy] = / dtpi? = 20, |20 (1.30)
—infty 2 —infty 3 %

The first approximation to the tunneling effect are instanton solutions

2V, |82
A e nep( =20 %) . (1.31)

for the proper factor in front of one needs to calculate the fluctuations around the instanton

solutions.

1.2.2 Instantons in Gauge Theories

Instantons are solutions to the Euclidean Yang-Mills equation of motion. The Euclidean Yang-

Mills action has this form

Im7 Rer -
Sg = 8—7T/d4xTrEjEj —ie— d'zTrF,;F;, (1.32)
with
Fyj = 0;A; — 0;Ai + [Ai, Ayl (1.33)
~ 1
Fij = §€ijlekl- (1.34)

18



The field with the tilde is the dual field, it naturally obeys the Bianchi identity, which can be

demonstrated by a simple insertion:

Diﬁij = aiEj + [A;, Fz;]
1

= §€ijkl(23iakAz + 0i[ Ak, Ai] + 2[A;, 0x Ai] + [Ai, [Ak, All])

where the first three terms in the last equation vanish because of the fully antisymmetric tensor
or cancel themselves out, the last term vanishes because of the Jacobi identity.

The Yang-Mills equation of motion:

has the same form as the Bianchi identity for the dual field. This suggests a solution for the

Yang-Mills equation, where the field is proportional to the dual field
F =cF. (1.36)

From I*a = F we conclude that ¢ = 1. This condition is valid only for the Euclidean space
time. In contrast for Minkowski space-time the corresponding condition F:’ = —F differs by a
minus sign. This minus sign is a consequence of the determinant of the metric in the definition
of Levi-Civita tensors, so for the Minkowski space-time we get ¢ = 4. This definitions and

identities can be written in the language of forms, where they have a simpler look:

1 oo 1~ o
F = §Fijdxldx] : *F = éFijdxldx] : (1.37)

19



with

F=DA=dA+ANA. (1.38)

The equation and motion

DxF=dxF+[AxF| =0 (1.39)

The Bianchi identities for the dual field

DF =dF + [A, F] = 2dAA + 2AdA + AA* — A’A = 0. (1.40)

As mentioned for the Euclidean case in equation [1.36] we have ¢ = +1. An instanton with
the plus sign is called Yang-Mills instanton and for the minus sign anti-instanton. We classify

instantons by the topological integer k.

1 4 . 1 4
k= T /d ztr(Fpn Fron) = =] d*ztr(FAF). (1.41)

k is also called the instanton number. The Chern character and Chern numbers are defined as:
h(F) = h;(F) = —). 1.42
h(F) = 3 ehi(F) = exp(5) (1.42)

The instanton number is the second Chern number. To show that for a fixed instanton number
instantons minimize the action in the space of gauge connections we start with this trivial

inequality:

/d‘*xtr(F +F)? >0, (1.43)

20



then we open the parentheses and and use trF2 = trF2 | which is a direct consequence of

equation [1.36] we get:
/ d'ztrF? > | / d'ztrFF| = 167°|k|, (1.44)

for the plus sign in the inequality saturates for anti-instantons, the same is also true
for the minus sign and instantons. After inserting this in the Yang-Mills action we conclude

that for instantons:

— Sinst = 2mkT (1.45)
or for anti-instantons

—Sinst = 2mikT™ . (1.46)

Instanton corrections of the correlators take this form:

(0) = / DASO =Y cd* + 3 e (1.47)
k=1

Correlators in Yang-Mills theories are computed by path integrals which can be approximated
by the contribution of the saddle point solutions and the fluctuations around them. The

Euclidean saddle point solutions are known as instantons.

1.2.3 Representations of Clifford algebra and construction in higher

dimensions

Because of the heavy use of spinors and their properties we will introduce the Clifford algebra.
Also we’ll construct the representations in higher dimensions for both Minkowski and Euclidean
spaces. For the Minkowski space as before we choose the metric as 7, = diag(—, +, ..., +). The

general d dimensional Clifford algebra in Minkowski space is defined by generators I',, where p
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goes from 0 to d — 1. The generators are also defined in Euclidean space, we denote them as
[',,, where m goes from 1 to d. For the sake of clarity we will use Greek letters for Minkowski
space indexes and Latin letters for Euclidean space indexes. The generators obey the following
constraints.

For Minkowski space:

{T. Tt = 20 . (1.48)

For the Euclidean space

{Frm Fn} = 25mn ) (149)

where 6,,, = 1 if m = n otherwise d,,, = 0. We will directly introduce the Clifford algebra
for a number of even dimensions and review a scheme to construct them for arbitrary even

dimensions. We always choose a representation where the additional generator is given as:

1 0
Lap1 =
0 —1
d = 2 for Minkovski space
0 1 01
FU = ) Fl =
-1 0 10
d = 2 for Euclidean space
0 — 0 1
Fl = s F2 -
1 0 10

22



In d = 4 we have the famous gamma matrices, for the Fuclidean case
0 —io,
10, 0

where 0, = (i7, 1) and 7 are the usual Pauli matrices

n = ) Ty = ) T3 =

The gamma matrices for Minkowski space

T = 5
-0, O

where 0, = (—1,7). For further uses we also define the self-dual o,,, and anti-self-dual 7,,,
quantities in Euclidean space. The self-duality and anti self duality will play a central role in

building the solution for self-dual and anti-self-dual Yang-Mills equations of motion.

1
Onm = Z(anc?m — Om0n) (1.50)
_ 1 _
Tnm = Z(U”Um — Tm0p) - (1.51)

The bar notation denotes the Hermitian adjoin (Hermitian conjugate). Now we will discuss the

six dimensional case. For the Euclidean case we have
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with

S = (0,417, 0P i, i) (1.52)

Em = (_7737 iﬁ37 _7727 Z.ﬁ27 -, “7) y (153)

where the 7-s are three 4x4 matrices known as t” Hooft symbols.

A = NAB = €mAB (1.54)
Nia = Mis = Oma , (1.55)
A = —NBa; Map = —NBa- (1.56)

indexes m, A and B run from 1 to 3. In Minkowski space the relation between I' and ¥ stay

the same but with diferent X’s.

Sy = (i, i i, i) (1.57)

S = (=i’ i, =P i, =, in) (1.58)

Now suppose we have two representations in Euclidean space, one with dimension d; and an
another with dimension dy. The generators are written as ) and 0@ respectively, n runs
from 1 to d; and m runs from 1 to ds. Then a representation with dimension D = d; + d», also

in Euclidean space, can be constructed out of the formal representations.
M= {1 @1, @I}, (1.59)

here k goes from 1 to D.

24



4
3+1
242
2+1+1
1+14+1+1.
(1.60)

Figure 1.3: The partitions of the number four.

Figure 1.4: All Young diagrams with four boxes.

1.2.4 Young diagrams and partition of numbers

The partition of a natural number n is the process of writing n as a sum of positive integers,
where the order of summands is neglected. So lets look at the example of the number 4. There
are a total of five distinct partitions:

In contrast Young diagrams are diagrams of ordered rows of boxes where the number of
boxes in a row newer decreases. There is a one to one correspondence between Young diagrams
and the partitions of natural numbers. To see this look at the figure and the diagrams
and partitions are corresponding. We denote the number of partitions by p(n), for our example

p(4) = 5. Here are the partition numbers for 0 to 9

1, 1,2, 3 5 7, 11, 15, 22, 30. (1.61)

The partition number has a famous generating function discovered by Euler.

ip(n)x" - ﬁ (1 _1$n> . (1.62)

The later in fact is a special case of the g-Pochhammer symbol which we will discuss later. The
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fact that equation is correct can be seen when one notices that the r.h.s has the form of
a product of sums over infinite geometric series. The connection between Young diagrams and

partitions is heavily used in calculations in(cite my last 2 pps)

1.2.5 ADHM construction

In mathematical physics, the ADHM construction is the construction of all instantons in YM
theories by Atiyah, Drinfeld, Hitchin and Manin in their paper ”Construction of Instantons”
[12]. In this section we will introduce the ADHM construction for R*. The ADHM constriction
is a method to construct solutions for eq. [1.36] We consider only the instanton aka ¢ = 1 case.
First we will look at an ansatz and then proof that it really constitutes self-dual instantons.

The first observation is that if

Fon ~ oo (1.63)

then the field strength is an instanton. We start with an ansatz matrix A of dimensions
(N + 2k) x 2k of a peculiar form
Way,ic 0
A(x) =a+x,b" = + Xp . (1.64)

. .. n
Qi i Oad&’j

The indexes can be a little confusing but to make it bearable we will hold to this notations:
i,7 go from 1 to k, u,c go from 1 to N, u, A go from 1 to N + 2k, a, B, d, B are spinor
indexes and are 1 or 2. For example a quantity with indexes u, i« is a (N x 2k) matrix. The
moduli space can be divided into sectors of different instanton numbers k, and are denoted as
M. To avoid cumbersome factors we think of the moduli space as already factorized by local

gauge transformations. The a and b matrices are parametrising the moduli space of instanton
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solutions. We also need the Hermitian conjugate of A:

Ayia () = aria + A Zag, A;\é‘(x) = d?d + Bg\af"é‘. (1.65)

Hear we used the quaternion form of the coordinate x, as one can see this definition is broader

then in eq. .The reason is that the a and b matrices are not uniquely fixed by ADHM. By

rotating A and U.
A — AAT U— AU, (1.66)

we conserve the ADHM constraints, where A € U(N + 2k), I € GI(k,C). We'll make use
of the already ”fixed” matrices defined in eq. [[.64 One of the requirements of ADHM is
that Ay (z) : C* — CN*F is injective and A% is surjective. Furthermore we will see that the
parameter k is the instanton charge introduced in section [I.2.2 We also need the normalized
kernel of A, denoted as U. U is a (N + 2k) x N dimensional complex valued matrix, which as

expected is also coordinate dependent.

AU =0 =UA, UU=UU = Iyxn - (1.67)
The U matrices play an important role in constructing the ansatz gauge connections.
A, =U0,U, (1.68)

for the £ = 0 instantons we recovers the pure gauge. Because for a pure gauge the field strength
vanishes it naturally obeys the self-duality constraint. The ADHM constructions works for

arbitrary instanton number. The ADHM construction also requires that:

A?)\AMB = fz}lfsg ) (1-69)
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the non-degeneracy condition was employed to guaranty the existence of f~!. Here f is a
arbitrary k x k Hermitian matrix dependent on space coordinates. The A’s are dependent on

the a and b, by inserting the definitions we get this eq. in its components.
WT W — i, [Am, an] = 0. (1.70)

The n’s are t'Hooft symbols which we defined earlier, and a,, is connected to a a by ase = ol
We repress some indexes now and then to make the equations more readable, but often only the

spinor indexes are important to be followed. For consistency we want a completeness relation

U/\uU'uu = 6; - A/\z‘jfijA?lu ) (171)

this relation enables us to convert U sums with A sums a trick used extensively in ADHM
calculus. By calculating the dimensions of the moduli space , which involves counting.the

number of freedom in ADHM and subtracting the number of symmetries, one gets

Now after the illustration of the ADHM construct we are able to proof its preposition. To proof
that the field strength is self dual we start with the definition of Fj,, and insert the ansatz

gauge field

an = a’rnfln - anAm - [Ama An]
= O (U0 U) + (U0 U)(U0yU) = 0nU(1 = UU )0y U = 9 U(AfA)0U

= Ua[mAfan]AU = Uba[mfé'n]l_)U = Uba[mfamnEU, (1.73)

here we used eq. and eq. [1.71L The matrices o,,, are defined in section [1.2.3| So, we see
that F,, is proportional to o,,, which insures the self duality, this concludes the proof, before

we conclude this chapter we present some explicit forms and remarks. As we can see we didn’t
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use the special form of b, if we use it we’ll get:

0 0
E,, =40 U~ G - (1.74)

0 omn ® f[kxk}

To wind up this chapter lets look at a special case the BPST instanton [13]. BPST stands
for Belavin, Polyakov, Schwarz and Tyupkin who found this solution. The BPST is the N =

2, k=1, and a,s = 0 case. By simple insertions we find:

_ 2O p oy U= —2%mn (1.75)
7%+ p? 02 (p? +12)?
0 2=
JANS) _ 1
A= ; U= ﬁ( — Tpxaplpxa)
T2 %2 (p? +12)2
_ 1
AA = (p* + TQ)]].[QXQ] = f= r?=amz,, . (1.76)

P2+ 12’

Before we continue to the next section we’ll give a short list of references for the various subjects
discussed here. For instantons and instantons in gauge theories look [10,20]. For Clifford algebra

see [21].

1.3 Lorentz Algebra and its Representations

In this section well introduce the Lorentz algebra. As already mentioned supersymmetry is
an extension of the Poincar group. In it self the Poincar algebra is the Lorentz algebra with
the addition of space-time translations. Lorentz algebra generators in four dimensional(d = 4)

Minkowski space [21]:

Z’[JIW’ J/\P] = VP JHT — pghP JVT — VT JRP o phe JVP (1'77)
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where p, v go from zero to three, J* is antisymmetric and contains the generators of space

rotations(J) and boosts (P).

. 1 )
Ji = éeijkﬂ’f, (1.78)

P =J"°, (1.79)

here i, j and k go from one to three. 1 is the Minkowski metric with signature (—, +++) and €
is the the Levi-Civita symbol for d = 3 Euclidean space. Because we want our laws of nature to
behave in a predictable manner under the Lorentz transformations, we classify our field under
the finite representations of the Lorentz group. First of all a representation is a set of matrices

M (g) , where g is the group element, which obey the following constraints:
M(e)=1,  M(gi92) = M(91)M(g2), (1.80)

where e is the identity in the group and I is a unit matrix. For Lie groups the Lie algebra(A)

can be expressed as an infinitesimal deviation from the identity:
Ay =05 + 10w, (1.81)

w is a infinitesimal and antisymmetric parameter. The fields are transforming under the n

dimensional representation by this formula

0¢' = %wuy(Jﬂ”)§ ¢’ (1.82)

where i,j go from one to n and J" is a n dimensional representation of Lorentz algebra.
This formula can be shortened if we think of the various fields as n-tuples and assume matrix

multiplication:

5 = %WMVJHVQS. (1.83)
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The corresponding finite transformation for Lie algebras coincides with the exponentiation of
the small transformation:

?

¢ = D(w)¢ = exp(;

W T ). (1.84)

For compact groups any dimensional representation has a equivalent unitary representation so
their generators are Hermitian [22]. But the same is not true for non-compact groups. The
Lorentz group is in fact non compact , the rotation generators are Hermitian but the boosts

are anti-hermitian:

(T =g7,  (J)=-T%. (1.85)

From a finite dimensional representation one can construct other representations by sandwich-
ing them in by a unitary matrix and its inverse. A simple check can verify that the new
representation U1 7*U is obeying the necessary constants of . Any two representations
that are connected by the mentioned procedure are called equivalent. The name ”equivalent” is
chosen correctly because it constitutes a equivalence relation [23]. If the representation matri-
ces have a invariant subspace smaller than the dimension of the space where the representation
acts, then a suitable equivalent representation can be chosen that has a block diagonal form.
This kind of representation are know as reducible representations. If there not reducible they
are irreducible. Irreducible representations play a central role in group theory and are used to
decompose reducible representations and to construct new. For clarity we will write the di-
mension of the particular representation of the group in boldface, two different representations
of the same dimension are differentiated by a prime e.g. m and m’. There are two usual ways
to construct higher dimensional representations one to take the direct sum and the other the
direct product.
1. direct sum.

In the direct sum we concatenate two fields into a field with higher dimension, the new repre-
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sentation has a block diagonal form.

o™ Jw 0
gmen = ,guem= : (1.86)
" 0 Jn
This is one reason of why we only need to occupy ourselves with irreducible representations.
2. direct product

Another way of constructing representations with higher dimensions is to take the direct product

also known as the tensor product. It is defined by the following:

PIE = ¢t (IO = (Tm)0] + (T )16 (1.87)

where 7, k are indexes of the m dimensional representation and j,[ of the n dimensional repre-

sentation. This occurs when adding angular momentum in quantum mechanics.

men=m-n+1)&---&(m+n-1). (1.88)

Now we want to address the question of how to construct tensor and spinor fields. To construct
a rank n tensor field we take the tensor product of n vector fields. These fields do not correspond
to irreducible representations. But they can be decomposed to irreducible representations by
looking at tensors with fixed symmetric and antisymmetric indexes. This procedure in fact is
similar to finding irreducible representations for the symmetric group. As for the symmetric
group the irreducible representations can be constructed by looking at Young tableau with n
boxes. For an other place where Young tableau emerge see section|1.2.4, For example lets look
at the product representation of 1 ® 1’ (for the Young tableau see table . By dividing the

direct product into two different parts.

191'=1x®s1)® (1241, (1.89)
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Figure 1.5: Young tableau with two boxes.

where ® 4 and ®g are defined by

(6'25M)y; = (6" )i(8"); + (61); (6" )i (1.90)
(@415 = (0M)i(0"); — (6"); (8" )i, (1.91)

both are not yet irreducible representations and accordingly correspond to the Young tableau
the symmetric representation has w terms for 1 we have 10 terms. To have a irreducible

representation we also need to separate the trace.

1
¢€W} - ¢{uu} - Znuu(nqub{)\p}) ) (192)

the {} brackets stand for symmetrization and the [] for antisymmetrization. So in short we
have 4®s4 = 94 1. The antisymmetric part is also reducible. To see this we need to introduce
the Hodge dual tensor. The Hodge dual tensor is a the tensor contracted with the invariant
Levi-Civita symbol. The Levi-Civita symbol in four dimensional Minkowski space is a fully

antisymmetric four tensor. defined by the equality

1 =1 = —¢gpo3. (1.93)
The Hodge dual tensor for the antisymmetric two tensor is defined as:

Pln) = %Euu,\p(b[’\”] : (1.94)

The Hodge dual tensor has the property of (¢*)* = ¢. For this case the dual tensor is a

antisymmetric two tensor. In fact here the dual tensor is proportional to the antisymmetric
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tensor.

Pl = E Pl » (1.95)

here if considered a generic constant the equation would contradict the ¢** = ¢ constraint. The
two options are known as self dual and anti self dual representations for +1 and -1 correspond-
ingly. They are three dimensional and are denoted as 3* and 37. In a simpler notation we got
4®44=3"®3". So we showed all the irreducible representations of the tensor field. So we
got 9 terms from the traceless symmetric, 1 from the invariant trace, 3 from the self dual and 3
from the anti self dual representations in total we have 4 x4 = 16 terms which was expected and
correct. We want to note that this is only a illustration not a proof. The tensor representations
are not the only one, there are also the spinor representations. The spinor representations are
associated with the covering group SU(2) x SU(2). The spinor representation has a advantage
of being a construction block for tensor representations and in general if we take the product
of even number of spin representations we’ll get tensor representations so in the following part
of this section the already discussed tensor representations will be seen as products of spinor
representations. We start with the four dimensional representation of the Clifford algebra (for

more details look up section [1.2.3))

{9} =2n". (1.96)

From tease we can construct the generators of the Lorentz algebra :

g = -0, (L.97)

this is easily checked by substituting |1.97] into [1.77| . There is a simple way to construct spin
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3
=

Name Field dimension

scalar ) 1

left-handed spinor Uy, 27

right-handed spinor VR 2R
m

-

= = O oI O
SN— | N— | N N [ N— | — | ~—

~

~

1NN
VN WamnN S 7 Y N e Ve
—_ O = NIH O O

vector 1)
self dual antisymmetric (barw] 3 :
anti self dual antisymmetric gb[:w] 3~ :
traceless symmetric Qg 9 :

Table 1.2: Some of the irreducible representations of Lorentz algebra

representations. One needs to look at the operators:
1 ) 1 ‘
L;= §(Ji +iP),  Ri= §(Ji —iF) (1.98)

J; and P; are the rotation and boost operators defined in the beginning of this chapter. The

commutation relations of L and R
[Li, LJ] = iEijkLk y [RZ, R]] = iEiijk y [Ru LJ] =0 y (199)

reveal that the Lorentz group has a covering group of SU(2) x SU(2). The representations of the
two SU(2)’s are distinguished by the subscripts R and L. Now we can present the irreducible

representation as combination of irreducible representations of SU(2), denoted (n, m)(see table

3.

1.3.1 Majorana spinors

Majorana spinors are different then the more familiar Dirac spinors in a number of ways
and mixing them can create unexpected complications. So, because we need Majorana spinors

for describing supersymmetry we’ll give a short introduction of their properties. The ”spinor”
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part in Majorana spinors means that they are functions of energy and momentum and when
multiplied by e* or e~ become solutions to the Dirac equation [24], therefore they are a

special case of the Dirac spinor. The Dirac equation:

(iy"9, —m)¥ =0, (1.100)

which can be understood as Schrdinger’s equation

ov
— = HU 1.101
with the Hamiltonian:
H= Wo(vipi +m), (1.102)

the v symbols are defined in section [1.2.3] The Dirac equation can be formulated as a Fuler-

Lagrange equation of a system with Lagrangian:

L = V(iry"d, —m)V, (1.103)

bar notation refers to Hermitian conjugate times v5. Now we want to look at the real solutions
of the Dirac equations. To have real solutions we need the equation also to be real so the task

is to find gamma matrices that are imaginary. One such possible solution is this:

0 0 o2 » ot 0
Py - 9 7 -
o2 0 0 ot
y 0 o2 s ic® 0
g s ’}/ prnd
—0? 0 0 io®
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the o’s are Pauli matrices. This observation has been done by Majorana. Because o2 is

3 are real as proposed we have

imaginary and o', o

= (1.104)

The reality conditions of the equation should make it possible to find real solutions for equation
[1.100, The now found representation of the gamma matrices not unique, as we know gamma
matrices in general are not unique and can be redefined by a unitary matrix, the same situation
is also true for us with an additional constraint that the redefinition should not violate the reality

condition. So, we have

A — UAHUT (1.105)

with the correspondent transformation for the field

U UV, (1.106)

here U is a unitary matrix, and a straightforward check shows that equation [1.100] still hold

true. The reality condition:

U =0, (1.107)
implies that
U = (UTD)* (1.108)
or
U =UUTy* (1.109)
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This part illustrated the connection between Dirac spinors and Majorana spinors. Now we
discus the connection between the Weyl spinor and Majorana spinor. First we have to return
to the general setting of gamma matrices, without fixing their form. One can construct all the

possible combinations of the gamma matrices,

A L e L s A o e e L (1.110)

Fortunately the independent terms in this list are finite. First we want to note that any ordered
list of indexes can be decomposed into lists with fixed symmetrization and antisymmetrization.
The Clifford algebra (1.96]) lowers the number of gamma matrices with symmetric indexes so

we are left with a subset of possibly independent combinations.

RN

T L e R T B e TS (1.111)

But we know that there is only one four tensor with fully antisymmetrized indexes the Levi-

Civita symbol. So we have:
AlAYAAPL e Ar (1.112)

The relative constant is a 4! because we define symmetrization and antisymmetrization without

the L

+i» and an 4 for convenience. This enables us to discard all entries in |1.111] that have five

or more indexes. For we clarity use the dual vector of the third entry in|[1.111

,_)/[u,.)/u,.y)\,yp} = 4l My ,y[u,yvfykl - ig[ﬁwﬂp%%, (1.113)

~vs5 gets fixed by equations [1.113}

75 = —iy° iy (1.114)
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V]

the set of independent, combinations of gamma matrices M = {1, y*, yl#4"] y#~5 45} are a basis

for 4 x 4 matrices. There are 16 matrices in M. 5 has some nice properties:

(7%} =0, (1)*=1, =9, [JTu1]=0. (1.115)

the second property restricts the eigenvectors of 75 to +1, from the last property we can
conclude that by diagonalizing ~; the Lorentz operators obtain a block diagonal form of two
2 x 2 matrices. The corresponding spinors also get divided into two kinds, spinors that have +1
as eigenvalue and spinors that have —1 as eigenvalue of 75, denote them as left(L) and right(R)

correspondingly.

YL =YL, Yr=—75Yr. (1.116)

The corresponding projection operators are known as chirality operators.
1
Pi:§(1i75). (1.117)

In the basis where 75 is diagonal the projection operators Py take the down half or the top half
of a 4 spinor respectively, tease 2 spinors are known as Weyl spinors. Note that the R spinors
correspond to the minus sign in the projection.

Now lets observe the fact that (&4#)7 and £+*! obey the Clifford algebra m, T stands
for the transpose of a matrix. The Clifford algebra only has one four dimensional representation

therefore these representation are connected by a similarity transformation.

sy BTt = =, (1.118)

CyHC™t = —yT | (1.119)

B is made from 7y by multiplying with 7. C is know as the charge conjugate matrix. With the

help of these we can construct the complex conjugate matrix and as before define Majorana
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spinors. Majorana spinors are Dirac spinors who obey this reality condition

Y= pBCy, (1.120)

like with the Weyl spinors the Dirac spinor can be broken up into two Majorana spinors

Vo= S0+ BCYY), = —ig (b~ BCY). (1121)

Majorana spinors and Weyl spinors cant be combined. If we try to impose both conditions we

get the trivial zero as solutions. Here we use left Weyl and Majorana conditions (eqs. |1.120

and |1.116]).

V"= PCY = BCystp = —BCY = =50 = —(15¢)" = —¥7. (1.122)

1.4 Supersymmetry

In this section we try to introduce the reader with supersymmetry. In the first subsection we

Y

combine the introduction to supersymmetry with the question ” why supersymmetry?”.

1.4.1 Why supersymmetry?

The answer to this question lies in the Coleman-Mandula theorem. The theorem states that
every quantum theory in d > 2 that has this three natural properties [7]

1. The spectra is restricted from below.

2. The S matrix has non-trivial scattering for two body scattering.

3. The amplitude of an elastic scattering is an analytical function of the scattering angle.
Then all internal symmetry generators are Lorentz scalars. A basic understanding can be gained
from this thought experiment: if there are conservation laws other then the conservation of the

energy-momentum and the angular momentum in an elastic two body scattering then the
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scattering angle is non-vanishing only in finite angles, and from condition 3 we conclude that
the amplitude is zero everywhere. To describe this situation in terms of symmetries and their

generators lets look at a simple system of two real scalar fields. The Lagrangian:
L= —%(3¢1)2 - %(81%)2 . (1.123)
From the Euler-Lagrange equations we get the equation of motions:
Up, =0, Ups = 0. (1.124)

where the d’Alembert operator is defined by J = 9#0,,. From these equations one can construct

an infinite amount of conserving currents:

Ju = (au¢1)¢2 + ¢18u¢2 ) (1125)
Jup = (040,01)P2 + 0,010,02 , (1.126)
J,uyp = (auap¢1)au¢2 + ap¢lapau¢2 ) (1127)

The fact that all currents are conserving can be shown directly by calculating the derivative
with the index p. The theorem does not apply here because we have no interactions, and
therefore have a trivial two particle scattering contradicting point 2 of the theorem. If we add
an interaction of the form V(¢? + ¢3) only J, remains a conserved current. In this setting the
Coleman-Mandula theorem states that there cant be any form of Lorentz invariant interaction
that conserves currents of higher rank then the charge four-current , even there can’t be any rank
two conserving current for any kind of Lorentz invariant interaction. This situation changes

when we add a fermion.
1 5 1 5 1-
L= —5(3%) - 5(3@/)2) — §¢7“au¢ (1.128)
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This is the Lagrangian of two real scalars and a Majorana spinor. With equations of motion:

Oéy =0, Opa=0. ~A*d1p=0 (1.129)

as before we can tailor an infinite amount of conserved currents

S;wc = a,0(7701 - Z"@ZJQ)(’Yp’yNw)a > (1130)
Suap = Op(thr — i02) (V708 ) (1.131)
S,uozﬂr = ap(l/Jl - MpQ)(VPV#aBaTw)a? (1132)

To check, one needs to use the equations of motion, the Clifford algebra for gamma matrices

and the commutativity of partial derivatives. They give rise to conserved charges:
Qo = /dm350a, Qop = /dﬁsow,... (1.133)
An analogue situation arises wen we add interaction term to the Lagrangian.
L=Lfrce—V (1.134)
where an example of V' is:
V = gy + iysda)ih + %QQW% +93)° (1.135)

The Coleman-Mandula theorem states that after adding an Lorentz invariant interaction only
S, Will stay a conserved current even if ones try to change the form of the other currents. Note

tat if there was a conserved current S,,5 one could construct a spin three symmetry generator
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out of it. But a spin half current S,, gives rise to a spin one generator:

{Q.Q} =29"P,, (1.136)

[@Q,P] =0 (1.137)

This is known as the N = 1 d = 4 superalgebra. Because this type of algebra was the only

possible construction to build it retains the position of the natural extension of Poincar algebra.

1.4.2 Superspace

The superspace is an extension of the familiar Minkowski space. Space time coordinates x* are
supplemented with the coordinates ;5 , which in essence are complex Grassmann numbers.
Its also customary to think of them as Weyl spinors, the reason is that Grassmann numbers
anticommute, and we need two of them so we could just take Weyl spinors instead. To work
with Grassmann numbers we need to know how to commute with space-time coordinates, how

to differentiate and how to integrate them. The first question is just a matter of definitions
[, 015] = [2",015] = 0. (1.138)

additionally the Grassmann numbers anticommute like spinors, so, two different Grassmann
numbers anticommute and the square of a Grassmann number is zero. The derivative is all but

usual.

o 0 - _ 9D 0
9 _ 990, — 9 0,0, = —0, . 1.1
500 =0, = gl =0a gl =—0, (1.139)

Il
Sy

To define integration we need a scalar measure. There are three to choose from:

d’0 = dh,db,, d*0 = db,df,, d*0 = d*0d%0. (1.140)
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The integration rules
/ 20 0,6, = / 750,0, = / 20 0,0,0,0, = 1. (1.141)
These formula can be compressed into this simple anticommutativity expressions:

{a% s} = /d@a B5 = bas. (1.142)

This shows us that differentiation and integration for Grassmann numbers are roughly the

same. The superderivatives are defines as:

D, = a% +ic”.,0%0, (1.143)
_ 0 e
Dd = _ﬁ - ZO'ade a“ (1144)

1.4.3 Superfields

Now we're able to define superfields. Superfields are fields in superspace. It is sometimes
convenient to look at the expansion of the field in their Grassmann coordinates. The expansion

yields a finite number of terms because the square of a Grassmann number is always zero.

S(x,0,0) = () + 0y(z) + 0&(x) + 0570 A, (x) + 00 f (z) + 00g™(x)

+i000) + i000p(x) + 000D (x) (1.145)

we suppress the indexes of 6 and 6 when we think it wont cause confusion or increase readability.
We classify , as always, the fields as bosonic or fermionic depending on their commutation or

anticommutation relations. Bosonic fields commute with Grassmann numbers fermionic fields
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anticommute.

[Sp, 6] = [Sb, 0] =0, (1.146)

{S;,0} ={S;,0} =0 (1.147)

To restrict the general field to a fixed statistics we restrict the component in the expansion
(1.145)). For a bosonic superfield we expect to have even numbers of Grassmann coordinates,
therefore ¢(x), A,(x), f(x),g(x), and D(z) are bosonic field in Minkowski space the others
are fermions. For a fermionic superfield the roles are switched (), &(x), A(z) and p(x) are
bosonic the others fermionic. The superfields are classified under the algebra of all isometries of
the superspace. We saw that the fields can be categorized under the categories of formions and
bosons this is a consequence of the Z; graded algebra. We denote the grading of the algebra A

as m(A). The distribution law for superderivatives are dependent of the grade of the fields:

D(AB) = (DA)B + (—)"W B A(DB), (1.148)

D(AB) = (DA)B + (=)™ B A(DB). (1.149)

This mechanism is in essence the same that we have encountered in eq. [1.139,
Now well discus the supersymmetry generators and their algebra. The supersymmetry
generator act linearly on the superfields this stand in full analogue, with the Poincar algebra.

For Poincar translations we have:

6:¢(x) = iT'P,p(x), (1.150)

where P, = 10,. For the superalgebra

5,5 = (xQ + XQ)S. (1.151)
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where ) and () are the supercharges, which are also operators:

Qo = % — i0h,0%0,, (1.152)
_ O 4o
Qd = —ﬁ +Zaad9 8#' (1.153)

They obey the following anticommutation relations:

{Q.Q} =20"P,, {D,D}=-20"F,, (1.154)

all the other anticommutation rules which mix D, D and Q, Q are zero.

The superfields that we constructed belong to a representation of the superalgebra but the
representation is not an irreducible representation as with ¢ in section [I.3] we will construct
the irreducible representations out of these although without proof.

1. The chiral superfield. One can get a chiral superfield by imposing this property:

DS, =0, (1.155)

or for the anti-chiral superfield DSI=0. Note that these restrictions don’t change the super-
charge. These equations can be solved by trivially expanding the superderivative and the
superfields then writing a set of equations, that will restrict the form of the general superfield.

An equivalent but fare more short solution is to notice that for:

ry =1x +iboa, (1.156)

the following equations hold true:

Dz =0, Dz, =0. (1.157)
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Therefore fields constructed out of them are also obeying these equations.

S(2,0,0) = ¢(x4) + 0(zy) + 00F (24), (1.158)

SH,0,0) = ¢*(x_) + Ob(z_) + 00F*(z_) . (1.159)

here ¢ is a scalar, v is a left spinor and F' is a auxiliary field with no dynamics.

2. the vector superfield. A vector superfield is a superfield that obeys this condition:

S, = ST, (1.160)

C

this restriction identifies (in [1.145)) ¢ with &, f with g and A with p, so we can write:

Sy(2,0,0) = ¢(x) + 0(z) + 0¢(z) + 050 A, (z) + 00 f (x) + 00 f*(x)

L 1
+i000\ + 1000\ () + 5996?0D(:E) , (1.161)

if the vector superfield is a gauge field with a gauge transformation
Sy, — Sy +iA —iAT, (1.162)

where A is a chiral superfield. Note that the gauge transformation conserves the condition

1.160] It is customary and convenient to write the gauge superfield in this way:

Sgauge(7,0,0) = ¢(x) + O(x) + O (x) + 05"0A,(z) + 00 f () + 00 f*(x)

+if00(\ + %aaw(:p)) —i000(\(z) + %aaw(_m)) + %GHHH(D(:U) + %8(%(1’)) : (1.163)
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the gauge transformations of the fields v, and f are pure algebraic:

v = v +id—ig*, (1.164)
=Y +iV2E, (1.165)
[ = f+iF, (1.166)

the A, transforms in a familiar way:
Ay = A+ 0,(0+9"). (1.167)

Doing calculations in gauge theories it is frequently advantageous to use a gauge, one such
gauge is the Wess-Zumino gauge where the fields v, and f vanish. In this gauge the gauge

superfield has this convenient form:
S s(x,0,0) = Bo"0A,, () + i000X () — iBEON(x) + %999_§D(x) | (1.168)

For a more comprehensive review of the topic see [25-27]
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Chapter 2

VEV of ()-operator in linear quiver 5d

U(1) gauge theories

2.1 Introduction

The 4d N = 2 gauge theories have natural uplift to the 5 dimensions. Embedding N = 2
gauge theory in ()-background was instrumental in all developments related to the instanton
counting with the help of equivariant localization technics. In fact the geometric meaning of 2-
background is more transparent in 5d theory compactified on a circle. One simply considers a 5d
geometry fibered over a circle of circumference L so that the complex coordinates (z1, z3) of the
(four real dimensional) fiber get rotated along the circle as: z; — exp(ile;), 2o — exp(iLes)
accompanied with suitable R-symmetry and gauge rotations [28,29]. € are the Omega-
background parameters. In 5d setting we’ll use the notation T} » = exp(—[e 2), where 5 = iL
and for technical reasons it will be assumed that § has a tiny real positive part. The initial 4d
theory is recovered by sending R — 0. Furthermore, sending both 2-background parameters
€12 to 0, one gets the standard Seiberg-Witten theory [30,31]. It is interesting that even the
case of U(1) gauge group, in contrast to the case without 2-background, the theory is non-
trivial. A characteristic feature of this case, is that the instanton sums become tractable, and for

Nekrasov partition function one obtains closed formulae. In this paper it is shown that not only
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the partition function, but also a more refined quantity, namely the expectation value of the
()-observable can be computed in closed form. It was shown in [32] that the analog of Baxters @
operator in purely gauge theory context naturally emerges in Necrasov-Shatashvili limit (e; = 0)
[33] as an entire function whose zeros are given in terms of an array of ”critical” Young diagrams,
namely those, that determine the most important instanton configuration contributing to the
partition function. This observable encodes perfectly not only information about partition
function (which is simply related to the total sum of column lengths of Young diagrams) but
also the entire chiral ring [34] constructed from (®7), J =0,1,2,... (® is the scalar of vector
multiplet) which can be expressed in terms of power sum symmetric functions of the column
lengths. This is why it is not surprising that the logarithmic differential of (shifted) ratio
y(x) ~ Q(z)/Q(x + €) is the direct analog of Seiberg-Witten differential: xdlog(y(x)) ~ wew .
Subsequently ) and y observables have been extended for theories with various matter and
gauge contents [32,35-37]. In particular [37] interprets the equations satisfied by y(z) as
deformed character relations and also considers the 5d setup, while in [3§] a relation between
the T'— @ difference equation and the AGT dual [39,/40] (quasi-classical) 2d Toda conformal
blocks with a fully degenerate insertion is found. The next step, namely extension to the case of
generic ()-background has been achieved in [41] and [42], where Dyson-Shwinger type equations
(called gg-character relations) for y-observable are derived. For recent developments see also
the series of papers by Nekrasov [41,43-46].

In [1] the already mentioned link between () observable and Toda conformal blocks with
a degenerate field insertion remains valid for the case of generic 2-background and, in AGT
dual 2d CFT side, fully quantum conformal blocks as well. The case of the gauge group
SU(2) corresponding to the Liouville theory was analyzed in much details and starting from
second order the BPZ differential equation |15] a difference-differential equation, generalizing
conventional Baxters T' — @ relation [?] was derived. In present paper simpler U(1) case in 5d
setting is analyzed. The corresponding T' — () difference equations as well as their solutions in

closed form are found. The solution is expressed in terms of generalized Appel’s function.
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2.2 5d linear quiver theory

2.2.1 The partition function

The (instanton part of ) partition function of the 5d, A, linear quiver theory with gauge group

U(n) is given by (see Figl2.1| where the setup and the notations are briefly described)

2= Zyg". g (2.1)
(Y1,...,Yy)

The sum in |) is over all possible r-tuples of arrays of n Young diagrams. \?k] is the total

number of boxes in the k-th array of n Young diagrams and Zy is defined as:

Iy = Zy,  y.(do,dr, ..., Gr1) =
ﬁ be(@7 aO,u‘Yi,va al,v>be(1/1,m al,u“@,va a2,v) cee be(K",u; ar,u|@a ar+1,v) (2 2)
o Z%f(yamaalm‘yawaalm)--~22J(YQU7anu|y%vaanv) .
For a pair of Young diagrams A, p the bifundamental contribution is given by [47,48]
A —L,(8)nl+Ax(s A 1+Ly(s)r—Au(s
Zys(A, alp, b) = H (1 - 6T1 8 )T2+ a )> H (1 - ngJr : )TQ a )> (2.3)

SEX sEw

A, and L), known as the arm and leg lengths respectively, are defined as: if s is a box with

coordinates (i,j) and A; (A}) is the length of i-th (j-th) column (row), then:

Ln(s) =N, —i, Ay(s)=X\—j (2.4)
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q1 q2 qr

Qo ai a2 Q- Q41
@ Y Yy Y, @

Figure 2.1: The linear quiver U(n) gauge theory: r circles stand for gauge multiplets; two
squares represent n anti-fundamental (on the left edge) and n fundamental (the right edge) mat-
ter multiplets while the line segments connecting adjacent circles represent the bi-fundamentals.
qi,- - -, qr are the exponentiated gauge couplings, the n-dimensional vectors dy, ..., d,;1 encode
respective (exponentiated) masses/VEV’s and }7[), ey }7}+1 are n-tuples of young diagrams spec-
ifying fixed (ideal) instanton configurations.

2.2.2 Important observables

The important observable of main interest in this paper, the ()-observable, is defined as

ij—1

{L‘,)\: - - 1 -1
Qe = 11 x—T{ T

(4,9)EN

(2.5)

Of course an analogous observable with the roles of T} and 75 exchanged can be introduced
as well. In 4d case f — 0 and in Nekrasov-Shatashvili limit e; — 0 this observable satisfies
Baxter’s T-Q equation [32]: a difference equation introduced by Baxter in context of lattice
integrable models [?]. Generalization for the case of generic {2 background (in both 4d and 5d
cases) is due to [41].

An important role is played also by the observable

CQM/T, ) T AL (=TT (@ - TT)

In 4d Nekrasov-Shatashvili limit the logarithmic derivative of this observable generates all
expectation values (¢7) of the vector multiplet scalar. Besides, its expectation value satisfies
the (quantized analog of) Seiberg-Witten curve equation [32]. In generic Q-background the

corresponding equations (the so called qq-character equations) were introduced and investigated
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in [41] (see also [42]).

2.3 The special quiver and its relation to the () observ-

able

The expectation value of the QQ-operator associated to the first node, by definition is

' x HQ (5mi) 2 .1

Y17 7

It was noticed in |1] that such insertion of the operator @) is equivalent to adding an extra node
with specific expectation values. Here this statement will be proved in more general 5d setting.
Note that a detailed proof in [1] was absent, so that also this gap automatically will be filled.

Let’s look at a quiver with r + 1 nodes with expectation values at the additional node

(denoted as 0) specified as (see Fig:

o ag
U o Tfl,u '

ag (2.8)
Due to the specific choice of a5, in order to give a nonzero contribution, the array of n diagrams
associated with the special node 0 has to be severely restricted. Namely, the diagram Y51
should consist of a single column and the remaining n — 1 diagrams Yj,, ..., ¥, must be
empty. The proof of this statement is given in the Appendix[2.7]

There is a close relation between the Nekrasov partition function associated to above
described specific length r» 4+ 1 quiver and the expectation value of a particular ) operator in

a generic quiver with r nodes. This relation is a consequence of the identity

> 2 2 - Y| |V
Z?Oylr . (CLO, ag, a1, . . - ,ar+1) qé (qul)‘ 1] q|2 £l qLYr| —
n LT T
a’Ol (alu 2’ 2) 5 5
H Q <a TQZ7 )/1 u) ao 1 Z?h..‘,)_/‘r ((10, ay, .. ar—i—l) qéq‘ 1| qylayr‘ 5 (29)
Wi\ N (for7 ),
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where Yj, for u =1 is a one column diagram with length [ and the rest are empty diagrams

The g-analog of Pochhammer’s symbol is defined as

(2.10)

(CL§Q)1 =(1—-a)(l—aq):-- (1 _ aqlil) .

Inserting the definition (2.2)) of Zy and canceling out the common factors of ¢ and Zy;, we see

that (2.9)) is equivalent to

(be<@7 a07U|YE~),'L}7 af),v)be (}/(j,w aﬁ,u|}/i,07 al,v)) T|171\ _
I

Zyf (Y500 05| Y500 @5.0)

u,v=1
n aO 1 (;L(l)_,uTQ’ T2) n
11 ( m) N 2 T 2 (9, a0l Vi an) 2.11)
u=1 Lu (ao—‘lTQ; T2> u,v=1
a0,u 1 ’
The last equality is proven in Appendix [4.6]
Clearly, the eq. (2.9)) shows that the VEV (12.7)) at specific values z = x;
(2.12)

x; = ao T} | 1=0,1,2,...

is related to the partition function of the special quiver with the fixed instanton number |Y;| = [

at the node 0

u=1 < T2
a1, 1
X Z Z?('),?l, (ao, a()a a:l? S 76r+1) (T'lql)‘y1| Q‘2Y2| s ql’YTl (213)
(Y1, Yy)

2.4 Difference equation for () and its solution

From now on we’ll restrict ourselves to the simplest case of the quiver of U(1)’s. 5d Nekrasov

partition function of such linear quiver can be found using refined topological vertex method
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dp T1 q1 q2 qr

s - ~
/ \
/ \
Vi Y " — 2 S ey S
\ U(n) !
\ /
N 7
~ -

(on) Ay aq a9 Qp, Ap41
Z Ys Y Y2 Y, ¢

Figure 2.2: The quiver diagram with an extra node, labeled by 0, added. Note that the gauge
coupling at the node 1 is chosen to be T} ¢;.

[49], [50], [51-53] or through a direct instanton calculation (see e.g. [54] and references therein).

The result can be represented as the infinite product

( _ Gi—1Pi TlTS) (1 _ _Qipi Tl+1TS+1)

Z= - T 2.14
H HH ( _ ﬁTfT;) (1 _ 4i1pi Tl+1Ts+1> ( )

l,s=01=1 j=1 aj 110

where

P = a1 H a (2.15)
=1

Applying the formula ([2.14)) for the special quiver discussed in Section and for brevity
denoting the partition function of the special quiver simply as Z(g;), up to factors independent

of g5 we get

oo T _Gopi CJOTI di, OTl+s
Z(g) ~ ] Gl e (2.16)
5=0 i=0 1- a?ai %13

Note now that in ratio Z(qz)/Z(Ty 'q5) nearly all factors cancel out and one is lead to the

relation

- aop; —3; - - AoP; -
2 [T (1- 22 i) =z [T (1- 22 0r?) - @an
0 v 0 (2

1= =

Expanding this equality in powers of ¢g and taking into account (2.13)), we’ll get a linear relation
(with rational in x; coefficients) among r + 2 quantities Q(z;), Q(x;/Ts),. .., Q(x/Ty ™).
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First let consider the simplest case r = 1. An easy computation allows us to establish the

equality

Q (x) — <quw)@(x> +q1a1(x_a°T2)(T1x_a2)Q(x):o (2.18)

as (x —aq) Ty as(x — ay)(z — a1 Ty) T2

which is valid for infinitely many values z = z;, [ = 0,1,2,... (see eq. (2.12)).

An essential observation is in order here. Since Q(z) and hence the entire LHS of the
eq. restricted up to an arbitrary instanton order is a rational function of x, the equality
must be valid also for generic values of x. It is not difficult to check that the g-hypergeometric

function (see Appendix C for definition)

’T @’ a1T1T2
Q([E) — ((]; - 2)00 2¢1 ( x a1a2 ;T27 QI) (2.19)
(fha;; Q;Tg) =

is a solution of (2.18]). The (z-independent) normalization coefficient in (2.19) is fixed from the
asymptotic condition

lim Q(z) =1 (2.20)

T—00

In fact it is possible to argue that ([2.19)) is the only solution of (2.18]) with correct asymptotic and

rationality properties discussed above. Using the special n = 1 case of the identity (2.59)) the

eq. (2.19) can be rewritten also as (this equality is referred as Heine’s first transformation [55])
(a;O;Tz)OO %, di, ag

Q(.CI?) - (“_1- Q(bl (quTlTQ ;TQ’ ? ’ (221)

7T2)

[e'e) a2

The general case with an arbitrary r though more cumbersome, could be analyzed in the

same way. The resulting difference equation reads:

r+1

S (1 CQ (T57) =0 (2.22)

s=0
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where C,

B Jin*l(Of*l) + T1OS_S)) — ;0671 — q,0) Sl—[l T — agTy

Cs
x—a T

2.23
T — Qo 0 ( )

and O, Osz) are the coefficients of the expansions:

T

I1 (t+ ]ai) — i OV (2.24)

=1 S=—00
. Di - (8)yr—s
t+ = Ot 2.25
() - 3 o 229
or, explicitly
ov= 3 Pale (2.26)

Aey ...
1<c1<..<cs<r 1 Cs

oY = 3 _ Per-Pes (2.27)

)
a ...
1<c1<...<cs<r e+l cstl

supplemented with conditions OCY = 05:1) =0 and OO = OSP) =1.
It is possible to find a closed expression for ) by expanding the RHS of eq. (2.16) in
powers of gz and, with the help of eq. (2.13), relating the coefficients to Q(z;). After few

manipulations, with a key role played by the identity

((IJ?; Q)oo _ (CL; Q)l Z‘l , (228)
(@) = (g:9):
we finally get the expression
Q(x) =
ag . a1 1o . a, 1115 .
oy E (52%), - (ShT), () (%)
M >0 (%, TQ)m1+m2+...+mr (TQ, TQ)ml (Tg, TQ)mr aq a )

(2.29)
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which is a generalization of the q-Appell’s () series. As earlier, the normalization constant C
can be fixed from the condition (2.20). Indeed in large z limit the RHS of eq. (2.29) breaks

down to r independent sums which are easy to evaluate using eq. (2.28)). The end result is:

o AR o

i=1 (p;i?, 2)00
It is remarkable that the multiple sum (2.29) can be expressed in terms of basic hypergeometric

series 110, (see Appendix so that we finally get

(a_o- T2> a1 p1 P2 Pr ao
_ \x? o) ap’ a1’ a2’ T a .
Q({E) T (a. T n+1¢” phhTs pleTs prT:Tz ’TQ’ ; ) (2'31)
0 12) @ y - N
2 a3 r41

2.5 Reduction to 4 dimensions

In this section we reduce our results to the case of four dimensions. We substitute:

A0 — e_*B‘“’“, T, — e_’BEI, Ty — e~ P, (2.32)

where a,€; and ey are the parameters of our 4d quiver theory. The reduction corresponds to
the small £ limit. Let me briefly list how the various quantities and relations get modified.

1. The link between expectation value of the () operator and the partition function:

S o Y:
Zg. vy (G0, Gy @1, ) g0 Mgy gl = (2.33)
n (ao,u a1,u+€2)
H < CLO,l — Q1 + 162; Yi)—(ao,l—zz,u+€2 )l Z?17~--7§7r (607 51 aT—i—l)QéQ' 1‘ ql«-YTl

€2
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where (a); is the standard Pochhammer’s symbol, Zy is still given by eq. (2.2) but now Zs

and () are given by

be(/\v a|lj’7 b) -

[J(a—b—Lu(s)er + (1 + Ax(s)e2) [ J(@a = b+ (1 + La(s))er — Au(s)ez)

SEX SEN

Qz,N) =]

TEA

l’—iﬁl — (] — 1)62
xr — (Z— 1)61 - (]—1)62

2. The difference equation and its solution:

r+1

S (-)CQx — ar — se2) =0

s=0

where C is defined as:

Cs =

(a1 — 2 — (s — Ve )VED L WED 4 (ag — 2 — s61)VE + WE) sl—[l ap+ney — x

ag — &

a; —Mmeg — X

n=0
where
VO =Y paen
1<ei1<...<c <r
W(Z) = Z pC1"'pci <a61+1 - a’cl + ...+ a’c7;+1 - aci) .

1< <. < <r

Here p;’s are redefined as:

Di = H 495
j=1

29
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(2.36)

(2.37)

(2.38)
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and, by definition, we set VD = WD = w0 =0, V(O = 1.

The solution reads:

(ao—x) (al—a2+e1+e2) (aT*ar+1+51+52)
€y /Mitmat..+my € myce. €2 Mk my My
Q) = ¢ Y =3 RN P
mi,...,mp>0 e /matmat..tmy HOLsee 10
- (r) /@0 — X a1 — a2 + €1 + € Ar — Qry1 T €+ € A —T
- OFI ( ’ RRES) ) 7p1a'-apr)7
€2 €2 €2 €2

(2.40)

where Fl(r) is a generalization of Appel’s function (see Appendix . C' is xz-independent and

can be fixed from normalization:

<

aj—a;y1teiter

C=TT0—p) % (2.41)

=1

In the special case r = 1 we get

Q(ﬁlﬁ') = (1 - q) 2 ) )

€2 €2 €2

aj—agtejtey gy —T a1 — Q9 +€1+€ a1 —x
2F1( 0 1 2 1 2 a1 ;q) (2'42)

It is not difficult to check that after decoupling of both hypermultiplets by sending their masses

to infinity, in Nekrasov-Shatashvili limit we recover the result presented in [32].

2.6 Proof of the equality (2.11))

Here we present the derivation of . We first derive two auxiliary identities.

Denote a Young diagram A with column lengths Ay > Ay > -+ as {A\, Ag,... }. The corre-
sponding row lengths we’ll indicate as A} > A, > ---. In particular \] would be the number of
columns. We want to show that

a

Zy({1}.al\.D) = Q (5

T, /\> TN 2, (0, aTi | A, b) (%TITQ; T2> (2.43)
l
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To prove (2.43)) we divide and multiply the LHS by Z,;(8, a7} |, b), then insert the definitions

of Zy; and the values of arm and leg lengths. We get

be({l}v a|/\7 b) =

! . Xj 1_ T11+0(lfj)7iT2—)\i+j
7 J +i=J
Zys (@, aTy|\, b) ]1;[1 (1 qp) ) H v e (2.44)

7j=11=1

where () is the Heaviside step function

1, ifz>0
f(x) = (2.45)

0, ifxz<0

Now we divide the problem into two separate cases when A\ <[ or A\; > [.
L.\ <L
In this case §(I — j) = 1 and the double product in (2.44) cancels out. The remaining single

product by a simple manipulation can be rewritten as

l aTl lTlJrl*j A1
1

Zy(@,aniab) I] (1-305*) HH e e 11 (1-3T' ). (240
1 2

j=A1+1 j=1li=1 j=1

Notice that the middle double product is nothing but Q(% TyT%, A\)T; "' which concludes the
first case.
2. A >1
We split A\ into two parts: AP consisting of boxes with vertical coordinates j > [, and the
part A%*" of lower lying boxes with 5 < [. Now the part of the double product in (2.44]
corresponding to the boxes of M survives. For the single product part we do the same

manipulation as in previous case. As a result we get

l )\9 1 — ng—iTl-H—j l a 1 — QTl—iT—)\H-j
pl1 Ao 1H—j pl1 L2
Zys (9, aT1|Y, D) | | | | EpTEE— | |(1 — gTlT2 ) | | e (2.47)
j=11i=1 b1 2 j=1 (i,)ENtor b1
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It is easy to see that the product over AP can be rewritten as

I e M- i (2.48)
—ag2—ipoxntj arr2—i =] :
pyerer LT 5T TN S e L= T T

Thus the first double product in (2.47) (which is a product over the boxes of A%“") naturally
combines with that of over AP to give a product over entire X\. As a result, instead of ([2.47))

we may as well write

arpl—irpl+l—j

b (2.49)
1— eTEiTy

a
z (317 Te)
bf(@,CLTlp\,b) bT1T2,T2 : H
(4.9)EA

As before, the product over A gives Q(¢ T3, /\)Tfl’\‘, which concludes the proof of eq. (2.43)).

We'll need also the simple identity

Zo(,al0,0) = ] (1 - —T1 i —J) (2.50)

(4,7)EX

Now the only thing that remains to be done is to make use of (2.43) and (2.50)):

ﬁ be(@7 a07u|YE~),v7 a(),v)be(Y%],lm af),uIYiJH a’lﬂ))
Zot (Yo,us a5,ul Y500 46,0)
- e Ty (B, a0,ulY11s a11) Zop (Yo, 5 Vi, a1u)
H be(@) a(),uD/Lva al,v) H 7 (Y ao—’1|@ a )
u,u=2 u=2 bf\Lto,1s 1% A0,u
Zp (9, a0,1]Yo,1, a;?—’ll)be(% 1 %Wm, ai)
be(YE) 1, 7o~ T |}/E) 1, aOI)

T ao.w (ao_uT?T)
=T M H (Q( = Tl Ylu)m) H be @, CL0u|Y1 fU’alv) (2.51)
u=1 ! u,v

al,u

u,v=1

2.7 Restriction on Young diagrams at the special node

To prove that the diagram Y5, at the special node 0 should have at most one column in order
to have a nonzero contribution to the partition function, let us assume in contrary that Yj,

has a non-empty second column with length [ > 1. This means that the box with coordinates
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(1,7) = (2,1) belongs to this diagram. Any term of the instanton sum corresponding to such

choice includes a factor

B a o(8) Y5 (s)
Zpy (8, a0,11Y5 15 a0 Ty h = H (1 T 1(;_1 TlHL ( )Tz . ) (2.52)
SGY(")J ) 1

The arm and leg lengths of the box (2,1) are easy to calculate: L4(2,1) = —2 and Ay (2,1) =0
and the corresponding factor in eq. vanishes.

In a similar way we can easily argue that all remaining n — 1 diagrams Yg,;, i = 2,...,n must
be empty. In fact, if any of this diagrams is non-empty (denote it as ), then Zy will include

a factor

be(@, aril\, au) _ H(l _ T11+L¢(8)T2—A>\(S)) (2.53)

SEA

In this product the factor corresponding to the top box (1, A1) of its first column becomes zero,
since for this box Ly(1, A1) = —1 and A,(1, ;) = 0.
Thus we have proven that at the special node the first diagram has at most one column while

the remaining diagrams are empty.

2.8 Generalized Appel and hypergeometric functions

Appels functions and their g-analogues generalize ordinary hypergeometric and g-hypergeometric

functions for the case with more than one arguments. Here are the definitions:

e Appel’s function F; and its generalization for the arbitrary number of variables:

= (@miaB)mB2)n o
R b bscoy) = Y ! )@ iliﬂfﬁ v

m,n=0

(2.54)
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@)yt 4my (01)my (0K )m " m
Fl(k)(aablw“abk;c;a:lv"7xk‘) = Z ( ) Tt ( 1) <k> k(ﬂ?l) 1(xk) k

(c)m1+..,+mrm1!...mk!

(2.55)
e The corresponding g-analogs:
— (@5 Qi (01; Qb33 @)
®1(a,bi,basc; gy, y) = z"™y" (2.56)
méo (€ Dmanl@ D@ D
@ﬁ”)(a, bi,bay .y bpsC @y 1, . Tp) =

S @ity (013 Dy - by Oim
Z (a’7 q) 1+...+ 7"( 1 Q) 1 ( q) nxgnlunxnmn’ (257)

w0 G Dmitam, (@G Dmy(€ Do

e The basic Hypergeometric function ,,1¢,:

ai, ... , Gpy1 ala (an+17Q)

+1¢ ( bla--'abn ? x) mz bh (bnaQ)mx ( )
There is a nice identity relating c1>§”’ with 116, (see [56]):
(I)gn)(aﬂ bl? 627 ) bn? ¢ 4,71, .., xn) =
(a,byz1,boxa, ... by @)oo 1 cla,xy,Ta, ..., Ty | (2.50)
(Ca$1;$27---a$nSQ)w b1x17b2x27"'7bnxn;q7a
where
k
(al, ag,...,a;q H ap, q . (260)
=1

This identity allows us to rewrite the eq. (2.29) in terms of the function ,,1¢, (see eq. (2.31))).
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Chapter 3

VEV of Baxter’s Q-operator in N=2
gauge theory and the BPZ differential

equation

3.1 Introduction

Instanton [57] partition function of N' = 2 supersymmetric gauge theory in Q-background
admits exact investigation by localization methods [28}29,147,48|58]. In the limit when the
background parameters €;, € vanish, the famous Seiberg-Witten solution [30}31] is recovered.
The case of non-trivial 2-background has surprisingly rich area of applications. In particu-
lar when one of parameters is set to zero (Nekrasov-Shatashvili limit [33]), deep relations to
quantum integrable system emerge (see e.g. [32,35-37,59-62] to quote a few from many impor-
tant works). These are quantum versions of classical integrable systems, which played central
role already in Seiberg-Witten theory on trivial background [63,/64]. The remaining non-zero
Q)-background parameter just plays the role of Plank’s constant. Many familiar concepts of ex-
actly integrable models of statistical mechanics and quantum field theory such as Bethe-ansatz
or Baxters T' — @ equations [?,/65] naturally emerge in this context [32]. In the case of generic

(-background instanton partition function is directly related to the conformal blocks of a 2d
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CFT (AGT correspondence) [39,/40,66-68]. In this context the NS limit corresponds to the
semi-classical limit of the related CFT [37,38,61,/69-72].

In [38] one of present authors (R.P.) has investigated the link between Deformed Seiberg-
Witten curve equation and underlying Baxter’s T' — () equation in gauge theory side and the
null-vector decoupling equation |15] of 2d CFT in quite general setting of linear quiver gauge
theories with U(n) gauge groups and 2d A,_; Toda field theory multi-point conformal blocks
in semi-classical limit (see also [14}72H75] for earlier discussions on the role of degenerate fields
in AGT correspondence).

In this short notes we’ll extend some of the results of [38] to the case of generic §2-
background corresponding to the genuine quantum conformal blocks. For technical reasons
we'll restrict ourselves to the case of U(2) gauge groups corresponding to the Liouville theory

leaving Toda field theory case for future work.

3.2 A special choice of parameters, leading to Qy inser-
tion

Consider the instanton partition function of the linear quiver theory A, ; with gauge groups
U(n) with parameters specified as in Fig. Note that the parameters of the first gauge
factor (depicted as a dashed circle) are chosen to be ag, = ag, — €101,4, Where ag, are the
parameters of the ”frozen” node corresponding to the n antifundamental hypermultiplets. It
has been shown in [14] that under such choice of parameters all n-tuples of Young diagrams
Y5, corresponding to the special node 0 (the dashed circle) give no contribution in partition
function unless the first diagram Y5, consists of a single column while the remaining n — 1
diagrams are empty. Taking into account this huge simplification we’ll be able to separate

the contribution of the special node explicitly. According to the rules of construction of the
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(a) (b)

Figure 3.1: (a) The quiver diagram for the conformal linear quiver U(n) gauge theory: r circles
stand for gauge multiplets; two squares represent n anti-fundamental (on the left edge) and
n fundamental (the right edge) hypermultiplets; the lines connecting adjacent circles are the
bi-fundamentals. (b) The AGT dual conformal block of the Toda field theory.

S3

Figure 3.2: Arm and leg length with respect to a Young diagram A = {4,3,3,1,1} (the gray
area): Ay(s1) =1, La(s1) = 2, Ax(s2) = =2, La(s2) = =3, Ax(s3) = =2, Lx(s3) = —4.

partition function for this contribution we have

n

H be (a'O,u> ®|&O,v7 YE];U) be (&O,uy }%7u|a1,va K,v)

. i (3.1)
u,v=1 be ((107u, Y%),u|a0ﬂ)7 Y%],v)
where for a pair of Young diagrams A, p the bifundamental contribution is given by
Zyg(a, Alb, ) = (3.2)

[J(a—b—eiLu(s) + ex(1+ Ax(s) [J(a — b+ e1(1 + La(s)) — e24,(s)).

SEA SEW
the arm and leg lengths of a box s A,(s) and Ly(s) towards a Young diagram A are defined as

Ax(s) =N —J; La(s) =X, — ], (3.3)

where (7, j) are coordinates of the box s with respect to the center of the corner box and \;

(A}) is the i-th column length (j-th row length) of A as shown in Fig
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Using (3.2)) It is not difficult to compute the factors Z,; present in (3.1)). In particular

Zys (a, 210, 0) = [ [(a = b= (s)) (3.4)
where
SO(S) - E1(is - 1) + EQ(jS - 1) (35)

(e.g. in Figl3.2] ¢(s3) = 61 + €2). To present the final result for the contribution (3.1)) it is

convenient to introduce the notation

v

- I

The analogues quantity was instrumental in construction of Baxters T-(Q relation in the context
of Nekrasov-Shatashvili limit of N = 2 gauge theories [32]. Recently the importance of this
quantity in the case generic Q2-background was emphasized in [41]. A careful examination shows

that the contribution (3.1)) can be conveniently represented as

- — a1y + k| Y1y, n )
H a Q—iaolli-s Pt O | - ) H be (OJO,u’ ®|a’1,'v7 Yi,v) (37)
u=1 6]5 ( = 63# 2>k Q (ao,l - al,u‘}/l,u) u,v=1

where

['(x+ k)

() =a(x+1)--(z+k—-1)= )

(3.8)

is the Pochammer’s symbol. Using (3.4) we can see that the Young diagram dependent part of

factor () in the denominator can be absorbed in the double product. The net effect is a simple
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replacement of parameters a,o by a, in arguments of the functions Z:

" T <_w> Q (ap1 — a1 + €2k|Yi.)

€2

I | ag,1—a1,u

k ap,1—a0, €2
w=1 & (—€) = <—2>k

H be (a’()ﬂh ®|a’1,vy le,v) (39)
u,v=1
Thus we conclude that k-instanton sector of the dashed circle in A, linear quiver theory can

be treated as insertion of the operator

n

Qy; (a0, + ke2) = H Q (a0, — aru + €2k|Y14) (3.10)

u=1

in a generic A, theory. It was already known [14], that the special choice of parameters ag, =
@, — €10,,1 corresponds to the insertion of the completely degenerate field V_y,, (. in AGT dual
Toda CFT conformal block. Thus gives an explicit realization of this field in terms of
N = 2 gauge theory notions.

Until now we were discussing arbitrary gauge U(n) gauge factors. In what follows, we’ll
restrict ourselves with the case n = 2, corresponding to the Liouville theory in AGT dual
side. The reason is that in Liouville theory conformal blocks including this degenerate field,
satisfy second order differential equation [} In remaining part of the paper we’ll translate
this differential equation in gauge theory terms, finding a linear difference-differential equation,
satisfied by the expectation values of the operators Q(v). Since the equation is valid for infinitely
many discrete values of the spectral parameter v = ag; + kez, £ =0,1,2,.. ., it can be argued
that it is valid for generic values of v as well. The last statement we have checked also by

explicit low order instanton computations.

*In generic Toda theory, the analogues null vector decoupling equation is not investigated in full details yet.
Instead there is a recent progress in the case of quasi-classical limit [38§].
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3.3 Degenerate field decoupling equation in Liouville the-
ory

Let us briefly remind that the Liouvill theory (see e.g. [76]) is characterized by the central

charge c of Virasoro algebra parameterized as
9 1
c=1+60Q Q:b—kg (3.11)

where b is the Liouvill’s dimensionless coupling constant related to the €2-background parame-

ters via

=, /2 (3.12)
€2

The conformal dimensions of primary fields are V) are given by
h(A) = AQ — ). (3.13)

The parameters « are usually referred as charges. One alternatively uses the Liouville momenta
P = Q/2—)\. InFig[3.1p we found it convenient to specify the fields associated to the horizontal
lines by their momenta, while those of vertical lines by charges. The relations between this

parameters and the gauge theory VEV’s are very simpldﬂ

1 a,l — Qg 1 o e! o— o—
Do = Qa1 G2 : )\a _ Qg1 +a 2 Aa—1,1 +a 1,2 (314)
\/€1€9 2 \/€1€9 2 2

TThe reader should be careful, there are various factors of 2 between specialized to n = 2 Toda notations
compared to the standard Liouville theory conventions, adopted also in this paper.
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fora =2,3,...,r+ 1. With the same logic we have

1 agy —aee 1 agy —er —app
Po = ) Py =
\/€1€2 2 \/€1€2 2
€1 b €1 a1+ are Qo1 — €1+ Agpo
s = — - __. A = ) = ’ ! 3.15
0 €1€2 2 ’ ! €1€2 ( 2 2 > ( )

Notice that the field V), = V_;; is indeed a degenerate field satisfying second order differential

equation due to the null vector decoupling condition (below L, are the Virasoro generators)

(b2L2  + Lg)V 4o =0 (3.16)

The differential equation satisfied by our r + 4-point conformal block

G (2[2a) = (Po[Vop2(2) Vi (1)Vas (22) -+ - Vi (242) [Pr0) 156 00} (3.17)

reads [15]
L 221 5 Sz (1)
(b % z(z—1) 8Z+z(z—1) +;z(2—1)(z—za) Oz
r+2
s %) G2]2) = 0 (3.18)
where
r+2
§=h(Q/2—po) —h(=b/2) = > h(Xa) and Nz =Q/2—p.i1. (3.19)

According to AGT correspondence the instanton part of the partition function of the NV = 2

theory considered in previous section with U(2) gauge group factors is related to the conformal
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block (3.17)) as

r+1
G(2|20) = Ziney 2M(Q/2p0)=h(=b/2)=b L0 (@2a) H (2 = 24)H@ )
a=1

r+1

_ _ 2—p2_ | —h(Aa)+22a 5T -
> H (Za o Zﬁ) ZAQ(Q )\[3) H ZZ Pa—1 ( )+2 Zﬁ_a+1(Q B)' (320)

1<a<f<r+1 a=2

To complete the map (3.14]), (3.14)) between two sides let us mention also that the exponentiated

gauge couplings (instanton counting parameters) are related to the insertion points as [39]
(o = Zas1/2a; for a=1,... r, (3.21)

the remaining coupling associated to the special node 0 is just 1/z and z; = 1.

In besides standard AGT U(1) factors an extra power of z responsible for scale
transformation (with scaling factor z) mapping the insertion points shown in Fig. to those
of the conformal block . Inserting into and replacing CFT parameters
by their gauge theory counterparts we’ll find a differential equation satisfied by the partition
function. After tedious but straightforward transformations it is possible to represent this

equation as (for more details on calculations of this kind see [38])

r+1
e o ~ —a—a € _
E (=)*Xa(—€2 20501, ..., Upy1)z oafey =0 (3.22)
a=0
where
r+1
UG = —€169 E 2004, ; U = €1€6220,0,, for a=2,....,r+1 (3.23)
a=2
and xo(v; uq, ..., u,41) are quadratic in v and linear in uy, . . ., u,41 polynomials (we use notation
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€:€1+€2)

Xa(VsUr, ..o Upgr) = Z (szﬁ> (yo v+ ae+ (o — Opp1)€1)

1<k < <ka<r+1
o

(Yry1 (v + (@ = B+ 1)e+ (o — Sk, 1)€r) — Yy (v + (o — B)e+ (a0 — Oy 1)er)
5=1

Uk, + (coq1 — Ckﬁ—1,1)(6k5—1,1 - Ckﬁ,l))

- Z (C’%*Ll - Ckg,l)(ckrm - Cl@,l)) , (3.24)

1<f<y<a
where for a =0,1,...,r+1
Ya(V) = (v — Gn1) (v — aohg)v2 — Ca1V + Cag. (3.25)
We set by definition
Xo(v) = yo(v) (3.26)

and for the other extreme value e = r 4 1 it is easy to see that

Xr+1(V) = Yrya1 (v H 2g - (3.27)

Representing Z;,s; as a power series in 1/z ,

Dinst = Z Q(U)Z*(’U*ao,l)/EZ (3.28)

vEap,1+e2’
from eq. (3.22)) for the coefficients Q(v) we get the relation

r+1

> () Nalvi i, - ) Qv — aer) =0, (3.29)

a=0

which is valid for infinitely many values v € ag; + €2Z. Since Z;,s is regular at z = oo, in fact

we have nontrivial equations only for vy = ag; + €2k, with k£ > 0.

73



Remind now that as discussed in previous section, due to egs. (3.9)), (3.10]), Z;,s of the
Arq1 theory up to a simple factor is the same as VEV of the quantity Qy: (3.10) calculated
in the framework of A, gauge theory (i.e. in theory without the dashed circle in Fig).

Explicitly

2 ap 1—vg)/€
6( 0,1—Vk)/€2

vp) =C 2 - (v , 3.30
Q(vr) }_[1 . (vk_ao}u N 1) (Qy, (k) a, (3.30)

€2

where the constant C' takes the value

2 F <a1,u;a0,1> F (aO,l;ao,u + 1)
C = H o , (3.31)
u=1

(€)=

if one adopts conventional unit normalization for both partition function and the conformal
block. The right hand side of this equation can be calculated by means of gauge theory for
arbitrary v € C. There are all reasons to believe that also for generic values of v the equation
still holds. Indeed, for a given instanton order, the equation states, that some
combination of rational functionﬂ of v vanish for all values v = v, but this is possible only if
this combination vanishes identically.

A simple inspection ensures that the equation in Nekrasov-Shatashvili limit com-

pletely agrees with the analogous difference equation investigated in details in [38].

3.4 Summary

Thus we made an explicit link between the insertion of the Q operator in N = 2 gauge theory
and insertion of simplest degenerate field in AGT dual 2d CFT.

In the special case of the gauge groups U(2) we found analog of the Baxter’s T — Q
equation, previously known only in the Nekrasov-Shatashvili limit of the Q-background [32}35-

37,62].

{Evidently, by multiplying with suitable gamma and exponential functions it is easy to get rid of non-rational

prefactors of (3.6), (3.30).
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To conclude let us mention that a "microscopic” proof of this statement e.g. along the
line presented in [42] to prove qg-character identities of |[41] would be highly desirable.
Another important contribution would be generalization of our analysis to the case of

arbitrary U(n) or other choices of gauge groups.
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Chapter 4

RG domain wall for the N=1 minimal

superconformal models

4.1 Introduction

If there exists a RG flow between two CFT’s then it suggests that these theories could be
connected by a non-trivial interface, which encodes the map from the UV observables to the
IR ones [77,[78]. In particular in [78], for the N = 2 superconformal models by using matrix
factorization technique such an interface (called RG domain wall) was constructed.

Later on an algebraic construction of a RG domain wall for the unitary minimal CFT
models was proposed in [79]. It was shown that the results agree with A. Zamolodchikovs
leading order perturbative analysis performed in [80].

It was shown in [81] that for the wider class of local fields including non-primary ones,
the leading order perturbative calculation of the mixing coefficients again are in an impressive
agreement with the RG domain wall approach.

The higher order perturbative calculations (see [82,83]) further confirm the validity of
this construction.

Gaiotto suggests that a similar construction is valid also for more general coset CFT

models (see [79]). Among these cosets. are the N = 1 minimal superconformal CFT models
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[84-86], which are the main subject of this paper.

in [87] the Renormalization Group (RG) flow between minimal N = 1 superconformal
models SM, and SM,_, initialized by the perturbation with the top component of the Neveu-
Schwarz superfield @, 3 in leading order of the perturbation theory has been investigated (see
also [88,189]).

In [90] by extending the technique developed in [82] for the minimal models to the super-
symmetric case, the analysis of this RG flow has been sharpened even further by including also
the next to leading order corrections.

In this article we apply Gaiotto’s proposal for the case of the minimal N=1 SCFT models.
We use a method which is based directly on the current algebra construction thus in this sense it
is more general than the one originally employed by Gaiotto for the case of minimal models (he
heavily exploited the fact that the product of successive minimal models can be alternatively
represented as a product of N = 1 superconformal and Ising models). After that the mixing
coefficients for several classes of fields is explicitly calculated by us. We also compare the results

with the perturbative analysis of [87,90] and find a complete agreement.

4.2 N=1 superconformal field theory

In any conformal field theory the energy-momentum tensor has two nonzero components: the
holomorphic field T'(z) with conformal dimension (2,0) and its anti-holomorphic counterpart
T(z) with dimensions (0,2). In N = 1 superconformal field theories one has in addition su-
perconformal currents G(z) and G(z) with dimensions (3/2,0) and (0, 3/2) respectively. These

fields satisfy the OPE rules

¢ 27(0)  T'(0)

TETO) = G+ +—+ (4.1)
T(z)G(0) = 3§§S)+G/Z(O>+ , (4.2)
G(2)G(0) = %+%(O)+---. (4.3)
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The corresponding expressions for the anti-chiral fields look exactly the same. Omne should
simply substitute z by z. Further on we’ll mainly concentrate on the holomorphic part assuming

similar expressions for anti-holomorphic quantities implicitly. We can expand T'(z) in Laurent

series
+o0o L
T(z)= ) z”_:? (4.4)

where L,,’s are the Virasoro generators. Due to the fermionic nature of the super current, there
are two distinct possibilities for its behavior under the rotation of the argument around 0 by

the angle 27

G(e™z) = G(2) Neveu - Schwarz sector (NS), (4.5)

G(e®™z) = —G(2) Ramond sector (R). (4.6)

The space of fields A of the superconformal theory decomposes into a direct sum

A={NSYa (R}, (4.7)

where the subspaces {NS} and {R} consist of the Neveu-Shwarz and the Ramond fields re-
spectively. By definition, the monodromy of G(z) around a Neveu-Schwarz field is trivial (the
case of eq. (4.5))) and its monodromy around a Ramond field produces a minus sign (the case

of eq. (4.6)). Because of these two possibilities the Laurent expansions for the super-current

will be
G(z) = Z % Neveu-Schwarz sector (NS),
keZ+1/2
G,
G(z) = Z ey Ramond sector (R).
keZ
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The OPE’s (4.1)), (4.2), (4.3) are equivalent to the Neveu-Schwarz-Ramond algebra relations

Ly L] = (0 =) L + ~= (1% = 1)6ymo

12
1

C
{GrGi} = 2Lpp+ 3 (k* = 1/4) Sk4a0

where {, } denotes the anticommutator. In this paper we’ll deal with minimal super-conformal

series denoted as SM, (p =3,4,5...) corresponding to the choice of the central charge

=2-2). w9

The main distinctive mark of the minimal super-conformal theories is that they have finitely
many super primary fields. These fields are numerated by two integers n € {1,2,--- p — 1},
m € {1,2,---,p+1} and will be denoted as ¢y, ,. It is assumed that ¢,_p pro—m = Gnm , hence
the number of super primaries is equal to [p?/2] ([x] is the integer part of X). ¢p_1,p41 = P11 18
the identity operator. For even (odd) n —m the super-conformal classes [¢y, ,,,] form irreducible

representations of the Neveu-Schwarz (Ramond) algebra. The fields ¢, ,, have dimensions

((p + 2)” _ pm)2 —4 1 n—m
) + 1= (). (4.10)

hn,m =

4.3 Current algebra and the coset construction

We apply the coset construction [91},92] of super-minimal models for SU (2)r WZNW models
[03.04).

WZNW models are endowed with spin one holomorphic currents, thus the OPE relations
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of these currents specified for the case of SU (2)) read:

JY(2)J°(0) = kz—/22+7“eg,

00, 7% J*(0)

J°(2)J=(0) + . +reg, (4.11)
JH(2)J(0) = ; w—f—reg,

where k is the level. The isotopic indices +, 0, which will be handy for the later use, are related

to the usual Euclidean indices as:

JY = J  and  JE=J'4dJ?. (4.12)
The Laurent expansion is
Tz =) I (4.13)
- ontl '

nez

The OPE rules (4.11)) imply that the current algebra generators obey the Ka¢ — Moody algebra

commutation relations

[T ] =0,
[‘]ﬁra Jr;} = kn(anrm,O

[T ) = T
[‘]70u ng] = ]%LCSner,o

0
Jn—i—m ’

+2

(4.14)

Note the subalgebra generated by J§ is the Lie algebra su(2).

With the help of the Sugawara construction, the energy momentum tensor is expressed through

the currents

T(z)

k42
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We assumed above and in what follows that any product of local fields taken at coinciding
points is regularized subtracting singular parts of the respective OPE. One can compute the

central charge of the Virasoro algebra by using (4.15)). The result is:

3k
= —. 4.1
%= k12 (4.16)

The primary fields of the theory ¢;,, and the corresponding states |j,m) are labeled by the
spin of the representation j = 0,1/2,1,...,k/2 and its projection m = —j, —j+1,..., 7, whose

conformal dimensions are given by

i +1)
h=="—F7+=. 4.17
k+2 ( )
The zero modes of the currents (4.15)) act on the states |7, m) as
JHim) = ViG+1) —mmE1)]jmE1),
Plim) = mljm). (4.18)

As is known the explicit form of the su(2) WZNW modular matrices is

2 m™nm
- i . 4.19
nm Vk+2$nk+2 ( )

S(k)

The N = 1 super-minimal models can be represented as a coset [91,92]

su(2)g X su(2)y '

SU(2) 42

SMk+2 =

Thus the energy momentum tensor of SM,. 5 is given by

Tsu2)pxsu()2)/su@nrs = Lsu@)e + Tou@)s — Tou(@)pss - (4.20)

*Note that a consistent with eq. (4.18) conjugation rule for the primary fields would be qu- = (=) "¢, _m
7,m J»
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Indeed, one can easily check that the combination of the central charges (4.16|) corresponding
to these three terms matches with the central charge of the super-minimal models (4.9)).
The construction of the super-current GG is more subtle; it involves the primary fields ¢ ,,

of the level k =2 WZNW theory (we denote the currents of this theory as K%):

G(z) = CoJ(2)p1—a(2) + DK% 1 _o(2), (4.21)

where summation over the index a = #£,0 is assumed. One can be fixed C,, D, by requiring
the respective state to be the highest weight state of the diagonal current algebra J + K i.e.

both Jy + Ky and J;" + K" annihilate the state

CoJ%1|0)]1, —a) + D*|0)K* |1, —a) . (4.22)

Up to an overall constant x one obtains

K K
Dy =—, Dy =k, D_=——,
RYG) " V2
3kv/2 6 3kv/2
C, =— “f, C= 05 o V2 (4.23)

k

Of course the value of k can be determined using the normalization condition of the the super-

current fixed by the OPE (4.3)

2k +4)
" \/(k +6)(5k + 54) (4:24)

but this will not be importance for our goals.

4.4 Perturbative RG flows and domain walls

A. Zamolodchikov [80] has investigated the RG flow from minimal model M, to M,,_; initiated

by the relevant field ¢, 3. By applying the leading order perturbation theory valid for p >> 1,
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for several classes of local fields, he calculated the mixing coefficients specifying the UV - IR
map.

It was shown in [87] that a similar RG trajectory connecting N = 1 super-minimal
models SM, to SM,,_, exists. In this case the RG flow is initiated by the top component of
the Neveu-Schwartz superfield ®, 3. For our purposes it is important that also in this case a
detailed analysis of some classes of fields has been carried out.

It became clear later [89,95], that the above two examples are just the first simplest cases

Adj

of more general RG flows. Under perturbation by the relevant field ¢ = ¢77', a wide class of

CFT coset models

e
Toy = 229m s (4.25)
Gi+m
flow to the theories
01 X Gy
Tin = %7 (4.26)

in the IR limit.

In [79] a nontrivial conformal interface between successive minimal CFT models is con-
structed and a is proposed that this interface (RG domain wall) encodes the UV - IR map
resulting through the RG flow discussed above. Of course this proposal is in agreement with
the leading order perturbative analysis of [80].

Generalization of leading order calculations to a wider class of local fields [81] as well as
next to leading order calculations [82,[83] further confirm the validity of this construction.

In [79] Gaiotto also suggests a candidate for RG domain wall for the much more general RG
flow between and . We will recall the construction briefly. Because a conformal

interface between two CFT models is equivalent to some conformal boundary for the direct
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product of these theories (folding trick), it is natural to consider the product theory Ty X Trg

g1 X Gm " 9 X Gm—t Gm—1 X g1 X g

A . (4.27)
Im+1 dm Ji+m

Note that has a natural Z, automorphism do to the appearance of two identical factors ¢

above. Gaiottos proposal states that the boundary of the theory

01 X G; X Gy
77B:gz gi gml’

’ m> 1 (4.28)
Gi+m

acts as a Zy twisting mirror. More precisely the RG boundary condition is the image of the Z,
twisted 75 brane

SUUSIEIN Tt d,d, 5 B, Z)), (4.29)
d

where the indices ¢, d, s refer to the representations of g,,_;, gi, §irm respectively and SY? are
the modular matrices of the g, WZNW model.

In the coming sections we will examine the case of RG flow between N' = 1 super-
minimal models, in details. We apply a method which directly explores the current algebra
representation in contrary to the analysis in [79], where a specific representation applicable only

for the unitary minimal series was used.

4.5 RG domain walls for super minimal models

In the case of the N' = 1 super-minimal models needs to consider

@(Q)k X @(2)2 % @(2)]6_2 X @(2)2 @(z)k_g X @(2)2 X @(2)2
5U(2) k42 5U(2) 5U(2) k42

: (4.30)

where the first coset on the left hand side corresponds to the UV super conformal model SM;. o
and the second one to the IR theory SM;. We denote by K (z) and K (z) the WZNW currents

of 5u(2)y entering in the cosets of the IR and UV theories respectively. The current of su(2)g_o
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WZNW theory will be denoted as J(z). Using (4.20) and the Sugawara construction, for the
energy-momentum tensor of the IR theory (the second factor of the left hand sides of (4.30]))

one obtains

Tol2) = £ IE) + KK E) = 5 (K () + I,
this can be rewritten as
Ty (2) = %LWJ(Z)J(Z) _ Hik](z)K(z) +3 (kka)K(z)K(z). (4.31)
In the same way the energy-momentum tensor for the UV theory is equal to
T, = 2 J(z2)J 2 K(2)K
»C) = arpan /OO ey e IR E
2 ~ ko~ =
—mK(z)K(z) + mK(z)K(z)
4 2 -
+<2 AR J(2)K(z) — mJ(z)K(z) : (4.32)

To get the one-point functions of the theory SMy o x SMj in the presence of RG boundary,
we need explicit expressions of the states corresponding to fields ¢'#¢Y" in terms of the states

of the coset theory

@(2)]672 X @(2)2 X @(2)2

5U(2)k+2

Ts = (4.33)

We denote the highest weight representation spaces of the current algebras J(z), K(z) and
K (z) as V}(J), Vk(K) and VE(K) respectively. The lower indices specify the spins of the highest

weight states. It is convenient to fix a unique representative of a state of the coset 7z in the

space V;-(J) ® V,C(K) & V%(K) requiring that the state under consideration be a highest weight state
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of the diagonal current J + K + K. Let us analyze the states corresponding to ol Since

n?—1 n?-1
4k 4(k+2)’
p n?—1 _n2—1

4(k+2) 4k+4)’

o
hn,n -

the total dimension of the product field is

, n®—1 n?—1
B+ b, = ~ 4.34

thus the corresponding state is readily identified with

n—1 n-—

1
2 72

| 1]0,0)10,0) € Vi) @ Vi @ v (4.35)

where |j,m) denotes a primary state of spin j and projection m, so the state above is a spin

”T_l highest weight state of the combined current J + K + K and its T dimension
R+ hd 4 pS — RO
2 2

coincides with (4.34). Note that the permutation of the second and third factors i.e. the Z,
action on this state is trivial. Hence the overlap of this state with its Z, image is equal to 1

and from (|4.29)

(k—2) o(k+2)
Sl n Sl n
(O |RG) = : —. (4.36)

S

(

1n

For large k and for n ~ O(1) this gives 1 + 3/k* + O(1/k?). Our conclusion is that up to
1/k? terms, the fields ¢7) flow to ¢} without mixing with other fields, which is in a complete
agreement with both leading order [87] and next to leading order [90] perturbative calculations.

We next examine a more interesting case that of Ramond fields gngﬂ which are expected

to flow to certain combinations of the fields ¢/, , [87].
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From (4.10) for the state corresponding to ¢ w1, we get

n—1,n

3 (m—12%-1 =n?-1

hy . =— 4.37
T 4k 4k +2)’ (437)
3 (m—1)2%*-1 n?-1
hat | = — — . 4.38
el 6 4(k + 4) * 4(k +2) (4.38)
Thus the conformal dimension of this product field will be

: 3 m—12-1 (n—-12-1
h” hat == - 4.39
n—1,n + n,n—1 8 + 4k 4(k + 4) ( )

There are three primaries in su(2); WZNW theory with j = 0, 1, 2 representations and confor-

mal dimensions 0, % and % respectively. Hence to get the right dimension one should choose

a combination of states |2 — 1,m)|, a)|3, 8). More this combination must be the spin 2 — 1

highest weight state of J + K + K , this is to match with the last, negative term of 1) In

that way we are lead to

n n 1 1
Caslyg =15 —1—a=PB)l5.a)l5,6), (4.40)

where a summation over the indices a, ==+ 1/2 is assumed. The highest weight condition which

is to say that the operator Ji + K + I?O annihilates this state, implies
Vn =20, +C_.+C_=0.
A further constraint
Cip —Vn =20, =0,

one obtains imposing the condition that this state should be an eigenstate of the Virasoro

operator L{F constructed from the energy-momentum tensor 7Tj, lb with eigenvalue h"

n,n—1
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(4.37). Thus we get

Ciy =vVn—-20_4, Cio=—(n—-1)C_

Note that the undefined overall multiplier could be fixed from the normalization condition. By

taking normalized scalar product of the state (4.40]) with its Z, image we find

(k—2 k+2
(61 nGy = LYt (441
n—1ln*rnmn—1 n—1 Sl’n .
Consideration of the product ¢, ¢u ., fields is quite similar and leads to the state
nn 1 1
Ca a'a - a) a7 )
o2 —a =Bz, a)l5. 6)
with the coefficients
C,_=0 Cyy = ! C
- Y ++ = \/ﬁ —+
So, in this case
. Sy ST
(Gniinbn i [RG) = ——— ST (4.42)

uv

U ir 3 3
Constructing the states corresponding to ¢, ,¢5%,1 and ¢,/ ,¢,.", 1 s even simpler and one

casily gets |2 — 1,2 — 1)[3,3)[3, 3) and |2, 2)|3, —1)|3, —3) respectively. In both cases the Zs

action is trivial, hence

(k—2) o(k+2)
ir In—1~1n+1
<¢n71n nn+1|RG> Sk ’ (443)
1,n
(k—2) g(k+2)
ir In+1~1,n—1
< n+1l,n"nn— llRG> Sk . (444)
1n
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In the large k limit we get

(b RG) =~ +O(/R), (1.45)
Wi lfG) = 2L o). (446
G malie) = YL o), (447
(a0t lRG) = — +0(/K), (1.15)

they agree with the second order perturbation theory results [90].
We also analyzed the more complicated case of mixing of the primary Neveu-Schwartz su-
perfields ®,, 12 and the descendant superfield D]_)Cbnm, here D and D are the super-derivatives.

One can find the details of our calculations in the appendix. Here are the final results:

(k—2) o(k+2)
ir uv 2 Sl7n+251,n+2
< n+2,n n,n+2‘RG> = <n+ 1)(n + 2) S(k) 3 (449)
1n
. Sy aSin
<¢n+2,n _%qbn,n’RG) = n4+1 Syﬁi ) (450)
(k—Q)S(/’H-?)
r uv In+2~1n—-2
< n+2,n n,n—2|RG> - S{k) ) (451)
(h—2) q(h+2)
ir o i Juv 2 Sl,’fl Sl,n+2
<G_% n,n n,n+2’RG> - n+1 Syc) s (452)
n
(k—2) o(k+2)
ir ar uv  JuUv n2 -5 Slv” Slvn
(G716, G0t | RG) = —— 50 , (4.53)
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k—2) q(k+2
2 /St S

(G610, 00| RG) = —
n

1 o) ’

1,n

S(ka)S(k+2)

<w7i17;2,n n n+2 | RG>

1,n—2~1n+2

S
. StuaSin”
< n—2,n |RG> n—1 SYQ )
o 2 S 251 s
< n—2,n+*nmn— 2| > (n_ 1)(?1—2) Sﬁn
At the large k limit we get
(W RG) = —— >+ O(L/k?)
n+2,nvn n+2 n(n + 1) )
. 2 n+ 2
ir uvl UY — 1 k’2
<¢n+2,n _§¢n,n|RG> n4+1 O( / ) ’
r v ?7/2 —4
< n+2,nvnn— 2|RG> n + 0(1/1{32) )
2 In+2 9
zrl 1
2
<Gzr ir uv ’RG> ‘i + 0(1/k2) ’
2 n—2
G"l RG 1/ O(1/k?
< ¢ n,nrn,n— 2| > n—1 n + ( / ) )
ir uv v TL2 —4
< n—2,n n,n+2|RG> = n + O(]'/kQ) )
. 2 -2
(012, G 01 | RG) = =3[ ===+ O(L/K?),

< o n,n— 2|RG>

n—2,n

# +O(1/k%).

1)

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)
(4.60)
(4.61)
(4.62)
(4.63)
(4.64)

(4.65)

(4.66)

Again, the results are in complete agreement with the next to leading order perturbative cal-

culations of )
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4.6 Mixing of the fields ¢, ,,1» and the descendant DDCIDWL

Let us start with the product field ¢4 , ¢, 5. The corresponding dimensions are

- 1 (n—22%*-1 n?-1
K - 4.
n=Zn 9 + Ak 4(k+2)° (4.67)
1 221 2_1
o L (=2 v (4.68)

nn=2 9 44+ k) 4k+2)’

hence

—92-1 (n-22-1
g oqp =2l =21 (4.69)

hir
i Ak A4+ k)

n—2mn

A careful examination shows that the required state should be chosen among the combinations

n—3n-—3

Z CO@B‘T? 9 —Oé—ﬁ>’1,06>‘1,ﬁ>. (470)
a,fe{-1,0,1}

Indeed the other candidates such as J; |52, 222 —a)|0)|0), K% |%52, 22 —a)|0)|0) or }?21|”T’3, n3_

a)|0)|0) though have a correct total dimension, can not be combined to get the required IR

dimension (4.67)). This can be easily seen by examining the zero mode of the IR current

1 1
JP— ——(J+ K +-K". (4.71)

; 1
Tir —
k k+2 4

The only way to get the term 1/2 of is to choose 7 = 1 representation of the current K
(see the last term of ({1.71)).

To get correct IR dimension one should impose the condition that the zero mode of
(J + K)? on the state must acquire the eigenvalue ”T’ln—“ Together with our usual

2

requirement of being a highest weight state of the J + K + K algebra this fixes the coefficients
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up to an overall multiplier

n—3 n—3vn—4
Cro= Coo Ciy=—
2 2 n-—2
1—n 2 n—3
1
C_=-— 5Co0 Co=C-=C__=0

This leads to the one point function

k—2 k+2
9 St s

On- B = D=y S,

n2nnn2

In the same way we construct the state corresponding to gzﬁﬁfw’ngé}jf’n 42

n+1 n 4+ 1
aﬂ| 2 _B>‘1,Oé>|1,6>7

where

1 / +1
Ciy = —ﬁ Coo, C_y=— & Coo, Coy = Coo

(all other Cyp vanish) and

k—2 k+2
9 St st

(n+1)(n+2) stk

< rizr+2n nn+2|RG>

The state corresponding to 1/12@27" o >

k+2
S aS i s

< Z—f—Z,n n,n— 2|RG> Sin

92

_, is simply |2 2H)[1 —1)[1, —1) and

(4.72)

(4.73)

(4.74)

(4.75)



Similarly for " u 4o the state is |252, 22)|1,1)[1,1) and

n—2,n

k—2 k+2
Sy 2Stin s

(4.76)

(U0 nUninsal RG) =

n—2mn

S(k)

1n

Let us now consider states corresponding to the descendant field G, iy, ¥y, .

Partial dimensions of the field ¢/, ¢4 ., are

n?—1 n*-1
4k 4(k+2)’
1 ni-1 (n+2)2?-1

huv —— _
nnt2 = 5 T 4(k +2) 4(k+4)

i
hn,n -

, 1 nr—1 (n+22-1
hir huwv — —
nn T Mg 2 + 4k 4(k + 4)

Evidently the correct representative of the respective state is

n—1n-1
2 7 2

)0)[1,1) . (4.77)

Using the expression (4.21)) its is straightforward to find the result of the action of the super-

current mode Gi_T1 /o ON this state:

n—1n-1 n—1n-1
1,1) = aa )

n—1n-—1
2 7 2

Gi_Tl >‘17 —CZ>‘1, 1)

+D, K|

>|17_a>|1’1>7 (478)

where the coefficients C,, D, are given by (4.23)) (one should replace k by k — 2). The final

result is:

n—1n-1 _ 3n-1)n—-1n-1

6 n—1n—1n-—3
1,1)|1,1). 4.
Fsy [ S S L L (479)

G|
2
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Thus for the one-point function we get

k—2 k+2
o /St s

4.
PR (480)

<Gij% ¢ifn¢$”n+leG> -

Consideration of the remaining cases do not involve new ingredients and we will simply list the

results.

e The state corresponding to ¢, d% , is:

1 n—1n-5 n—1n-3
— 0)[1,1 0)1,0
T I+ S0 L0)

n—1n—1n-1

The result of G, action on this state looks ugly:

2

n—1n-3 n—5 n—1n-2>5
1, —1)|1,1 1,0)|1,1
" L DL + S L0 L
In—-9n—1n-7 n—1n—-—1n-1
— 1,1)1,1) — 1, —1)|1
Vot S L I ) — [ P S -,
n—3n—1n-3 n—1 n-—2>5
— 1 1 vn—2 1, 1)1
-1 n—1n—1n-3

n—1\3n n—1
1,0)1,-1) — 1, 1)1, -1
+("5=) 15 L0 1) = =P B LD, )

multiplied by an overall factor &. The corresponding one-point function simply is:

k—2 k+2
9 y/S{PstE)

1n
e In the (;52;27” n Case the corresponding state is
n—3 n-—3
| )[1,1)]0) . (4.82)

2 7 2
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Now we must act on this state by the operator G*9 /2

n—3 n—3 3

G o 5 S ONL0) = (CulK + J6) + D) |7 )11, ~a)[0)
_ 3n—-1)n 3 n— 6 .n 3 n— 3

- L | 9 >|1 1>|1 O> EW 9 >|170>|171>

6 /n—3n— 3n
r B .

The one point function:

S{'“n 22) S(k+2

—1 S(k)

1n

< n— Znva %LRC” = - (483)

e The state corresponding to the field ¢;/,, ,¢,", is

1 n+1n n+1n

—1
v e TRV UR R (R
In+1n+1 n+1
- 9 ’ 9 9 H17_1HO>' (484)

Acting by G , on this state we get

1n—|—1n n+1n—1.n+1 n+1
1, 1)1 1, —1)1
Sl SO0 + P (I I -DiLo)

3n 3n+1n 1n+1n
— 1,1)1,1 1 1.1
\/%12 DL + P Lo

n—1n+1n —1n—|—1n—1
1,0)|1,0 1, -1, 1
— >|>|>2|2,2>|,>|7>

multiplied by %. The result for one-point function:

k—2 k+2
S£n+%sin )

n+1 Sg’g

(D420 G G| RG) = (4.85)
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uv

e Finally, the state corresponding to the field G, ¢ G ¢ is
2 2 7

n—1n-—1

(Cad§ + DaK§)(Cy(KG + J§) + DyKG) ==, —

)1, —a)[1, —b) (4.86)

which after some algebra becomes

n—I\2n—1n-1 n—1ln—-1n—-1n-3

1 1 — 1,001, 1
(") 155 S5 01,00 — == = E S L 0L )
n—1n—1n-1 n—1n—-3n—1 n-3
- 1, 1)1, —1) — 1, 1)[1,0
S L, - — S S S S, 0)

—1 -1 n-5
V=2t S L DL )

The respective one-point function is equal to

[ a(k—2) o(k+2)
o 2 _54/51, " Sin
(G o G o |RG) = = tn_An (4.87)
2 ’ 2 ’

n?—1 gk

1In

multiplied by + i 232) .
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