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INTRODUCTION

Theory of differential equations has a central role in the science of mathematics.
Development of this theory simulated the development of associated fields, such as:
elasticity theory, hydrodynamics, aerodynamics, theory of electromagnetic field.
Nowadays, differential equations are mostly applied in biology, mathematical modeling of
physical processes, engineering, finance, ecology, etc. Thus, theory of differential equations
is one of the basic tools of contemporary research.

In this dissertation there are investigated boundary value problems for elliptic equations
in the unit circle. Riemann, Riemann-Hilbert and Dirichlet problems are solved in the
weighted spaces. This kind of problems arose during the investigation of boundary value
problems of partial differential elliptic equations which have applications in physical
processes. General solution of partial differential elliptic equations (system of equations)
with constant coefficients is given by linear combination of analytic functions (Bitsadze
AV.[10], [11]).

Boundary value problems in the classes of analytic functions are investigated with
boundary conditions in €% Holder classes, L”, 1 < p <= oo spaces by Muskhelishvili N.I. [59],
Gakhov F.D. [15], Vekua I.N. [83],[84], Khvedelidze B.V. [50], Simonenko I.B. [67].
Riemann boundary value problem is investigated in the weighted spaces LP(du) by
Khvedelidze B.V. [51]. By Hayrapetyan H.M., Asatryan A.S. Riemann boundary value
problem is investigated in L™ [41]. Poghosyan L.V. and Hayrapetyan H.M. considered
Riemann boundary value problem in the sense of weak convergence [39], [63]. During
investigation of boundary value problems of differential equations the need has arisen to
expend theory of singular integral equations, also theory of boundary value problems of
theory of functions. By Bikchantayev I.A. [8], [9], Soldatov A.P. [71], [72], [74], Tovmasyan
N.E. [76], [77] and others [16], [58], [60] are suggested other boundary conditions which are
correct for both improperly and properly elliptic equations. By Hayrapetyan H.M.,
Meliksetyan P.E. [25] and Hayrapetyan H.M., Oganisyan I.V. [26] are investigated

boundary conditions for improperly elliptic equations of second and third order in the



weighted spaces. The same kind of problem in multiply connected domain is investigated
by Babayan A.H. [2]. In the half-space the same kind of problems for the class of functions
of polynomial growth are investigated in the works by Tovmasyan N.E. [79], Asatryan V.V.
[1]. Note the work of Tovmasyan N.E. and Babayan A.H. which is dedicated to
investigation of Riemann problem in the half-plane for properly elliptic equations of
second order in the case when boundary functions are continuous with the weight in
numeric axis [80]. Also, by Tovmasyan are studied partial differential equations in regard to
their important applications in electrodynamics [81], [82]. Boundary value problems for
poly-harmonic and poly-analytic functions are investigated by Hayrapetyan H.M. in the
half-plane [20], [21], [22], [23]. Schwarz type problems are investigated in the class of bi-
analytic functions by Hayrapetyan A.R. [19] and in the class of poly-analytic functions by
Begehr H., Schmersau D. [7]. Note the work of Begehr H., Kumar A. [6], where boundary
value problems are studied for the inhomogeneous poly-analytic equation. In this work it is
shown that for solvability of the Dirichlet problem for Bitsadze equation uncountable
linear independent conditions must hold. Also, note monograph of Tanabe H. [75], where
he studies Dirichlet problem for strongly elliptic equation in the classes of continuous
functions. In the unit circle Dirichlet boundary value problem for biharmonic functions is
investigated by Hayrapetyan H.M. [30]. Also, note the work by Hayrapetyan H.M.,
Hayrapetyan A.R. [40], where they studied some questions regarding uniqueness of
harmonic functions. Babayan V.A. and Hayrapetyan H.M. studied Riemann-Hilbert and
Dirichlet problems in the classes of continuous functions [3], [4], [5], [35].
Relevance of the topic

Let L is Lyapunov simple, closed curve, D and D~ are respectively interior and exterior
domains. Riemann boundary value problem or conjugation problem in classical setting has
the following statement:

Determine analytic function @ in D¥ U D™, bounded or vanishing at infinity such that
the following holds:

@ (t) —alt)@ (t) = f(t), teT, (1)



where function a and f are defined in T and belong to Holder classes ¢%,5 € (0, 1].
Besides, a(t) # 0 for any point of T.
Function a is called coefficient of Riemann problem and f is called free member.

This problem was solved by Gakhov F.D. [15]. Then, Khvedelidze B.V. has studied the

case when function f belongs to the space L¥, where 1 < p < oo [50], [52]. In the works of
Simonenko I.B. [68], [69], [70] the same problem for L¥(1 < p < o) was investigated with

essentialy extended coefficient. For all these cases solution of the problem is given with
Cauchy type integral of function f. Furthermore, if f belongs to either classes 2,5 € (0, 1)
or I”,1 < p = oo, then solution of the problem also belongs respectively to the classes
c®,6€(0,1) orI?,1 < p < o [17], [54], [57].

Boundary value problems when f € L' becomes complicated as Cauchy type integral of
function from L' is not bounded operator belonging to Smirnov class E* [44], [55]. For
solving Riemann boundary value problem in space L' Hayrapetyan H.M. suggested new
setting of the problem [28], [34]. This statement helped H.M. Hayrapetyan and his students
Meliksetyan P.E., Hayrapetyan M.S., Tsutsulyan A.V. and others [24], [27], [43] to
investigate Riemann boundary value problem and elliptic differential equations associated

with it in the weighted spaces. Particularly, for unit circle D* = {z: |z| < 1} statement is as
follows:

Determine analytic function @ in D* U D~, bounded or vanishing at infinity such that
the following holds:

lim [l97G0) — a0~ G0 ~ f()ll2 = 0, o

where functions a and f are defined in T, a belongs to Holder classes ¢%,8 € (0, 1],
a(t) # 0 at any point of T and f belongs to L* space.

Then, it was shown that this setting is correct. In other words, if function ¢ is a solution
of Riemann boundary value problem with this setting for the function f from Holder
classes or I”,1 < p = co spaces, then it would be also a solution with the classical

statement. Thus, attained results are generalization of classical results of theory of boundary

value problems.



Taking into consideration above mentioned reasons, we may conclude that studied

problems in this dissertation are relevant in the field of boundary value problems of

differential equations in the weighted spaces.

Object of study

Boundary value problems in the weighted spaces in unit circle with coefficients

belonging to Holder classes

Goals

Study Riemann boundary value problem with a coefficient from Holder classes in
the weighted spaces L'(p), where weight function is concentrated on finite
number of singular points. Give necessary and sufficient conditions for solvability
of the problem and determine solutions in explicit form.

Study Discontinuous Riemann boundary value problem in the weighted spaces
L'(p), where weight function is concentrated on one singular point. Give
necessary and sufficient conditions for solvability of the problem and determine
solutions in explicit form.

Study Riemann-Hilbert boundary value problem in the weighted spaces L*(p),
where weight function is concentrated on finite number of singular points by
transforming it into Riemann boundary value problem, give necessary and
sufficient conditions for solvability of the problem and determine solutions in
explicit form.

Study Dirichlet problem for biharmonic functions in the weighted spaces, where
weight function is concentrated on one point, give necessary and sufficient

conditions for solvability of the problem and determine solutions in explicit form.

Research methods

In this work there are applied methods of theory of analytic functions and boundary

value problems

Scientific novelty of work

All the results of the dissertation are novel.

Theoretical and practical value



Generally speaking all the results have theoretical value and can be applied in the
study of boundary value problems of differential and integral equations.
Approbation of work
The results were reported during both republican and international conferences and
seminars:
. International Conference “Education, science and economics at universities
and schools. Integration to international educational area”, March 2014,
Tsaghkadzor, Armenia
e  Annual Conference, National Polytechnic University of Armenia, 2015
e AMU Annual Session dedicated to the 100" anniversary of Proffesor Haik
Badalyan, June 2015, Yerevan, Armenia
° International Conference, Harmonic Analysis and Approximations, VI,
September 2015, Tsaghkadzor, Armenia
° VI Russian-Armenian Conference on Mathematical Analysis, Mathematical
Physics and Analytical Mechanics, September 2016, Rostov-on-Don, Russia
° Seminar, Mathematical Analysis Sessions, Wroclaw University of Science and
Technology, April 2017, Wroclaw, Poland
Author’s Publications in the topic of dissertation
Results of the dissertation are published in 8 works (4 papers and 4 abstracts), which
are stated at the end of references.
The volume of the dissertation
The dissertation consists of introduction, three chapters, conclusion and references.

The volume of dissertation is 82 pages. References contain 92 items.

Work content
In the first chapter the Riemann boundary value problem is solved in the weighted
spaces with a coefficient belonging to Holder classes in unit circle. The solution separately
is given for two different cases regarding the order of singularity of the weight function.

For stating the results precisely it is necessary to do some notations.
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Let T be a unit circle in the complex plane z, and let D™ and D~ be the interior and
exterior domains, respectively bounded by the curve T. Also, by L'(p) we define the

following space:

(oY= Lo, = {f: Il = [ IF©lp(0)le] < m},
T

where
m
p(t) = Hlt —t, %, k=12 ..,m,
k=1

t, €T, and a,, k= 1,2,..,m are real numbers. To formulate the problem we first

introduce some notation. We set
m
- T
p®=p @] [Iroee—e™
k=1

where

m
p@ =] it — gl
k=1

5 — {1, if a, < —1, B {[{l’k] + 1, if a, is noninteger,
oo, if ap = —1, ko a,, ifa, is integer.

We consider the Riemann boundary value problem in the following setting:
Problem R

Let f be an arbitrary measurable on T function from the space L'(p). Determine an
analytic in D™ U D~ function ®(z),®(w) = 0 to satisfy the boundary condition:
lim 167 (rt) = ()87 (70 = f(Dlla g5y = 0, .
where a(t),a(t)+0 is an arbitrary function from the class ci(T), 6 = 0,
Dt ={z|z| =1}, D~ ={z: |zl = 1} and ®% are the contractions of fiunction ® on D*

respectively.
Let x =inda(t) and t€T. It is well known that the function a admits the

representation (see [15])



5*(0)

a(t) IOy

where

S+(5) = ex‘p{ l,f n(t ™ a(t)) dt}, s€ D

2m Jr t—=z

S (z)=2z7% exp{ 1,[ In(t_”a[t)) dt}, zED™,

2m Jr t—=

st ec®(DFHand IS~ (2) = 0(lz] ) as z = oo,

Also, by N we denote the following:

m
N=an.

=1
Lemma 1

Let a, = —1, k= 1,2,..,m, f € L*(p), and ®(z) be some solution of the Problem R.
Then the following assertions hold.

a)If N+ k = 0, then ®(z) admits the representation

5(2) rone o S@PE)

®(2) = i) st OG- T 0@ ©)

wherez € D¥ U D™, P(z) is some polynomial of degree N + k — 1, and
m
n® = | [ - om.
k=1

b) If N + x < 0, then ®(z) has the representation (5), where P(z) = 0 and the function

f satisfies the conditions:

ff[t)ﬂ’[t) kgy —

() k=01,..,—(N+x) -1 (6)

Let

5(2) @I £
KD = onin e st -2 * 7EPTVT 7
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Theorem 1
Let f € L*(p). Then

rl—i:EnHKJr[ﬁ rt) —a(K~(f, v 1t) — f[t)”.f_.i[p,.j =0,

where K(f,z) is defined as in (7). Thus, K(f,z) is a solution of the inhomogeneous
Problem R, when N + x = 0. If N + x < 0, then K(f,z) is a solution of the inhomogeneous
Problem R if and only if f satisfies conditions (6).

Theorem 2

Leta, > —1, k= 1,2,...,m, f € L*(p). Then the following assertions hold,
a) If x =0, then the general solution of the homogeneous Problem R can be

represented in the form:

m Tk (k)

A:
0,(2) = 5(2) ;;W”@ ,

where P(z) 1s a polynomial of degree x — 1 forx >0 andP(z) = 0 forx = 0.
b)If k =0 and N + k = 0, then the general solution of the homogeneous Problem R

can be represented in the form:

o0(s) =202,

where P(z) is a polynomial of degree N + x — 1.
c)If N + x = 0, then the homogeneous problem has only trivial solution.

Theorem 3

Leta, > —1, k= 1,2,...,m, f € L*(p). Then the following assertions hold.
a) If N+ k=0, then the general solution of the inhomogeneous Problem R can be

represented in the form:
@(z) = K(f,z) + @,(2), (8)

where K (f,z) is defined as in (7), and ®y(z) is the general solution of the homogeneous

Problem R.
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b)If N + x < 0, then the Problem R is solvable if and only if f satisfies the conditions

(6). And the solution can be represented in the form (7).

In general case when a,k = 1,2,...,m are arbitrary real numbers, we need to demand
from function a to belong some specific class of functions. Let define this class as follows:
Definition

Givena = {a,,a,, ..., a,, }, we say that a function a(t) belongs to the classR® if

lim |Is*(rt) — a(®)s~ G )l g, = 0 9)

T—=1-0
Theorem 4
Let ay,, k=1,2,..,m are arbitrary real numbers, f € L*(p) and a € R®. Then the

following assertions hold.

a) If N+ k=0, then the general solution of the inhomogeneous Problem R can be

represented in the form:

i)

where K (f,z) is defined as in (7), A, 1s an arbitrary complex number forx = 0 and A, = 0

o) = K(f,2) + S (4 +

forx <0, and P(z) is a polynomial of degree N + k — 1.
b) If N+kx=0 and x =0, then ®(z) can be represented in the form (8), where
&,(z) = 0 and f satisfies conditions (6).

c)If N = 0 andx = 0, then the inhomogeneous Problem R has a unique solution:
@(z) = K(f,2) + 4,5(2),

where

1 f®
2mi Jr 5+ ()

Ay = () e~V +Dde

and f satisfies conditions (6) if k¥ # —N — 1.
d) IfN +k < 0 and N = 0, then the Problem R has a single solution: ®(z) = K(f, z)

and f satisfies conditions (6).

12



Theorem 5

Let ay,, k = 1,2, ..,m are arbitrary real numbers, f € L*(p) and a(t) € R®. Then the
following assertions hold.

a) If N+ k=0, then the general solution of the homogeneous Problem R can be

represented in the form:

i)

where Ay is an arbitrary complex number for k =0 and Ay =0 for x =0, and P(z) is a

o(2) = K(f.2) + 5(2) (AU +

polynomial of degree N + x — 1.

b)If N+x=0 and k =0, then ®(z) = A,S(z), where A, is an arbitrary complex
number.

c¢)If N+ x =0 andx =0, then the homogeneous Problem R has only trivial solution:

@(z) = 0.

In the second chapter two problems are studied which are connected with Riemann
boundary value problem: Riemann-Hilbert boundary value problem and Discontinuous
Riemann boundary value problem.

If not stated opposite we use the same notations as in Chapter 1.

Problem H

Let f be a real-valued, measurable on T function from the space L*(p). Determine an
analytic in D™ function ®(z) to satisfy the boundary condition:

TEEUHRE{Q&}QJ rt)}— f(E)ll2py = 0, (10)

where a(t),a(t) # 0 is an arbitrary function from the class co(T), 6 = 0.

By making the following notations

alt) 2f(t)
m=ﬂ[tl —— = g(t)

alt)
we come to the following Riemann Problem.

Problem R

13



Let g is some measurable on T function from the space L*(p). Determine an analytic in
D* U D™ function ®(z), ®(w) = C to satisfy the boundary condition:

lim [|&*(rt) — ()@~ t) — g(O)ll 2, = 0, (11)

r—=1-0

where D(t),D(t) #0 is a function from the class C°(T), § >0 and ®% are the
contractions of function ® on D* respectively.

Let
U — v
D= —,
U+

where u and v are real-valued functions, such that a = u + iv.

Also,
_ 5(2) Ve + e fon(de FOm(t)de )
Wf.2) = 2mill (z) (L S+ (u + i)tV (e —z) z L st + eyt ) (12)
Theorem 6

The following assertions hold.

a) If N + k = —1, then ﬂ[f . z) is a solution of the inhomogeneous Problem H, where
N(f, z) is defined as in (12).
b) If N + x < —1, then O(f,z) is a solution of the inhomogeneous Problem H if and

only if f satisfies the following conditions:

ft)
r (ult) + v (£))s+(t)

Theorem 7
Let a;, = —1,k = 1,2,..., m. Otherwise, D(t) € R®. Then the following assertions hold.

n(e) t*dt =0, k=01,..,—(N+x) —2. (13)

a) If N+ k = —1, then the general solution of the homogeneous Problem H can be

represented in the form:

S(z)
II(z)

@, (2) = (coz™* ™ + 12" 4 4y,

N+ . o
where numbers {c;} 1=y satisfy condition:

14



m

[—1)*’*’*%“ £, = Cpryns 1=01,..,N+x.
k=1

b) If N + k = —1, then the homogeneous Problem H has only trivial solution.

Theorem 8

Letay, = —1,k = 1,2,...,m. Otherwise, D(t) € R®. Then the following assertions hold.
a) If N+ x = —1, then the general solution of the inhomogeneous Problem H can be

represented in the form:
®(z) = Q(f, 2) + ®,(2),

where O(f,z) is defined as in (12), and ®,(z) is the general solution of the homogeneous

Problem H.
b) If N+ k< —1, then the Problem H is solvable if and only if f satisfies the

conditions (13). And the solution can be represented in the form (12).

Discontinuous Riemann boundary value problem is investigated in the case when
coefficient of the problem belongs to Holder class in unit circle except from finite number
of points where it has jump discontinuity. To state the problem we have to make following
notations.

Definition

We say al(t) € Hy(T; ty,t,, ..., t,,), if function a belongs to Holder class in any interval
fromT not including t,,k = 1,2, ..., m points and has jump discontinuity at those points.

Let p(t) = |t — ty|%, where t; € T and @ = —1 is arbitrary real number. By n we denote

the following:

_ {[{r] + 1, if @ is not integer,
N a, if a isinteger.

By introducing ¢(t) = In a(t) function it is easy to get the following:

1
ay +ify =E(qp(zk—n) —t,+0), k=12..,m (14)
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Problem R
Let  feL'(p), a(t) € Hy(T; ty,t5,...,t,,)  and alt) #0,t€T.  Also,
ty # tp, k = 1,2,..,m. Determine in D analytic function ®(z),®(w) =0, such that the

following condition holds:

lim [|9*(rt) — a(@~ (1) — F(©) 125 = O.

Theorem 9

The general solution of the inhomogeneous Problem R, which has some finite degree at

infinity, is given by the following formula:
5+(z) glt)de

2mi(z —t)"Jr t—z

57 (z) g(t)dt
2mi(z — )" Jr t—z

dt(z) = , zeDT,

(15)

> (z) = + S (z)P(z), ZED,

where P is any polynomial and

_ o) "
g = (P[t) + 5+[ﬂ> (t — to)™

Let introduce the following functions:

1 [ t*(t —t )"
)

2L

& (z) = dt, zeDT,

t—z

1 [ t*(t — )"
@ (z) = J 2 dt+z"% zeD".
2mdy t—=z

Then,

@) -t

I0=""5

Hence, for any polynomial (z) = ¢, + ¢,2 + -+ ¢,,2™, equation (15) can be represented as

follows:

5+(2) Fodt st i
c, @ (2),

&7 (z) = +
(2 2mi(z —t)rJr t—z (2 —ty )"

zE€EDT,
=0

16



b (z) =

zE D™,

5(2) FgOdt 57 (2) i ()

: + C Z)
2mi(z — )" Jr t—2z [z—tn}“kzn ek
It is well known that k¥ = — X7, A, where A , are integers such that
_1{4&-1{"‘&;{ E:U, k=ﬂ,1,...,m,

and x is the index of function a.

Theorem 10
The following assertions hold.
a) If n+x =0, then the general solution of the inhomogeneous Problem R has the

following representation:

k-1

o+ (2) = 5*(2) f gtddt  57(2) Z (07 (2), z€D*

- +
2mi(z —ty)nJy t—z (2 — )" o

(16)

k-1

5 (z) g(t)de 5 (z) Z ~
€, Py [Z) .

¢_[z)=zﬂi[z—tn}“ r E—z +[z—tn)“

ze D,
k=0

where ¢, ¢4,...,c,_; are arbitrary complex numbers when k=1 and
€g=0¢€4=""=C._q=0whenk =0.

b)If n+ x < 0, then the Problem R has a solution if and only if:

5(t)
T tkde =0, k=0,1,..,~(n+x) -1 (17)
rt—Z2
And, the solution has the representation (16), where cy = ¢y = =c,_y = 0.

In the third chapter the Dirichlet Problem is investigated for biharmonic functions in
the weighted spaces in unit circle. The problem is investigated in the case when boundary
conditions of a function and his derivative are considered in different weighted spaces.
Firstly we introduce some notations.

Let p,(t) is a weight function, p,(t) =1 —t|%;a is arbitrary real number,

p,(t) = po (e — ¢, Il 1i(p,) 18 the norm of space, f;, (t) € *(p,), k=0,1 are real-

17



valued functions defined in T. The problem is investigated in the following setting:

Problem D

Determine functionu(z), z € D™ to satisfy the equation

NMu =0 (18)
and boundary condition
d*u(rt)
Aml o h® Li.:p,;.zﬂ’ k=01 (19)

With this statement we prove that Problem (18), (19) is normally solvable, besides, if
@ = —1, then the problem is investigated with the following boundary conditions:

d*u(rt)

drk

lim
r—=1-0

— fie (t)

1 =0, k=0,1, (20)
L (Pier)

where py, (£) = [1 — 7™ *[1 — ¢|*™", k = 0,1.
Theorem 11

Let @« = —1. Then the homogeneous problem (18), (20) has only trivial solution:
u(z) = 0.
Definition
We say that, {C,}§ numbers belong to class 5y(n), if

c,=(-1)*C,_., k=01,..,n

Theorem 12

Let @« = —1. Then the general solution of the homogeneous problem (18), (19) can be
represented as follows:

ul(z) = Re(@,(2) + (1 — [z]) e, (2)), ze Dt

where

n

A
%@ =) G

J k=0
.2 z 0%, (2) 1“2“ B,
lz) == - = —_—.
\ 2 0z 24 (1-2)*

18



}EH numbers to the class

Besides, {A,}t numbers belong to the class Sy(n), and {B,
Sp(n+1).
Theorem 13

Let « = —1. Then the general solution of the inhomogeneous problem (18), (20) can be
represented as follows:

u(z) = Re(@,(2) + (1 — 1z1M)®,(2),

where ®,, &, are analytic functions in D™, determined with the following formulas:

1 HEL-0"
qjﬂ[z):Z?Ii[l—z}“! t—z dt,

z dd,(z) 1 fi () —g)ntt
q]l[z}:E dz +2?ri[1—z)“+1! t—z at.

Besides, there are necessary and sufficient conditions for solvability of the problem, which

have the following form:

ft“fn (t)dt = U,f tif()dt=0, k=0,1,..,n

T T
Theorem 14

Let @« = —1. Then the general solution of the problem (18), (19) can be represented in
the form:

u(z) = Re(®,(2) + (1 — [z]D@,(2)),

where ®,, &, are analytic functions in D, and are given by the following formulas:

r R HOQ-" o 4
q]n(z)_z?ri[l—z)“! t—z t+k:U[1—z}k’

< - 1 £ (1 — pn+ =4, = B,

kqjl[z)_zm[l—z)“’fl! t—z dt—i_z;]m_;[l—z)k’

and {A,}* numbers belong to the class Sy(n), and {B, Y3 " numbers to the class Sy(n + 1).
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CHAPTER 1. RIEMANN PROBLEM IN THE WEIGHTED SPACES L'(p)

Riemann boundary value problem! firstly was stated in Riemann’s work on differential
equations with algebraic coefficients [66]. However, Riemann surprisingly did not try to
solve the problem. Solution of the homogeneous problem firstly was given by Hilbert. The
basic idea which helped him to solve the problem was that any complex-valued function is
boundary value of some analytic function. Then, he constructed Fredholm integral
equation for which the solution of the homogeneous problem satisfies. Analyzing this
equation he came to the conclusion that one of the two problems, one with coefficient a(t),
second with a(t), is solvable. Further investigation of this problem by Privalov LI [65] and

Picard E. [61] was based on the same approach: use Cauchy type integral as a basic tool. The

main difference from the works of Hilbert was the alternative problem. They used o)
a

coefficient instead of a(t). This method is still used in Riemann boundary value problems
in a lot of cases of unknown functions.

It is worth mentioning two fundemantal works done by Plemelj I. [62] and Carleman T.
[14]. First proves that for single-valued function In a(t), solution of the homogeneous
problem can be found explicitly with Cauchy type integral of this function. Second, during
the process of investigation of singular integral equation with Cauchy kernel coincidently
solved Riemann inhomogeneous problem with a constant coefficient, when the contour is
the interval [0, 1] of real axis. These works are very specific, they refer to only very trivial
cases regarding coefficient of the problem, but as one of the first fundamental solutions,
they stand very highly in the theory of Riemann boundary value problem. It was Gakhov
F.D. who firstly investigated Riemann boundary value problem with a coefficient which
can have index other than zero in simply connected domains [15]. Khvedelize B.V.

expanded his results in multiply connected domains [53].

' Different authors use other names for this problem, such as: “Hilbert problem”, “problem of conjugation”,
“Hilbert-Privalov problem”, “Riemann-Privalov problem”.
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Riemann boundary value problem with a displacement firstly was studied by
Haseman C. [18]. He used the same method as Hilbert by transforming the problem into
Fredholm integral equation and obtained the same alternative to the problem as Hilbert for
Riemann boundary value problem. Complete solution of this problem was given by
Kveselava D.A. in his work [56].

It would be helpful for future investigation to state some basic properties, which can be
found in the works [15], [59].

1. Holder class functions

Let L is closed, smooth curve and ¢(t) is a function defined on this curve. We say that
function ¢(t) satisfy Holder condition, if for any two points of this curve following holds:
lo(t2) — @) < Cle, — ¢4 1%,
where C is constant and § € (0; 1]. The class of functions which satisfy Holder condition
called Holder class: ¢ € C°(L). Note that if § = 1, then Holder class coincides with Lipshitz

class.

Let consider Cauchy type integral from ¢ function, which belongs to Holder classes
c?(L),6 € (0;1].
By G* and G~ we understand interior and exterior domains of curve L respectively. The

following is true:

r 1
f dt = 2i, zeGY
Lt—z

1
f dt=0, z€G
Lt—z

1
f dt = i, z€EL
vt — =2

i

Suppose

L [e()
qj[t) - H L T—t

dr, (1.1)

where t € L, and ¢ € €®(L). This integral is understood by Cauchy principal value.

Sometimes for easy calculations it is used in the following form:
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w(t) =

1 fqﬂ&) —qott)quJm .

2mi J;, —
The fundamental property of (1.1) is that ¥ € ¢°(L) with the same number & in the case
6 €(0,1) and W € ¢% (L), where 6, = 1 — &, (£ = 0), is arbitrary real number in the case
§ = 1. In other words, Cauchy type integral of Holder class function also is a Holder class
function. This property plays key role in the theory of boundary value problems.

2. Sokhotski-Plemelj formulas

Let

where @ € co(L).
By W (t) and W~ (t) we understand the following:
+ 1
¥ () = lim ¥(2),
W (e) = lim W(2).
=

The following formulas are true and called Sokhotski-Plemelj formulas:
qﬂ('r)
T— t

@ (T)

Wt () = —qo[t) +—f
(1.2)

v (t) = —E';ﬂ[t)

3. Index
Let a(t) is a continuous function defined in L, a(t) # 0 at any point of L.
Definition
Augmentation of argument of function a(t) when traversing a curve in positive

direction devided by 2w is called index of function a(t) by contour L.
1
x = Inda(t) = o [arga (t)]; (1.3)

4. Riemann boundary value problem

Statement

Let L is a closed, smooth curve dividing complex plane into interior domain G* and
exterior domain G~. Functions a(t) and f(t) belong to Holder class of functions, also
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a(t) # 0. Determine analytic functions ®(z) and ®~(z) in G* and G~ including z = o
point respectively such that the following holds:

&*(t) —alt)e™(t) = f(t). (1.4)
Function a(t) is called coefficient of Riemann boundary value problem, f(t) —free
member. Supposing f = 0in (1.4) we get the homogeneous problem.

Now let consider particular case, when a(t) = 1. Taking into consideration Sokhotski-

Plemelj formulas (1.2) solution of the problem is:

0@ = — [ 22
2m T —=2

dr + C.

By demanding additional condition @~ (co) = 0 solution of the problem would be unique:

o() _ 1 @ (1)

- dT.
2m T —=2

Now let k = Inda(t). Also, let ®* and @~ are solutions of the homogeneous problem.
Denote by N* and N~ the quantity of their zeroes in G and G~ respectively. Then
k = N* + N~.Thus, k£ = 0, otherwise homogeneous problem has only trivial solution.
a) Let k = 0, then Ina(t) is a single valued function and In ®(z) is analytic, so we have
Ind*(t) —lnd (t) = Inalt).

From Sokhotski-Plemelj formulas we get

1 [lnal(t)
In®(z) = f dr,
2mt, T—=z2

hence

o(2) Cexp{ 1 f Ina(z) dr}.
L

2mi T—=Z
By demanding additional condition d () =0 we get € = 0. Thus, the homogeneous

problem has only trivial solution.

b) Let x = 0. Transform (1.4) into the following
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@ () — t*(t*a(t))o (1) = 0. (1.5)

Obviously, Inda, (t) = Indt *a(t) = 0, so

eI (D
iy (t) = ﬁ .

where

Tz) =

1 ln(T_”a[T}:l
L dT.

278 T—2

Then we have

e () @ ()
PCERR G,

. @) | o . L
As function rT(D IS analytic in ¢™ and function z @ 8 analytic in D™ except from

maybe at infinity where it can have a pole of order not higher than x — 1, then from

Liouvill’s generalized theorem we obtain

{ ') =" @ P 1(2)

@ (z) = e @z7*p_,(2) (1.6)
Now let
§t(z) = El’""l[zj
{5-[3) B e (1.7)
Obviously,
S*(t)
W=5o

Then general solution of the homogeneous problem can be represented in the form
®(z) = s(2)P._,(2).
Taking into account the equation above, the inhomogeneous problem can be written in the

form
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®*(t) @ (1) f()
s+(t) s s+t

(1.8)

Let

52 (@)

¥(2) = 2mi Jy St (2)(t—2)

dr. (1.9)

Taking into consideration Sokhotski-Plemelj formulas W(z) satisfies (1.8) equation.

a) k = 0, then §7(z) & z7" at infinity and &~ (o) = 0. Then the general solution of the
inhomogeneous problem has the following representation
®(z) =¥(z) + S(z2)P__,(z).
b) k < 0, then §7(z) has a pole of order - at infinity, thus for obtaining @~ () = 0,

we should determine necessary and sufficient conditions.

Clearly,

1 i -l

t—z z 22 gm "
thus
¥ (z) =5 (2) Z ziil,
k=0
where
1 [ flo)T*

£, = — dT.
k Em'L 5+(1)

Then we get the following conditions

ff[ﬂ’r"’
5+(1)

dt=0,k=0,1,..,—k. (1.10)
L

The problem has unique solution which has (1.9) form and f necessarily satisfies conditions

(1.10).

1.1 Statement of the problem
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Let T be a unit circle in the complex plane z, and let D* and D~ be the interior and
exterior domains, respectively bounded by the curve T. Also, by L'(p) we define the

following space:

E@1=E@Jﬁ={ﬁwmﬂm=fU&HMﬂHdﬁm}
T

where
m
p = [t -tk k=12..m (1.1.1)
k=1

t, €T, and a,, k= 1,2,..,m are real numbers. To formulate the problem we first

introduce some notation. We set
m
p®=p @] [Iroee—e™ (1.1.2)
k=1

where

m
p@ =] it -l
k=1

5 — {1, if a, < —1, B {[crk] + 1, if a, is noninteger,
oo, if ap = —1, ko a,, if a, is integer,

B, = a, —n, . Itis clear that §, € (—1,0] and p*(t) € L*(T).

We consider the Riemann boundary value problem in the following setting:
Problem R

Let f be an arbitrary measurable on T function from the class L*(p). Determine an
analytic in D™ U D~ function ®(z), ®(ce) = 0 to satisty the boundary condition:
Jim [[07(rt) —a®)e™ 770 — f(Ollz g,y = 0 (1.1.3)
where alt), a(t)# 0 1is an arbitrary function from the class cs(T), 6 = 0,
Dt ={z|z| = 1}, D~ ={z: |z| = 1} and ®% are the contractions of function ® on D=

respectively.
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1.2 Preliminary results

1.2.1 Inthecasea; =—1, k=1,2,..,m

Lemma 1.2.1

Ler t, €T, t; #t;, i #j, and let Ay € [0,1), k=12,..,m, § =0 be arbitrary real

numbers. The following assertions hold:

(1-7r)°
@) sup _Ilth_,—rl‘l an | ldt] < C,
k=1

re(01) t, — tlt|t —rt]
b) sup —Tl‘lkj ldt] = €
re(0.1) L3 H - tl IT -7t I2
c) sup |t, — 7l k[ ldt| < C,
:}'J"EI:U?].:I ¥ Itk _Ttll-hlk IT I

where C < oo is independent of T.

Proof. We choose half-open intervals T, € T such that
T:UTI{,tI{ETk’ T:ﬂ?TI:E'_, I.:=_j|'_

Then for any € (0,1) and T € T we have

m
.
1 (R ay ——— del <
Ik m i
Tszlltk — tlt Jr — 7t

k=1

< ¢ )l — <l _
a 1, |ty — t1*%|T —rt]

It is enough to show that forany t, € T

It, — 7 f A-m° |
sup |t,— 1 t] < co.
re(0.1) ° Itn - tl‘l IT — tl

Taking into account that
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(1—17)°
sup f ldt| = sup (1 —)%1In|1 — 7|7t < oo,

re(0,1)4T T - Ttl re(0.1)
we show that
(1—1°lte — 7I* — |t — £

re(0,1)T Itn — t|‘1|T — 1t

ldt] <

Since ||tn — ]t - Ity — t|1| < Clt — ¢t} (see [42]), it is enough to show that

(1—7)°0r — ¢t
sup fl ldt] < oo
re(0,1)/T |tn — tl |t — 7t

Indeed, we have

[ G-n® f e
< t] <
rlty — tlt |t — rt[1-2 Itn—tlllr rt|1-4-6;

[1_)5 51 J 1_ )551
[z -

-t — t]1-52 51 rt|1-%s

ldt| < ¢,

where &§; € (0, §). This completes the proof of assertion a) of the lemma.

To prove assertion b), similar to the case a), it is enough to show that

to—7l* | LS A€ (01
sup |tp—T t| < co, e (0,1).
remllj o Tltn—tllh—rtﬁ

Taking into consideration that

H[ Idtl_a:f . +1),
Itn—tlih— rt|? Ity — tltlr — rt[2-2

1—72

Li(rt)= dtf,
LG 0) fl —ladl

tg—tlzl-r Itn - tl‘1 IT -

we set

2

1—r
Lirt =f dt|.

tg—t|=i-r Itn - tlllT -

Since |t, —t| = 27|ty — rt| for |t, —t| = 1 — r, we can write
— 72

- TII‘]'IT re|2-4

L (r, t){zflt
1]
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1 — 72 1— 72
<2 f—ldt|+f—lait| =81
rlty — rt|? r It —rt]?

To complete the proof of assertion b) of the lemma, it remains to observe that

Lr,t) < fl

gl=1

= O,

|dg
LTl =

Next, to prove assertion c), we first observe that

i
-1 dt| <
| Jltk—rtl“‘lh |I |

f (1 —r2)| lt, —7l* — |t — Tt|‘1| f (1 — )|t — 71 — |ty — rt]?] el

t, — rt|1* e — 7t lt, — rt|lt — rtl

Hence taking into account that

(1 —72) — 2}
| el < [ = f Lo e =
It, — rtllt — 7t |k It — rtl

we can apply Holder inequality to obtain

J (1 —2)|lt, — l* = 1t — rtl?] el < ‘:J (1—r2)
T Itk—T‘tIl""lIT—TtI = Uyt — et — 14

_E(Jl —*rl2 f|_ |zldtl)=::m

and the assertion c) follows. Lemma 1.2.1 is proved. O

ldt]

Let x =inda(t) and tE€T. It is well known that the function a admits the

representation (see [15])
S*(t)
S=(ty

alt) =

where

§*(2) = exp{ 1,f In(t‘”a(t)) dt}, 2€D*

2T Iy t—=z

57 (z)=2z7% exp{ l,f in(t™a(®)) dt}, zE D™,

2L Jr t—=z

(1.2.1)
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st ec®(DdFHand [S~(2) = 0(lz] ) as z = oo.

Also, by N we denote the following:

N= ) n. (1.2.2)

=1
Lemma 1.2.2

Let a, > —1, k=1,.2,..,m, f €L*(p), and ®(z) be some solution of the Problem R.
Then the following assertions hold.

a) If N+ x = 0, then ®(z) admits the representation

5(2) o N 5(z)P(2)
2mill(z) Jr S*(t)(t — 2) n(z) ' (1.2.3)

d(z) =

wherez € D* U D™ ,P(z) is some polynomial of degree N + k — 1, and

@ = | [ —om.
k=1

b) If N+ k < 0, then ®(z) has the representation (1.2.3), where P(z) = 0 and the

function f satisfies the conditions:

fFe)MI(E)
T ST(t)

Proof. First let N + x = 0.Since —1 < @, — n, =0, we have

t*dt =0, k=0,1,..,—(N+K) — 1. (1.2.4)

. ot (re)II(t) @ (ron() fenle) B
TI—I:EUL sty S () St ldt] = 0.
Denote

(g = b (rz)(z)

Y. lz)= —5+ @
~ &~ (r~1z)I(z)

¥, (z) = @

+ — (-1
£(t) = i ;itgg[t) 2 [;[?}H[t}, el = 1.
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Then we obtain the Hilbert boundary value problem W, (t) — W, (t) = f.(t) with respect
to function ¥,. Taking into account that the function ¥, has a pole of order N + x — 1 at

infinity, we can write

1 [ f.()dt

2miJy t—z

wi(z) = +P(z), zeD*,

where P.(z) is a polynomial of degree N + k — 1. Since

fmnle) @(2)1(z)

I (t) = —5+ D ¥.(z)— 572

as T — 1 — 0, by passing to the limit we complete the proof of assertion a).

Now let N + x < 0, then we have B.(z) = 0 and

S(2) fOne)

*@ =@ h s -2 %t

Taking into account that the function §(z)(I1(z)) *has a pole of order —(N + x) at infinity,

the assertion b) of the lemma follows. Lemma 1.2.2 is proved.o

Lemma 1.2.3
Let f € L' (p) and

S(2) foIe
2mill (2) Jp ST()(t —z)

K(f,z) = z€DTUDT, (1.2.5)

then
IK* (F, 70) — a@K™ (£, 7 Dllx o, < CllFll 2.

Proof. We set
K¥(f,rt) —a(t)K (f,r71t) = L(r,t) + L, (7, 1),

where
_§T(rt) —a(t)s~(r ') f(DII(T)
Lr,t) = 2mill (rt) RO
and
a()S~ (1) [ 1 flon)
Lt =——0 (n(n) L5+ OG-0~

31



1 f f@n(o) . )
o0 kst@E—r10 )

Since |S*(rt) — a(t)S~(r~*t)| = €(1 — 7)° for & = 0 (see [42]), we obtain

c(1-n° [ If@InE@I

drl.
TGO Jr 57 —rel 7

LG, 0l <

Next, we have
L(r,t) = 17 ) + 1P(r, 1),
where
(1) a(t)s~ ('t f(DI(T)
L (r,t) = : T,
2uill(rt)  Jp §*()(z —rt)2

a(t)s~(r )y 1 1 fFOI(T)
— T.
(l’[[?"t} H[T‘lt}) r ST(1)(T — 7t)

52 (r,t) =

21

Taking into account that the function a(t)S~(r*t) is uniformly bounded for r = 1 — 0,

we obtain

c If (OlI(DI(1—72)

(1)
I Lt dtl,
2ol <meaih o
\ 1 1 f(DI(T)
2)
I Lt ﬂ'l — dt|.
"0l < N(rt) HO(r i)l |t —rtl ldr|

Assuming that a;, = —1, we can write

_ )
{sfltn t)%)[—iﬂiﬁi—mlmn
= CJPe e | S — ey T

where p”(t) is asin (1.1.2).

By assertion a) of Lemma 1.2.1 for § € (0,1) and 7 € T, we have

sup p* (1) | ———|dt| < oo.
TEI:UI?ljp TP" [t)h‘ —rt|

Therefore
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||f1[T,t]'||L1{P:| = C”f”[,i[pj-

And we have

(1-r)8
(Bl —rtl?

1695,y < € [ @1 @ | aclldel.

By assertion b) of Lemma 1.2.1

2
sup p"(1) (-ry

ldt] < oo.
rel0,1) TP" (t)IT - T‘tlz

Therefore

112, Ol 1y < CMF Nz

For evaluating f;_:?':' (r,t) integral function at the interval T, we firstly prove the following

inequality:
1 1
n(rt) M(r-1t)

- {:‘( 1—r 1—r )
et + .
lt, —rtlme |t — rt[mett (1.2.6)

Let make the following notation:

. I(t)
(k) R
n () = Gt
We obtain
| 1 1 B
nre) nG-iol

| 1 1 1 1
Mt — )™ MG (t, — i)™ O(r1t)

1 ( 1 1 1 1 1
(t, — rt)™e \II,(rt) B Hk[r—lt}) + M, (r—1t) ([tk — ) (t, — T‘lt}“k)
1

T ey, — el

1 1
M, (rt) B I, (r—1t)

1 | 1 1
_|_ —
I, (r 1) 1(t, — rt)™e  (t, — r~1t)™

1—71 1—71 )

= ﬂ‘( +
lt, —7t|™ |t — rt|mt]

So, we have
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p®I|(nG)) ™ - (nG10) |

(2) < J - f dt
5" 0llz,, < @@ @ | T— |dzl|dt].
Taking into account that for any 7 € T,
-1 -1
" f p(®|(nG0) ™ - (nG0) ||a: |

su (1 t] =

TE{UIi}ljp T It — rtl
m m

(1—-7)p=(7) (1 —r)p=(z)
iz 2 Mg —L Idt|+z 2 Np—o+1 Idtl

£ I, It — rtllt, — rt|me—% £, It — rtllt, — rt|mea

we can apply assertion c) of Lemma 1.2.1 to obtain

O |(meo) " - (ne1o)™
sup p”[T)LP |( i |)T—’rt[:| i ) ||dt|=::oo.

rel0.1)

Hence
1126, Ol 1, < CMF Nz

Now we assume a,, k = 1, ..., m are arbitrary real numbers.

So we have

1—-71)8p, ] [ If @) lldz]
T (rt)| T It — 7t

(1 —1)%|p, (O)]ldt]
r I(rt)llr —rtl

(
It Dy < € [ el
T

<c [ IF @ p@p" @ \dl.
T

Finally, taking into account that

a—nflp,@llael _ (1)l
el —rel L Lk —rtl

p° (1)
we can apply Lemma 1.2.1 to complete the proof of Lemma 1.2.3.0

1.2.2 R” class of functions

Definition

Givena = {ay,a,, ..., a,,}, we say that a function a(t) belongs to the class R® if
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. + — =1 —
lim [157(rt) — a(®S™ G Ol = 0. (1.2.7)

Let construct example of a function which belongs to the class R.

Example: The function

a(t) = cosY g(ﬁ (1 — %)lk) , (1.2.8)

where t € T, y is an integer and A, are nonnegative integers, belongs to R®, provided that
Ap = —n,— L
It is obvious that y = ind a(t), and if y = 0, then §7(z) = 1, and
m
T te\
S (z) =cos™Y —(l_l (1 ——k) ) )
2 b4
k=1

We have

IsT(rt) —alt)S (i)l = C

m m
l_l[t‘f —r i)t — l_I[t‘f — )M
k=1 =1

Therefore for t € T;, we can write

IS*(rt) — a(t)S~ (1)l p. (1) < c(1— )t — re|™H e, — ¢,
Hence, taking into account that 4, + n, > —1, we obtain al(t) € RY. Similarly we can show
that a(t) € R* iny < 0 case.

Lemma 1.2.4
Leta(t) ER" anda; = -2 forsomej € 1,...,m. If

2
P(z) = Al(tj‘ —z) + Az(tj —z) 4+ A_nj—l[tj —z)7Nt
satisfies the condition

lim IS*T(rt)P(rt) — alt)s~ (r )P 1t)|p,.(t) |dt] = 0

r=1-0J; |8

for some 0 < § < min|tj— tyl: ] # k., thenP(z) = 0.

Proof. Since
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STrt)P(rt) —a(t)S )P t) = L(r,t) + L(r.t),
where
L, t) = (STGt)P@t) —alt) S~ (r~ 1)) P(rt),
Lr,t) = a®)s ) (PGt) — P tt),
The condition a(t) € R® implies that ||, (r, t) || e, = 0.
Let A; # 0, then we have
|P(rt) — P(re)| = (1 — 1),
where |t; — t| < (1 —7),C = 0.
Hence

(1 —7)ldel

tj—rt| <C(1-1) |tj — ’rt|_ﬂj|tj —t

fmmﬂm&wnz[
T

|ﬂ_ii—|5fji'

Since |tj — ’rt| = 0(1—7) for |tj — t| < C(1 — 1), then we have

Cl1-r)
f 1L (r, ), (D) Idt] = (1 - r}“ﬁlj > (1 - ),
t;—rt|<C(1-T) 0 g
implying that 4, = 0.
Now assume that 4, # 0. Let k be an odd number and 4; = 4, = --- = 4;,_; = 0. Then for

|tj - T‘t| < C(1 — 1) we have
k-1
|P(rt) — Pt = (1 =D, —t| .
Therefore,
ke+o—n

(1 —D)t; — ] gt

tj—rt| <C(1-1) |tj — ’rt| i

f |Q&Mm®ﬁﬂ21
ti—rt =8

Ci{l—r)
= [1 _ Tjﬂk-'-lf Hk+ﬂ'j—ﬂj—1d8 — E[l _ T}k+aj+1.
0

Taking into account that k + @; + 1 < 0, we obtain

lim |, (r, £)| p,.(t) |dt| = 0.

=101, 1| <8
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If k is an even number, then we have
Cil-r)
f 1L, O)lp,(Olde] > (1— )t f o+ 149 —
r—t|<d c(1-1)2
— [1 _ T}k+ﬂj+1 E:A _ B[:]. _ T':}k-l-a_ii_ﬂ_ii)_

Taking into account that k + a; — n; = 0, we complete the proof of Lemma 1.2.4.0

In what follows in this chapter we assume that
= 0 = = a,

Ay = —1 (1.2.9)
qm.;|+1 :} _1

Lemma 1.2.5

Letk; = —n;,j = 1,2,...,m,, then

lim s%n)ﬂ(rj—rr)"f—a[t)s‘[r‘lt)l_[(t;—?"‘lt)kj =0 (1.2.10)
i=1 j=1

r—=1-0
L*(pr)

Proof. Since

St (rt) l_l (t; — )Y — a(®)s~ Gt H(tj )Y =L ) + L D)
i=1 j=1
where

L0 = (570t —a@s~0) | [(5-r0)",
j=1

L(r,t) = a(t)s™ (r~1t) l_l(tj—rt:lkj —l_l(tj—fr‘lt)k*"
j=1 j=1

In view of |ST(rt) — a(£)s~(+~1t)| = ¢(1 — )% and 6 = 0, we obtain

m

Ll!l[?", tlp,(e)lde]l = (1 —T)EZI

ry e, —re] e, —t

|tj—?"t|kj|dt|

|'J"I:_ii—|5f_ii

i=1

So, we will get
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lim f 11, G 0)[ldt] = 0
r—=1-0 T

Since for t € T;

mg mg
l_l(ti ) l_l(tj—r‘lt)kj <C |(tj ) = [:tj—’r_lt)kl <
=1 =1

< C(1 —T‘]‘ltj — ’rt|k_1,

then we get

o —rtlle,— o7 @

S |dt|
Luz(r,tnp,,(t)mﬂ <cl1 —T);Lj |

Taking into consideration that n; — @; < 1, we obtain
lim f I, Gr, Ollde] = o.
r—=1-0J7

So, lemma is proved.o

Lemma 1.2.6
Let a, = —2 forsomek, 1 = k<m, a(t) € R® and
i
@, (z) = Etk—Z)_ﬂkl_[(tj—z)ﬂj. (1.2.11)
i=1
If the function
A, A, Ay, )
= wwn _—_— ':D
¢x(2) ((tk —z) " (t, —z)? T (t, —2z) ™ «(2) (1.2.12)

satisfies the condition
L|S+[Tt)q:r§“ (rt) — a(t)s™ r )@y (rt) |, (Dldt| - o,
then ¢, (z) can be represented in the form
@ (2) = Ag + (t, — 2) @y (2), (1.2.13)
where @, (z) is analytic at point t,, function, and 4, is some complex number.
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Proof. By Lemma 1.2.5,

fl | |(t, —rt) "k ST (rt) o (rt) — alt) (t, — r 1) ™S~ (r 1), (rt)lp, (t)dt] = 0,

as 1 — 1 — 0, we can conclude that the function

(—ng—1) [t )(t B )—ﬂk—l
0:(2) = o () (1 — 2) + - + 2 [k_m:;! -

also satisfies the condition

fl . IST(rt), (rt) — a(t)S~ ()¢, (rt)lp,.(t) |dt] — 0.

By lemma 1.2.4, the numbers A;,4;,..,4A_, 1 can uniquely be determined from the

conditions:

A, F'ty) +A_, F(t,) =0
A, F'(t ) + A, F'(t) + A, oF(t,) =0

—Ty—

lF_ﬂk_l[tk) + "'+A1F[tk) - U

—Ty—

(1.2.13)
A, F(t,) + A

i
Choosing A_,arbitrarily, the numbers 4;,4;,....,A_, _; can uniquely determined by the

above system. Taking into account Lemmas 1.2.4 and 1.2.5 we complete the proof of

Lemma 1.2.6.0

1.3 The main result
Theorem 1.3.1
Let f € L*(p). Then

Jlim JIK*(£,76) = a(OK™ (7,770 = F Ol = O, 13
where K(f,z) is as in (1.2.5), that is, K(f,z) is a solution of the Problem R, when

N+wx=0.If N+x=<0, then K(f,z) 1Iis a solution of the Problem R if and only if f

satisfies the conditions (1.2.4).
Proof. Let f = 0 in some non-overlapping neighboarhoods T; (k) € T of points £, and let

T; denote the union of these intervals. Then the function
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f@n(r)dr

R XTC T

is analytic in Ty, and its Taylor series at points t;,i = 1,2,..., m has the form

@, (2) =A0 + AP G-t + 4+ AP @ -t )F 4 -,

where
L k! f@n(z)dr
(0 _ . i=12,..,m
ooo2mi Jp ST () (T -tk
We have
K¥(f,rt) —a(t)K (f,r71t) = L,(r,t) + L, (r, 1),
where

St(rt)d,(rt) — a(t)S~ (r1e)d, (r1t)
(rt)

IL(rt) =

r

LG = a@S™ G109, 610) (- [L) - [Tl_lt)).

Since |®,(rt) — ®,(r *t)| < (1 — 1), t € T, then in view of
IS*(rt)@, (rt) —a()S ), 1) < c(1 — r)?
ford = 0,7 = 1 — 0and every t € T; we obtain

(1—1)%p,(e)]dt] s
<C . 16O <Cc(1-71) X lp~ (t)dt].

L L (ro) p, (D)t

Also, for t € T; we have

f () p, (0 dt
I

g::i Tiku—rj( ! + - )Ip,,[t)lldtli

lt, —rt|™ |t — re]mett

mn
<Cc(1-71) Z ([ It — t, |7 x| de| +f lt — tk|ak—nk—1|dr|).
=1 Iy

1 1

Next, let t € T\T;. Since f(£)11(t) € L*(T), the function

S(2) 1 fon(ode
2m Jr ST (1)(t — =)

D, [Z:]' =
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satisfies the condition
l®oF (rt) —alt)e; 1) — FOOEN2 -0  r-=1-0.
Thus, the theorem is proved for a function vanishing in neighboarhoods of points t,
k=1,.. m.
Now let f be an arbitrary function from L'(p). Then for any £ = 0 a function f. € L*(p)

can be found to satisfy £ = 0in T; and I|If — f.ll;2,,, < &. In view of Lemma 1.2.3 we can

(P)
write
IK*(f, 7t) — a(® K (f, 77 ) — f()ll2(py =
< IK*(f = £.m0) — a@K (f — £, " Dl +
HIK (% rt) —a @K™ (om0 — fllag + If — fllagy <
< Clf — fllgp + 1K (£, 78) —a@K™ (£ r7e) — fllizgs,y.
Taking into account that IIK™(f£,7t) —a(OK (f,77't) — £l = 0,7 =1 -0, we

complete the proof of Theorem 1.3.1.0

1.4 Investigation of the Problem R in the case @, > —1,k=1,2,..,m
1.4.1 General solution of the homogeneous Problem R
In the theorem 1.4.1 we state the general solution of the homogeneous Problem R in the
case a;, = —1, k= 1,2,..,m.
Theorem 1.4.1
The following assertions hold.
a) If x =0, then the general solution of the homogeneous Problem R can be

represented in the form:

m Ty Al:;k-:l
(@) =5@ | ), ) 7t +P@ | (1.4.1)
k=1j=1 "k

where P(z) is a polynomial of degreex — 1 forx = 0 and P(z) = 0 forx = 0.
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b) If x <0 and N + x = 0, then the general solution of the homogeneous Problem R

can be represented in the form:

S(z)P(2)
@, (z) = e (1.4.2)

where P(z) 1s a polynomial of degree N + k — 1.

c¢) If N + x < 0, then the homogeneous problem has only trivial solution.

Proof. Let

k-1
P(z) = Z Az
k=0

Since ST (rt) —a(t)S (1) = c(1 — )%, we have
ISTFOPGL) — alt)sS ()P 1) = (1 —1)8.

Therefore

lsT(rt)P(rt) — alt)s™ [T_lt)P[T_lt)HL:{P:I S50,r—=1-—0.

Setting @3, (2) = 5(2)(t, —2) 7/, j < ny, k = 1,...,m, we can write

@7, (rt) —a(®) @G0 < [T (e, — ) —a(®)S~ O, —r )] <

IS*(rt) —a(t)s~ (1)l o 1
= |t, — rt|] + la@s™ G0l (t,—7rt))  (t,—r-1)il =
- ([1—105 1 1 ){ ([1—r}5 (1—1) )
=t |t, — rtli (tk—’rt)f—l_(tk—r‘lt:}f =C |tk—’rt|f+|tk—rt|f+1 '

Hence

(1—7r)p(t)|dtl (1 —7)p(t) Idtl)

lt, — reld r |t —rt]itt
k k

7t — a0, <6 ( f
) T

Since j < nyand n, — @, < 1, the last integrals tend to zero as v = 1 — 0. Thus, the
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assertion a) of the theorem is proved. Assertions b) and c) can be proved similarly. Theorem

1.4.1 is proved.o

1.4.2 General solution of the inhomogeneous Problem R

In the theorem 1.4.2 we state the general solution of the Problem R in the case
a, =>—1, k=12,..,m.
Theorem 1.4.2

The following assertions hold.

a) If N+ k=0, then the general solution of the inhomogeneous Problem R can be

represented in the form:
®(z) = K(f, 2) + ¥y (2), (1.4.3)

where K(f,z) is as in (1.2.5), and &, (z) is the general solution of the homogeneous
Problem R.

b) If N + k < 0, then the Problem R is solvable if and only if f satisfies the conditions
(1.2.4). And the solution can be represented in the form (1.2.5).

1.5 Investigation of the Problem R in the case of arbitrary a;, k = 1,2, ..,m

In the theorem 1.5.1 we state general solution of the Problem R in the case of arbitrary
numbers a;, k= 1,2, ...,m.
Theorem 1.5.1
Leta € R®. The following assertions hold.
a)If N +x = 0, then the general solution of the inhomogeneous Problem R can be

represented in the form:

i)

where K(f,z) is as in (1.2.5), A, is an arbitrary complex number for x =0 and A, = 0 for

o) = K(f,2) + 5@ 4+ (15.1)

k =0, and P(z) is a polynomial of degree N + x — 1.
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b) If N +x < 0 and x = 0, then ®(z) can be represented in the form (1.4.3), where

®,(z) = 0 and f satisfies the following conditions:

f(t)
TST(t)

c¢) If N <= 0and x =0, then Problem R has a unigue solution:

n(t)t*de =0, k=071, ..,—(N+x) —1. (1.5.2)

®(z) = K(f,z) + A,®,(2), (1.5.3)

where

_ 1 rf@®
O 2miJrSt(t)

() ¢~ W+t (1.5.4)

and f satisfies conditions (1.5.2) if k # —N — 1.

d) If N + x < 0 and N = 0, then Problem R has a single solution ®(z) = K(f,z) and f
satisfies conditions (1.5.2).
Proof. Let @ be a solution of the Problem R. Then we have

| et (rt) o (') f(1)
THEUL st S st

@l @®]ldel = o,

where
j m
Pjr[z) = l_l[tk—?"z)“k, H[E) = 1_[ [tk—z)“k_
k=1 k=j+1
Denoting
& (rz)
¥, (z) = 57 (2) P;(2) B (2)
-1
vr(z) =2 (TE )3} P, ()P (2)

we obtain the Hilbert problem for function ¥, (z):
wr(e) — ¥ (o) = f.(0),

where

f(®)

e P;.(£)B (t).

f(t) =
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Taking into account that the function ¥. (z) has a pole of order —n, at point

IN

t =7"'t,, k= 1,2,..,j and at infinity [¥ (z)| < C|z|¥**~1. Also, denoting by

A A0 Ao

(tk —1Z) (tk —rz)? [tk — rz) Mk

Qw [3) =

the principal part of Laurent expansion of function ¥ (z) at point r~*t,, we obtain
My My
¥ O (9O - ) 0 ® | = £O + ) 0. (15.5)
k=1 k=1

Next, assuming that N + k = 0, we obtain

IR
v,(2) ZEm'LEr—zﬁ”;%@%[ﬂ)’

where PB.(z) is some polynomial of degree N+ k—1 for N+ x =0 and B.(z) =0 for

N+x=0.
Since £. () = f(O)I()(S*(£)) ! in L', we have

®(z) =K(f.z) + EZEQ;(&) +P(z)), (1.5.6)

where
ck ck ck,
+ _|_+—k ;1:=1,2,...,m.
(te—2)  (t,—2)? ’

(t, — z)~™’
It is clear that the function

Qk[z} =

$(z)P(2)
M(z)

satisfies condition (1.1.3). Hence the function

H[ :}Z Qk[z)

also satisfies condition (1.1.3). Therefore, in view of Lemma 1.2.6 we obtain the following

representation:
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P[Z))
: (15.7)

®(z) = K(f,z) +5(2) (AU + o)

Assume that N+ k<0, k > 0. Since a € RY, then A4,5(z) is a solution of the

homogeneous Problem R. Hence the general solution of the inhomogeneous Problem R can

be represented in the form:
®(z) = K(f,z) + A,S(2),
where 4, is an arbitrary complex number.

If N=0, Kk=0, then the function §(z) has a pole of order -k at infinity. Hence
Ay5(z) is not a solution of the homogeneous Problem R. In order to satisfy the condition
@®(o0) = 0, it is necessary to find 4, from (1.5.4), and to require f to satisfy the conditions
(1.5.2) fork = —N — 1.

Finally, for N+ x < 0, N =0, clearly we have 4; = 0 and f satisfies the condition

(1.5.2). Theorem 1.5.1 is proved.o
Theorem 1.5.2

Let a € R®. The following assertions hold.
a) If N+« =0, then the general solution of the homogeneous Problem R can be

represented in the form:

i)

where A, 1s an arbitrary complex number for x = 0 and A; =0 forx =0, and P(z) is a

o(2) = S(2) (AU + (15.8)

polynomial of degree N + k — 1.

b) If N+ k<=0 and k =0, then ®(z) = A,5(z), where A, is an arbitrary complex
number.

c¢) IfN+x <0 andx <0, then the homogeneous Problem R has only trivial solution:

d(z) = 0.
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CHAPTER 2.RIEMANN-HILBERT and DISCONTINUOUS RIEMANN PROBLEMS IN

THE WEIGHTED SPACES L'(p)

2.1Riemann-Hilbert Problem

2.1.1 Introduction
If not stated opposite we will use here the same notations as in Chapter 1.

Let ®(z) is a function defined in D*. By @, (z) we understand the following (see [59]):

®.(2) = —m, 2.1.1)

z
where @ _(z) is defined in D ~. It is well known that this operation is symmetric, thus
[®.(2)]. = ®(2).
Properties
1. If ®(z) is holomorphic (meromorphic) function D7, then &, (z) is holomorphic

(meromorphic) in D ™.

Suppose
agz™ +a;z™ 4 -+ a
{]][Z) — 0 1 'ﬂ“!’
boz™ 4+ byz" 1+ -+ by,
then
A gz ™+ @z ™+t @,
@, (z) = —@ (—_)=— 0 = _
z boz™™ + byz "1+ -+ b,
2. If
dJ(z:}:Zakzk, ze DT,
then

oo

¢H[z)=—Za_kz_k, z€ED™,

— o0
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Thus, if ®(z) has a pole (zero) of order k at the point z = 0 (z = o), then ®_(z) also has a

pole (zero) of order k at the point z = w (z = 0). So, if @ is analytic in unit circle, then ®,
is bounded at infinity.

3. Let ®*(t) = lim,_. ®(z),z € D*. Then, there exists

1
&7 (t) = limd, (z) = lim—® (—_) = —d+(t).
F—=L F—=t =

So, if we define function ®(z) as follows:

_(@(2), ze DT,
¢[z)_{¢x[z), zED,
where ®(z) is holomorphic in D* and @, (z) is holomorphic in D~, then

@ (t) = -0+ (t), @7 (t) = —@~(t). (2.1.2)

4. Let W(z) is the Cauchy type integral of function ¢(t). So,

1 [t
qj(z:}=ﬁ rt—=z

dt.

Then,
1 1 (t)
k4 (—_) = let
z 2m Jr e — =
Z
and
1 1 (t) 1 () _
l]iﬂ[z):_l.,]i(__)=_ ';ﬂ' 1dt= J';ﬂ T .
z 2miirt — - 2mdrf—=
By substituting
- - — i dt
t =e® dt =ie®df, dt = —ie ¥df = — =
we have

1 t 1 [ ze(t) 1 [ () 1 [ o)
¥.(z) = - f qo[}l dt = f P ar=— | 2 dt——,fqo—dt,
2mi Jr g2 (f__) 2mi Jrt(t — z) 2mi Jrt—z 2miJr t

Zz

thus

2mi Jrt—z

Y. (z) = L [eW dt — 2?1:;'[ q}iﬂ dt. (2.1.3)
T
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2.1.2 Statement of the problem

We consider the Riemann-Hilbert problem in the following setting:

Problem H

Let f be a real-valued, measurable on T function from the space L*(p). Determine an
analytic in D™ function ®(z) to satisfy the boundary condition:

lim [IRe(a(®)@t)} - f(O)ll2,, = 0, (2.1.4)

where a(t),a(t) # 0 is an arbitrary function from the class c5(T), § = 0.

By taking into consideration
Rela(t)®(rt)} = % (a(D)@(rt) + a2 ()

equation, (2.1.2) can be represented as follows:

11rn ||a[t)¢(rt} +al(t)®(re) —2f [t)HLiI:P ;=0 (2.1.5)

Our goal is to transform condition (2.1.4) such that it has the same representation as
convergence condition (1.1.3) in Riemann boundary value problem (Problem R) which is
fully investigated in Chapter 1. Then we will reconsider Riemann-Hilbert Problem
(Problem H) as a complicated application of the Problem R. In other words, by applying
fundamental results attained in Problem R we will solve the Problem H.

Taking into account (2.1.1) and (2.1.2) we come to the following contractions of function &
on DT and D~ respectively:

d*(z) = ®(z), ze DT,

1 2.1.6
d (z) = - (—_) zED™. ( )
z
By taking into account (2.1.6) we can rewrite (2.1.5) as follows:
oy @@ 2@l
lim | (rt) amm (r=7t) — 200 =0. (2.1.7)

pn

It remains to make some minor changes in the view of (2.1.7) to get exactly the same
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convergence condition as in Problem R. Denote,

a(t) 2f(t)
o PO Ly 9w

As a(t) € ¢°(T) with some & = 0, obviously g € L*(p) in T. Also, if ind a(t) = K, then

ind D(t) = —2x,. (2.1.8)

From (2.1.8) it is obvious that the function D (t) has index of even number. We will denote
it by x and take into account that ind D(t) = x, where K is even number.

So, we have come to the following Riemann Problem.
Problem R

Let g is some measurable on T function from the class L*(p). Determine an analytic in
D* U D™ function ®(z), ®(w) = C to satisfy the boundary condition:

Jim flo* @0 — DO~ — g(O)ll2g,,, = 0, (2.1.9)

where D(t),D(t) #0 is a function from the class C°(T), § = 0, and ®* are the
contractions of function ® on D* respectively.

Suppose ®(z) is a solution of the Problem R. Then, generally it may not be a solution of
the Problem H as well. For ®(z) to be a solution of the Problem H it is necessary and
sufficient that &(z) satisfy to the following condition:

@, (z) = &(2), |lz| # 1. (2.1.10)
Besides, @.(z) is also a solution of the Problem R. So, we will give the general solution of

the Problem H with the following formula

nmﬂ=%@@+¢@ﬂ 2.1.11)

where ®(z) is the general solution of the Problem R.

2.1.3 Solution of the Problem H

Let
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U — Iv

D= — (2.1.12)
u—+ v
where u and v are real-valued functions, such that a = u + iv.
It is well known that the function D admits the representation (see [15])
ST(t)
Dit)= .
© 57(t)
where
1 [ In(t™D(0))
5% (z) = f dty, zeD™,
@) = exp {Em' r t—z } z
2.1.13
e e (B[ HEODY e
= t¢, ZE s
gz oew 2miJy t—z z
st ec®(dFHand IS~ (2) = 0(lz] ) as z = oo,
Taking into consideration (2.1.3) (see [59])
1
5.@ =5(2) =2%s@. (2.1.14)
z
Also, from (2.1.2)
STE) = S7(t) =t*s~(1). (2.1.15)
Suppose
1
M.(z) = n(—_), ZED™.
z
Now we evaluate function II,(z).
m 1\ (—1)¥ m m (—1)¥ m
n@=[1G-5) - [e-wn] o -rna] Ja
k=1 k=1 k=1 k=1
Thus we have
(—1)¥ m )
0. =——1@ [ [ (2.1.16)
k=1

With the same manner we conclude

m

FRY.
W=[ ? H(t}l_[tk_“k.
k=1

t;
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Let

$(z) f()a(e) P
KD = h o im e 2€P7UDT (2.1.17)

Asin (2.1.1) suppose

1
K.(f.z) =—-K (f, E)'
Taking into consideration (2.1.12), (2.1.14), (2.1.16) and (2.1.3) we have:
zV8(z) (if f(OI(t)dt 1 f fF(OYI(t)dt )
T

1(z) \mi 570 w—i)t¥(t—z) mitrST(0)(u — iv)th+1

K.(f z)=

Obviously,
(u—w)5 (t) = (u+w)s(t).
So, from (2.1.15) we get

NS (1 [ FOEEHROOdt 1 [ OV I de
11(z) (E rSTOu+ ) t—2 wly ST+ vt )

K.(f,z) =

Now we evaluate the following:
1
a(f.2) = (K (f.2) + K.(. 2).

Obviously,

S(@@) FOI(E)dt
2midl (z) Jr ST () (u + i) (t — z)

a(f,z) =

z”H.S'[z}( F(Ot™ @8 (H)dt f[t)t—'i*'*’“?'ﬂ[t)dt)
2mill(2) \JrS*(Ou+iv)(t—z2) N S+@©Ow+ive /)

S(z)

alf.2) =0 (2) (ZN

o [ FOEERI()de FOI(8)dt )
SOt t—2  hstOut+)t—2)

Z¥5(z) [ FE) e~ r(e)dt
 2mifl(z) r St u+ivt

By some easy calculations we will get
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lqgﬁzsg)( (¥ + e ) (Dt NHL FOI@dt

2mill (z) \Jr S+(t)(u + )tV +%(t — z) B SH(e)(u+ iv}r"-’“ﬁl)' (2.1.18)

Theorem 2.1.1

The following assertions hold.

a) IfN + k = —1, then O(f, z) is a solution of the Problem H, where 0(z) is defined as
in (2.1.18).

b) If N+ < —1, then QO(f,z) is a solution if and only if f satisfies the following

conditions:
f(t)
r (u(t) + iv())S+(t)

Proof. By taking into consideration Q(f,e) = C, the proof of this theorem directly follows

n) tde =0, k=01,..,—(N+x) —2. (2.1.19)

from the theorem 1.3.1 in Chapter 1 and from the definition of function Q(f,z). o

Suppose N + k = n = 0. Then, let

B 5(z)P(2)
W(z) = W

where P(z) is a polynomial of degree n.

Let evaluate the following function

1

W (z) =—-w (—_) zED™
zZ

By taking into account (2.1.14) and (2.1.16) we have:

m

(—1)N+1zN+xg(7 — 1N
v.(2) = D T Temr ()
{z) z
k=1
Let
P(z) = cyz" + c1z" 1+ -+ ¢y,
then
N __ +1
P(—_)=cnz T4z ety
z
Thus,
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m

1_[ ty (Cg+ 612+ = + T2V ).
k=1

[_ 1)N+15[3) .

v@ =5

Suppose W, (z) = ¥(z), |z| # 1. Then, we have

(—D™'s@) T S(z)
| |tk e+ iz -+ Cp2t) = coz™ 4+ 12"+ + ¢y
THNEE S AR n) =y (0 aF T a)
So we get
m
(- rl t* (G + Gz + -+ Gz") = (cpz" + 2" T+ -+ ¢)
k=1
and
m
[—1):'“_15{1_[ t.rcﬂk = CNtx—1r [=01,.. N+x (2.1.20)
k=1

For the homogeneous problem we will discuss two cases separately as in Riemann
boundary value problem in Chapter 1.

l.Leta, =—1,k=1,2,...,m.
Theorem 2.1.2

The following assertions hold.

a) If N+ k = —1, then the general solution of the homogeneous Problem H can be

represented in the form:

S(z)
II(z)

@,(z) = (cozV ™  + c 2" 4 o), (2.1.21)

where numbers {c ;}‘?;Ex satisfy condition (2.1.20).
b) If N + k < —1, then the homogeneous problem has only trivial solution.
Proof. By taking into consideration @, (c0) = C, the proof of this theorem directly follows

from evaluations above and the theorem 1.4.1 in Chapter 1. o
Theorem 2.1.3
The following assertions hold.
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a) If N + k = —1, then the general solution of the Problem H can be represented in the

form:
®(z) = Q(f, 2) + ®y(2), (2.1.22)

where O(f,z) is as in (2.1.18), and &, (z) is the general solution of the homogeneous

Problem H.
b) If N + k < —1, then the Problem H is solvable if and only if f satisfies the conditions

(2.1.19). And the solution can be represented in the form (2.1.18).

2. Let a;,k = 1,2,...,m are arbitrary real numbers

Suppose function a(t) is such that function

PO =1®

satisfies (1.2.7) convergence condition. Thus, D(t) € R“.
Theorem 2.1.4

LetD(t) € RY. Then the following assertions hold.

a) If N+ k = —1, then the general solution of the homogeneous Problem H can be
represented in the form (2.1.21), where numbers {c 8 v satisfy conditions (2.1.20).

b) If N + x < —1, then the homogeneous problem has only trivial solution.
Proof. From theorem 1.5.1 in chapter 1 we can see that in case of x = 0, function 4,5(z), is
a solution of the homogeneous problem (2.1.9), where 4, is any complex number. As we
concluded above not every solution of the problem (2.1.9) is a solution of the Riemann-
Hilbert problem. For being a solution it should necessarily satisfy (2.1.10). As

5$°(z) = z"5(z),s0 Ap5°(z) # A,5(z), hence it is not a solution of the Problem H. &

Theorem 2.1.5

Let D(t) € R, Then the following assertions hold.
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a) If N + k = —1, then the general solution of the Problem H can be represented in the
form (2.1.22), where O(f,z) is as in (2.1.18), and ®,(z) is the general solution of the

homogeneous Problem H.

b) IfN + x < —1, then the Problem H is solvable if and only if f satisfies the conditions

(2.1.19). And the solution can be represented in the form (2.1.18).

2.1.4 Dirichlet Problem

Now let consider particular case, when a(t) = 1. Then we get Dirichlet problem in the

following setting:

Problem D

Let f be a real-valued, measurable on T function from the class L*(p). Determine an
analytic in D™ function ®(z) to satisty the boundary condition:
Jim IRe @(rt) — f(0)llz2p,) = 0. (2.1.23)

In the same way (2.1.23) can be reduced to

TEEU||¢+[Tt} — @~ (r7e) — 2f (D)l 2, = O. (2.1.24)
Let

K(f,z) = m.;(z) Tf[[:}_ng) dt, ze D*UD",
then

<09 s o5 el )
Hence,

0f,2) = ~(K(F.2) + K.(F,2)

and

1 Fe)EY + 2¥)a()de f(OI(t)dt
([ [remowy

ta.r'lr [t —_ z) T ta.r'lr"'l
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Theorem 2.1.6
The following assertions hold.

a) If N = —1, then the general solution of the homogeneous Problem D can be

represented in the form:

1 : -
&,(z) = S (coz" + 2" 44 cy), (2.1.26)
where numbers {c;}, satisfy conditions:
m
0| [ =c  1=01.N. (2.1.27)
k=1

b) If N = —1, then the homogeneous problem has only trivial solution.
Proof. The proof of this theorem directly follows from theorems 2.1.2 and 2.1.4. o
Theorem 2.1.7

The following assertions hold.

a) If N = —1, then the general solution of the Problem D can be represented in the

form:
&(z) = Q(f, 2) + ®,(2),

where Q(f,z) is as in (2.1.25), and ®,(z) is the general solution of the homogeneous
Problem D.
b) If N < —1, then the Problem D is solvable if and only if f satisfies the following

conditions:

ff[t)l'[[t) thdt =0, k=0,1,..,—N —2.
T

And the solution can be represented in the form (2.1.25).

Proof. This theorem directly follows from theorems 2.1.3 and 2.1.5. ©
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2.2 Discontinuous Riemann Problem

2.2.1 Statement of the Problem

Let T ={t, |t| = 1}, p(t) = |t — t,|%, where t, € T and @ = —1 is arbitrary real number.
By H(T) we denote Holder class functions in T.

Definition

We say that a(t) € Hy(T; ty,t5,...,t,,), ifa belongs to Holder class in any interval from
T not including t,,k = 1,2, ..., m points and has jump discontinuity at those points.

We will discuss the problem in the case

to*t, k=12 ..,m
Let a(t) € Hy(T; ty,t;,...,t,,) and alt) #0,t €T. By introducing ¢(t) =Inalt)

function it is easy to get the following (see [15]):

1(Mq—®—¢&ﬁmn, k=12,..,m (2.2.1)

a, +1f, = —
k 18.[{ 2Ti

Obviously, the following function

S, (2) =ex"P{ - Jq}&)dt},zE D

2miJr t—z

can be represented in some small interval of the point t,, k = 1,2, ..., m as follows:
S, (2) = (z — t,)%FPep, (2),
where A, (z) is analytic function in D and lim,_, A, (z) = A # 0. For function S, (z) we

make the following notation:

S57(z), ze DT,

51(2) = {51‘[3), ZED™.

Let consider the following boundary problem. Find analytic ¢ (z) function in D such that
@ (t)— o7 (t) =0, (2.2.2)

where
(@7 (2), zeDT,
¢(z)_{¢_[z), zeED™.
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There exist pu* (z) and u~ (z)(u(c0) = w) conformal mapping functions from D™ and D~
into some A, and A_ domains respectively such that they satisfy Lipschitz condition in

DT UT and D™ UT (see [34]). Let consider

1T

*!@=| |W@-u@)*, zep"
k=1

T

o7 (@ =| [(W@-p @)™, zeD
k=1

where 4, are integers such that -1 < A, + a;, =0, k = 1,2,...,m.

Making following notation

®f(z), zeD",

,(2) = {q:;(z}, zED™,

we can easily conclude that function &, (z) satisfies (2.2.2). Even further,
®,(z) = (z— tk)‘lkﬂk[z), where Q,(z) is analytic function in D and

lim,_, 0,(z) =B + 0.

Let S(z) = §,(z2)®,(2z), z € D™ U D™, It admits the following representation:

1 (lna(t) 1o
5(2) = exp lﬁ L = dr]l;!iz—tk)*k- (223)

t—=z

Lemma 2.2.1
For function §(z) we have (see [34]):

StHt) —alt)s (t) = 0;
S*(©),5 () € L} and (ST () (s~ ()" € 1°(T);

in some small interval T;, of the point t;, the following is true:

Ag(2)
(z — tk)ﬂ?k—fﬁk '

S(Z): EEDﬂTk,

where §, = —(a, + 4,), thus 0 < &, = 1 and function A,(z) = A,(z)0,(z). Obviously,
A,(z) - AB #+ 0 when z — t,.

By n we denote the following:
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[a] + 1, if @ is not integer,
= { ! g (2.2.4)

a, if a isinteger.
We consider Riemann boundary value problem with the following setting:
Problem R
Let a(t) € Hy(T; ty,t5,....t,) and a(t) #0,t €T,p(t) =t —t,|" is the weight
function, where a = —1 1is arbitrary real number and t, € T. Determine in D analytic

function ®(z), ®(w0) = 0, such that the following condition holds:

lim 07 (rt) —a(O@™ 7t — f(Dllz) = 0. (2.2.5)

Parallel, we will consider Problem R by extracting condition @(ee) =0 from function &

and letting him to have some finite degree at infinity.

2.2.2 Solution of the Problem R
Theorem 2.2.1
Let f € L' (p). If ® is a solution of the Problem R and has at infinity some finite degree,
then the following representation is true:

5+(z) glt)de
2mi(z —t)"Jr t—z

57 (z) g(t)dt
2mi(z — )" Jr t—z

dt(z) = , zeDT,

> (z) = + S (z)P(z), ZED,

where P is some polynomial and

f(®)
SH(t)

0= (P + =) e~ 1"

Proof. Let @ be a solution of the Problem R and has at infinity some finite degree. Also,

fr(t) € H(T) is a sequence such that lim,_;_gllf. (£) — f(£)ll;2;,; = 0. From Lemma 2.2.1

we can easily obtain the following result:

@*(rt) @Gt f(0) a
(5+(r;) G _5+Et))&_tn}

= 0.
L:I.

lim
r=1-0

Let
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@t (rt) o (7 t) f.(D)
SHit)  S(t) St

v (t) = ( ) (£ — )™,

&+ (rz)(z — )"

Rr@ =~y ZE0 (2.2.6)

@ (r71z)(z — t,)"
5§7(z2) ’

E~(z) = ZED™,

Thus, we get the following boundary problem

KO —t)"
s*m

where t€T, 0<r<1, W.(t) € Hy(T) and lim,_.; oll¥,(t)l[;z =0. Taking into

E*(t)—F~(t) =w.(t) +

consideration that functions E.*(z) and E. ~(z) are bounded respectively in D* and D~ we

conclude:
1 [ g.(t)dt
ET(z) = , eEDT,
(2 2midy t—z z
! g, (Dt (2.2.7)
E~(z) = +FR(z), =z€eD,

2miJr t—=z

where P.(z) is a general part of Laurent expansion of function E.~ at infinity and

£ (t) n
5+[r;)) (6= )"

a®=%0+(p0+

We have
&+ (z)(z — )"
r=1-0 B 5+(z) !
. ¢ (z)(z— tn:}ﬂ
F=1-0 N 5-(z)

Besides, P. uniformly converges to polynomial P, if r = 1 — 0. So, we get

Q) f() n
SH(E) P(e) - 5+(t)) (t—%)

= 0.
L:I.

lim || (q:,,, © +B0 +

r—=1-0
Hence,
lim || g.(t) — g(t)ll,: = 0.
r—=1-0
Taking into account (2.2.6), theorem 2.2.1 is proved.C
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Theorem 2.2.2
Let f € L*(p). Then, the general solution of the Problem R, which has some finite

degree at infinity, 1s given by the following formula:

e 5+(z) g(t)dt .
@ [z}_z?ri[z—tn}“ﬂt—z’ z€D,
- (2.2.8)
_ 5-(z) glt)de _
o (z}=2?ri[z—tn)“£-t—z 15 @P@), zeD,
where P is some polynomial and
gt) = (P&) + ;%) (£ —t)™ (2.2.9)

Remark

In theorem 2.2.1 we showed that any solution of the Problem R which has some finite
degree at infinity has the representation (2.2.8). Now we will prove that any function,
which has the representation (2.2.8) is a solution of the Problem R. By doing so, we will
eventually prove theorem 2.2.2 which states the general solution of the Problem R with the

assumption of it having finite degree at infinity.

Proof of Theorem 2.2.2
Let £, (t) € H(T) and lim,,_ . |, () — f[t:}HLi.:p:. = 0. Denote by g, the following:
£ (8)
t) =Pt —tp)"

where P is some polynomial.

Also, suppose
5+(z) g, (t)dt

2milz —ty)nJr t—z

57 (2) gn(t)dt
2mi(z —t)n )y t—z

&1 (z) = , ze DT,

(2.2.10)
+ S (z)P(z), zED.

@, (z) =

It is clear that the function @, (z) is the solution of the following Riemann boundary value

problem
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@F(t) —alt)d, (t) = £, (t). (2.2.11)

Even further, they have degree of §, § € (0,1) in some small interval of points t,, so there

exists some real number p, ( p = 1) such that for every ,7 € (0,1) the following is true:

f|¢;(ﬂ)|p|t—tn|ﬂ|dt| -c
T

fld:;(r‘lrjlplt — t,I"ldt| < C.
T

Taking into consideration last result, for every n, (n = 1) we have
- + — (=1 _ 1 1 —
TEEU||¢ﬂ (rt) —a(t)e, ™ t) — fu(®)llg2py = Tl_}ﬁn”ffn 2 = 0.
By denoting ¢, (t) = g, (t) — g(t), we will have

fld:;[ (rt) — a(®)®, r71t) — F(O)lIt — t,["dt] <
T

(1 —r)|sTEol r le, (D)

gr:(f — f el p(@)llael +
(1 —7r)|s*t(re)l le, ()]

EUT o — Tt[nF1 f| 1 ||dT| Ipir:)IIdtI)

C( |5+[Tt}—a(t}5‘[r‘lt)|f le,, [T)I
T It —

lt, — r—1t|n
0

Ici"rl o Et)IIdtI>

+||f1} [T)”Li[pj + ||f:.rt - f”;,i['p:,-
All summands at the right side of the inequality tend to zero as r — 1 — 0, so we get the

proof of the theorem 2.2.2. o
Let introduce the following functions:

1 [ t*(t — )"
o (2) = f o4,  zep*
2mdy t—=z

1 [ t*(t — )"
@ (z) = f 2 dt+z"% zeD".
2ty t—=z

Then,
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fB)(& —to)"

iU ="50

Hence, for any polynomial P(z) = ¢y + c;2+ - +¢,,2" (2.2.8) can be represented as

follows:

®*(z) = ) [g&}dt =) Z a®i(2), zeD”

; +
2mi(z —ty)"Jr t—z (2 —ty)" £

& (z) = (@) g[z)err 5@ chq:;[z), ZED,

2mi(z —t)rJr t—z (2 —ty )" ot

(2.2.12)

We have k = — X1 A (see [34]). Obviously, function S(z) has at infinity - k degree.

Theorem 2.2.3

Let f € I'(p). Then, the general solution of the Problem R has the following

representation:

a) if n+x =0, then

k-1

o+ () — 5+(z2) fg’[t)dt 5+(z) Z (o), zeD*

; +
2mi(z —ty)nJr t—z (2 —ty )" e

k-1

@ (z) = 5@ gt)dt 5@ Z ¢,y (2), zED,

; +
2mi(z —ty)nJr t—z (2 —ty )" e

where ¢y, €4,..,C,_y are arbitrary complex numbers when
Cg=0C€1=""=Cy=0whenk =0.

b) if n+ x < 0, then the problem has a solution if and only if:

(2.2.13)

k=1 and

5(¢)
J thdt =0, k=01,..,—(n+x) -1 (2.2.14)
rt— =2
Besides, the solution has the representation (2.2.13), where ¢y = ¢y = - = c,_; = 0.
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CHAPTER 3. DIRICHLET PROBLEM FOR BIHARMONIC FUNCTIONS IN THE
WEIGHTED SPACES

Let G € C is any simply connected domain bounded by the curve I'. Let consider the

following equation in this domain:

A"u =0, (3.1)
where
d2u  9%u
Au = 312 + ay?

Solutions of the equation (3.1) which are continuous with their 2n — 1 power derivatives
are called n —harmonic or polyharmonic functions. For this equation Dirichlet boundary
value problem has been studied with different boundary conditions by Tovmasyan N.E.
[77], [78], Bitsadze A.V. [12], [13], Soldatov A.P. [73], Hayrapetyan H.M. [29], [31], [32],
[33], Babayan A.H. [79]. If boundary functions belong to the classes C™®(T), then
Dirichlet problem in the classical statement has the following setting. Determine those

solutions of the equation (3.1), which satisfy boundary conditions:

roult) = f(t),

du
gn-
tanﬂ—if = fﬂ_l [t)’

where t € T, f;(t), i (t), ..., f,,_1 (t) are real-valued functions belonging to C mal(T) class of

. d . . . . . .. d
functions. Also, by 5, We mean normal derivative. Particularly, if G is a unit circle, then P
n n

d .. . .
= If we denote unit circle by D, then this problem in spaces IF, 1 < p =< oo, can be
-

formulated with the boundary conditions:
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[ rl_l,in lu(rt) — (Dl =0,
lim g_ (¢ ) —0,
4 r=1-0 (33)
. an- 1u[rt)
krl—iﬁn aT’n—l f‘J‘t 1&) - =0,

It is shown that in case of 1 < p < oo this statement is equivalent to the classical statement

with boundary conditions (3.2), which is investigated by Khvedelidze B.V. [50], Soldatov
A.P. [68] and others [48], [49]. Boundary value problem (3.1), (3.2) also is studied in the

C —space of continuous functions [36], [37], in the L™ and in the W —space of measures

[39]. In the space € boundary conditions are understood in the sense of uniformly

convergence:
(- lim flu(re) - {0l =0,
r—=1-0
du(rt
lim |24 )—fltt) =0,
4 r—1-0 a?" B C (3.4)
"~ tu(rt)
B (e N

where ||-|| - is the norm of space C, and f,(t), f; (t), ..., f,,_1(t) are continuous functions. In
the space L™ the same statement does not guarantee normal solvability of the Dirichlet

problem, so in the works [63], [64] it is suggested new boundary conditions:
&“'u[rt)
o =), k=01,.,n-1,

where f;, € L,k =0,1,..,n—1 and convergence is understood in the sense of weak
topology of L. Thus,

y d*ulrt)
1o r ork

g(t)dt = Jfk[t)g[t)dt, k=01,..,n—1,
T

where g € L*(T) is any function. In the same way (3.1), (3.2) problem is studied in the
space of measures W with boundary conditions:
é“" ( t)
lim

r—=1-0Jr

g(t)dt = Jg[tjdﬁ[tj k=101..,n-1
for any function g € C(T) [21].
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Dirichlet problem in the weighted spaces I¥(p),1 < p < oo firstly was studied by

Kazarian K. [45], [46], [47]. In his works he attained direct connections between Dirichlet
problem and Fourier series. By Hayrapetyan H.M. Dirchlet problem is investigated for

RO —varying weight functions [38].

3.1. Statement of the Problem

Let p,(t) is a weight function, p,(t) =1 —¢t|%;a is arbitrary real number,
o, (t) = po(t)|1 — ¢, ||.||L1':Pk:' is the norm of space L'(p,), k = 0,1; f,(t) are real valued
functions in T such that f, (t) € L*(p,), k=0,1.

We investigate Dirichlet problem in the following setting:

Problem D
Determine function u(z), z € D" to satisty the equation
Au =0 (3.1.1)
and boundary condition
lim Fu(rt) — f: (©) =0 k=0,1.
r=1-0 ark o) ’ : (3.1.2)

With this statement we prove that Problem (3.1.1), (3.1.2) is normally solvable, besides if
@ = —1, the problem is investigated with the following boundary condition:
d*u(rt)

dr¥

lim
r—=1-0

— fie (1)

.= k=01, (3.1.3)
L*(Prr)

where p, (t) = [1 — re|""¢[1 — ¢]*™.
It is known that (3.1.1) can be written in explicit form:
d*u d*u d*u

dx4 2 dx? dy? * gy =0

3.2. Solution of the homogeneous Problem D
Theorem 3.1
Let a = —1. Then the homogeneous problem (3.1.1), (3.1.3) has only trivial solution
u(z) = 0.
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Proof. It is well known that the general solution of the equation (3.1.1) can be represented
as follows (see [30]):

u(z) = Re(®,(2) + (1 — z|1D@,(2)), ze€ DY, (3.1.4)
where @,(z), k=01 are some analytic functions satisfying in D¥condition:
Im®,(0) =0, k =0,1. Besides, functions @®,(z) are uniquely determined with the
function u(z). Substituting u(z) with its representation (3.1.4) in the first condition of
(3.1.3), for f = 0 we get

. 2 _
TEEUHRE(QJU[TQ +(1—7)®, [Tt))”Lil[pu,-j =0

By denoting
Re(®,(rt) + (1 — )@, (rt)) = fi,,. (1),

we get [l fo, (D)ll2(p,,) = 0 and

Bo(r2) + (1 — 1) 0y (r2) = —— f for

where Cj, is some real number. Passing to the limit as r — 1 — 0, for every fixed z; |z| < 1
we get ®,(z) = iC,, where C, is a real number. From the second condition (3.1.3) we
obtain

=0,
L*(p1r)

lim
r—=1-0

dd, (rt)
=)

Re (—ETdJl (rt) + (1 — ¥t

where p,(t) = p,(t)|1 — t|. Taking into consideration the results attained in [22], we can

easily state

—2r®;(rz) + (1 —77)z aqj;fz} Em[l Jflr (£) (1 — t)—zﬁ +iCy,,
where

Ifirlli2gpy = 0, Cyp is some real number. Passing to the limit as r— 1—0, we get

&, (z) = iC;, where €, is some real number. Thus from (3.1.4) u(z) = 0. 0
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Definition: We say that, {C, )i numbers belong to class S,(n),if
c,=(-1)*C,_,, k=01,..,n (3.15)
Theorem 3.2
Let @ = —1. Then the general solution of the homogeneous problem (3.1.1), (3.1.2) can

be represented as follows:

ul(z) = Re(@,(2) + (1 — [z])e,(2)), ze DT,

where
r n A
%@ =), T 5
1 = (3.1.6)
z é‘dﬂn [z) .
1[:3)—2 Z[l—z}k

Besides, {A,}* numbers belong to the class Sy(n), and {By}§*" numbers to the class
Sp(n+1).

Proof. Taking into account (3.1.4), from the first condition of (3.1.2) we obtain

— f for (D1 )"

t+zdt ~ Ay
—+t 2T
— (1 —2)*

@,(rz) + (1 —r?)d,(rz) =

Passing to the limit as r —» 1 — 0 and taking into account that f;, — 0 in L'(p,), as

1 — 1 — 0 we conclude

= A
@) = ), o
k=0

From the second condition of (3.1.2) we have:

z—a%&z) —2r@,(rz) + (1 _Tz)—aq:im} =

0z ,
1 t+zdt B,
: e, S b
Eni[l—z}““!‘ﬂr[)t—z t +k:U[1—z}‘f

Passing to the limitas r = 1 — 0 we get

n+1

5‘
C]Jn[ﬂ} [Z)_Z[]_—E:}k .
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Thus

T A n+1 B

K I
SRR N, O
k=0 (1-2) k=0 (1-2)

Theorem 3.2 is proved. O
3.3. Solution of the inhomogeneous Problem D

Theorem 3.3
Let @ = —1. Then the general solution of the problem (3.1.1), (3.1.3) can be represented
as follows:

u(z) = Re(@,(2) + (1 — 1z1M)®,(2)),

where ®,, &, are analytic functions in D™, determined with the following formulas:

1 HEA-0"
¢U[z}:2?ri[1—z}“! t—z dt,

z dd,(z) 1 £ (O — n+t (3.1.7)
q]l[zjzi dz +2?ri[1—z)“+1! t—z dt .

Besides, there are necessary and sufficient conditions for solvability of the problem, which
have the following form:

ft‘fﬁ](t}dt =0,

T

f t*f,(t)dt = 0,

T

k=0,1,..,n (3.1.8)

Proof. As the general solution of the problem (3.1.1) can be represented as follows:
u(z) = Re(@,(2) + (1 — |z1)@,(2)),
where @,, @, are analytic functions in D™, from the first condition (3.1.3) we can easily

obtain

lim [[Re(®,(rt) + (1 — )2, (D)) — (D2, = 0. (3.1.9)

r—=1-0

Hence (see [43])
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%) = s ! e (3.1.10)
As
Jlim _|Re (t aq];fﬂ —2rd,(rt) + (1 - )t am;iﬂ)) —fi(t) o =0,
then L
. aq:;z(z) —2roy(d) =5 iz)nﬂ Tf fi &:}El_—zt)le B

and

R (] i 3111)

;

Therefore, u(z) has the form
u(z) = Re(@,(2) + (1 — [z|)®,(2)),
where @, @, are determined as in (3.1.10), (3.1.11).
Now we prove that the function u(z) determined by (3.1.10) and (3.1.11) satisfies
(3.1.1), (3.1.2) conditions for every f, € L*(p,), f; € L*(p;) functions. Indeed, as
ulrt) = Re(dﬂn (rt) + (1 — )@, [’rt))
and (see [22])

im [Re(@6(r0) ~ fo )l = 0

(Po)
then the proof of the theorem follows from the following assertions (see [22]):

llmn[l —r2)||Re(, (Tt))HLi[pi] =0,

r—=1-—
rt dd,(rt)
lim (1-77)|Re (? gt ) =0,
T 1 (pg)
1 L@ -t
lim (1—7r)||R f d = 0.
r—lfln[ ) E(Em'lfl — rt)ntl J T—7t t

L} (p1)

With the same manner next theorem can be proved. o
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Theorem 3.4

Let @ = —1. Then the general solution of the problem (3.1.1), (3.1.2) can be represented

in the form:

u(z) = Re(@,(2) + (1 — lz|M)®,(2)),

where @, @, are analytic functions in D, and are given by the following formulas:

r

where {4,}§ numbers belong to the class S,(n), and {B,}j

B 1 fo(0)(1 —t)“
qjﬂ[z)_Zni[l—z)“! t—z Z[l—z}“’

T n+1

(3.1.12

B 1 f)(1—pntt A, B,
kq]l(z)_z?ri[l—z}“ﬂ! t—z dt+z;m_;ﬂ—zﬁr )

1+ numbers to the class

Sp(n+ 1).
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CONCLUSION

PETROSYAN VAHE
BOUNDARY VALUE PROBLEMS IN HARDY WEIGHTED SPACES

In dissertation there are represented the following main results:

1. Investigated Riemann boundary value problem in the weighted spaces It [p) In unit

circle with a coefficient from Holder class €, 8 € (0; 1], where weight is concentrated
on finite number of singular points. In the case, when order of singularity of weight
function at all singular points is greater than -1, it is shown normal solvability of the
problem and the general solution of the problem is determined in explicit form. Besides,
if the sum of index of coefficient and order of singularities at singular points is negative,
then it is given necessary and sufficient conditions for solvability of the problem [87],
[89], [90].
When order of singularity at least at one singular point is less or equal -1, then it is
proved that the number of linear independent solutions of the homogeneous problem
does not only depend on the index of coefficient but also on the behavior of the
coefficient at the corresponding singular points. Thus, it is introduced R® class of
coefficients and is shown that for the coefficients belonging to this class, the problem is
normally solvable. As in the first case, here also there are given the same kind of
necessary and sufficient conditions for solvability of the problem and the solutions are
written in explicit form [85], [91], [92].

2. Investigated Riemann-Hilbert boundary value problem in the weighted spaces L'(p) in
unit circle with a coefficient from Holder class C%,8 € (0; 1], where weight is
concentrated on finite number of singular points. With the help of the famous
transformation this problem is reduced to Riemann boundary value problem which is
investigated in chapter 1. It is known that if weight function is concentrated on one
singular point then coefficients of the polynomial in the general solution of the
homogeneous problem must satisfy some conditions. With this setting it is found new

conditions for solvability of the problem which are direct generalizations of the famous
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results. Thus, it is shown normal solvability of the problem and the general solution is
given in explicit form.

. Investigated Dirichlet boundary value problem in the weighted spaces L'(p) in unit
circle as a particular case of Riemann-Hilbert boundary value problem. It is shown
normal solvability of the problem, there are given necessary and sufficient conditions
for solvability of the problem and the general solution is written in explicit form.

. Investigated Riemann boundary value problem in the weighted spaces L'(p) in unit
circle with a piecewise continuous in the sense of Holder coefficient, where weight
function is concentrated on one singular point, besides the order of singularity at this
point is greater than -1. It is shown normal solvability of the problem, there are given
necessary and sufficient conditions for solvability of the problem which depend on the
value of jump at the points of discontinuity and on the order of singularity of weight
function at the singular point. Besides, the general solution is given in explicit form [86].
. Investigated Dirichlet problem for biharmonic functions in unit circle in the weighted
spaces, where weight function is concentrated on one singular point. This problem is
investigated in the case when boundary conditions on the function and on the normal
derivative of this function are considered in different weighted spaces. Convergence of
biharmonic function to boundary function is understood with L*(p,) and convergence
for normal derivative in the norm L'(p;), where p,(t)=[1—¢t[* and
p,(t) = py(t)[1 — t|. When @ = —1 it is shown normal solvability of the problem and
the general solution is given in explicit form. If @ = —1, then the homogeneous problem
has only trivial solution, besides there are given necessary and sufficient conditions for

solvability of the inhomogeneous problem [88].

74



REFERENCES

1. Asatryan V.V. The Dirichlet type problem for elliptic equations of higher order in half-
space (in Russian).-Armenia.NIINTI, N36, Ar — 87, Dep.1987.

2. Babayan A.H. On a boundary value problem for improperly elliptic equations in
multiply connected domain (in Russian). —Proceedings of National Academy of Sciences
of Armenia, Mat., 29, N2, 1994, 11-21.

3. Babayan V.A. On the Hilbert boundary value problem in the space of continuous
functions (in Russian) // Reports of the National Academy of Sciences of Armenia. —
2014. - Vol. 114. — Ne. 3. — P. 199 — 204.

4. Babayan V.A. On the Riemann problem for polyanalytic functions in the space of
continuous functions with weight (in Russian), Proceedings of Higher Educatioal
Institutions. The North Caucasus region. —2004. —p. 5 - 10.

5. Babayan V.A. Boundary value problems for elliptic differential equations in the classes
of continuous functions with weight (in Russian), Dissertation, Yerevan, 2014.

6. Begehr H., Kumar A. Boundary Value Problems for the Inhomogeneous Polyanalytic
Equation // Analysis: International Mathematical Journal of Analysis and Its
Applications. — 2005. — Vol. 25. —Ne. 1. - P. 55 - 71.

7. Begehr H., Schmersau D. The Schwarz problem for polyanalitic functions, Preprint, FU
Berlin, 2004, ZAA.

8. Bikchantayev I.A. Boundary value problem for a homogeneous elliptic equation with
constant coefficients (in Russian), Izv. Universities. Mat. - 1975. - No. 6. - P. 3 - 13.

9. Bikchantayev I.A. Some boundary value problems for an elliptic equation (in Russian),
Reports of Academy of Sciences of the USSR. - 1973. - V. 209. - No. 5. - P. 1013 - 1016.

10. Bitsadze A.V. Boundary value problems for second-order elliptic equations (in Russian).
- Moscow: Nauka, 1966. - 202 p.

11.Bitsadze A.V. On elliptic systems of second-order partial differential equations (in
Russian), Reports of Academy. - 1957. - V. 112. - No. 6. - P. 983 - 986.

12. Bitsadze A.V. On the uniqueness of the solution of the Dirichlet problem for elliptic

75



partial differential equations (in Russian), Uspekhi Math. - 1948. - V. 3. - No. 6. - Issue.
28.-P.211-212.

13.Bitsadze A.V. Fundamentals of the theory of functions of an analytic variable (in
Russian). — Moscow: Nauka, 1984. - 320s.

14.Carleman T., Sur la resolution de certaines equations integrals, Arkhiv mat., astr.och.
phys., Bd. 16, N 26, 1922.

15. Gakhov F.D. Boundary value problems (in Russian).-Moscow: Fizmatgiz,1977.-640 p.

16. Gohberg 1.C., Krupnik N.Ya. Introduction to the theory of one-dimensional singular
integral operators. - Chisinau: Shtiintsa, 1973. - 426 p.

17.Goluzin G.M. Geometric theory of functions of a complex variable (in Russian). -
Moscow: Nauka, 1966. — 628 p.

18.Haseman C., Anwendung der Theorie der Integralgleicnhungen auf -einige
Randwertaufgaben, Gottingen, 1907
19. Hayrapetyan A.R. Schwarz type problem for bi-analytic functions in the spaces L'(p)

(in Russian). Mathematics in higher school. Scientific-methodical collection.—Yerevan,
7, N2, 2011, 38-45.

20.Hayrapetyan H.M. Boundary value problem of Riemann-Hilbert type for n -
holomorphic functions (in Russian) // Proceedings of the Academy of Sciences of
Armenia. Mathematics. - 1996. - V. 31. - No. 3. - P. 24 - 41.

21.Hayrapetyan H.M. Boundary value problem of Riemann-Hilbert type for n -
holomorphic functions in a class L' (in Russian) // Reports of the Russian Academy of
Sciences. - 1993. - V. 328. - N 5. - P. 533 - 535.

22.Hayrapetyan H.M. A Riemann-Hilbert type problem for n - holomorphic functions in a
class L' (in Russian) // Reports of the Russian Academy of Sciences. Mathematics. -
1998. - V. 328. - No. 3. - P. 421 - 423.

23.Hayrapetyan H.M., Hayrapetyan A.R. Boundary value problems in weighted spaces of
polyanalytic functions in a half-plane (in Russian) // Proceedings of the NAS of
Armenia. Mathematics. - 2012. - V. 47.-Ne 1. - P. 3 - 22.

76



24.Hayrapetyan H.M., Meliksetyan P.E. The Hilbert boundary value problem in a half-
plane in spaces with weight (in Russian) // Proceedings of the NAS of Armenia.
Mathematics. - 2003. - V. 38. - Ne 6. - P. 17 - 32.

25.Hayrapetyan H.M., Meliksetyan P.E. On a Dirichlet type problem for a third-order
irregularly elliptic equation (in Russian), Reports of Academy. - 2006. - V. 106. - Ne 2. -
P. 114-120.

26.Hayrapetyan H.M., Oganisyan [.V. The Riemann-Hilbert type problem for the Bitsadze
equation in spaces with weight (in Russian) // Mathematics in higher education. - 2005.
-V.1.-No.1.-P.5-11.

27.Hayrapetyan H.M., Tsutsulyan A.V. On the Dirichlet problem in a half-plane in
weighted spaces (in Russian) // Study Notes, Yerevan State University. Natural Sciences.
Mathematics. - 2007. - No. 3. - P. 3 - 10.

28.Hayrapetyan H.M. The boundary value problem of conjugation with a shift in a class
L' (in Russian) // Proceedings of National Academy of SSSR. Mathematics. - 1987. - V.
22. - No. 3. - P. 238 - 252.

29.Hayrapetyan H.M. The Dirichlet problem in spaces with weight (in Russian) //
Proceedings of NAS of Armenia. Mathematics. - 2001. - V. 36. - Ne 3. - P. 22 - 44.

30. Hayrapetyan H.M. The Dirichlet problem for biharmonic functions in spaces with
weight (in Russian), Proceedings of NAS of Armenia. Mathematics. - 2004. - V. 39. - No.
3.-P.3-12

31.Hayrapetyan H.M. The problem of conjugation in classes in special cases (in Russian). -
Reports of extended sessions of the Seminar of the Institute of Applied Mathematics,
Russian Academy of Sciences. I. N. Vekua. Tbilisi, 3, Ne 1,1988, 3-16.

32.Hayrapetyan H.M. On the Dirichlet problem in spaces with weight in a half-plane (in
Russian), Proceedings of NAS of Armenia. Mathematics. -2001.-V.36. -N¢ 6. -P. 7-15

33. Hayrapetyan H.M. On the solvability of the Dirichlet problem with boundary functions
in a space with weight // RAS. Mathematical Notes. - 2004. - V. 76. - No. 5. - P. 643 -
650.

77



34. Hayrapetyan H.M. The Riemann-Privalov Discontinuous Problem with a displacement
in the class L' (in Russian) // Proceedings of national Academy of SSSR. Mathematics. -
1990. - V. 25. - No. 1. - P. 3 - 20.

35.Hayrapetyan H.M., Babayan V.A. On the Dirichlet problem for the biharmonic
equation in the class of continuous functions (in Russian). Mathematics in higher
school. V. 5, Ne2, 2009, p. 5-9

36. Hayrapetyan H.M., Babayan V.A. On the Dirichlet problem in the space of continuous
functions with weight (in Russian). Belgorod State University Scien-tific Bulletin,
Series: Mathematics. Physics. 2011. Ne 17 (112). Issue. 24, pp. 5-16

37.Hayrapetyan H.M., Babayan V.A. On the boundary-value Riemann-Hilbert problem in
the space of continuous functions (in Russian). Belgorod State University Scientific
Bulletin, Series: Mathematics. Physics. 2013. No. 19 (162). Issue. 32, pp. 22-33

38.Hayrapetyan H.M. Dirichlet Problem in the Half-plane for RO-Varying Weight
Functions // — Topics in Analysis and its Applications. NATO Science Series II:
Mathematics, Physics and Chemistry. Kluwer Academic Publishers. — 2004. — Vol. 147.
—P. 311-316.

39.Hayrapetyan H.M., Poghosyan L.V. Riemann boundary value problem in the sense of
weak convergence (in Russian). —Collection of scientific and methodical papers.—
Bulletin of National Engineering University of Armenia. 4, N1, 2012,14-19.

40.Hayrapetyan H.M., Hayrapetyan A.R. One theorem of uniqueness for harmonic
functions (in Russian).—Collection of scientific and methodical papers.—Bulletin of
National Engineering University of Armenia. 3, N1, 2011, 14-19.

41.Hayrapetyan H.M., Asatryan A.S. On the Riemann boundary value problem in L™.
Journal of Contemporary Mathematical Analysis of National Academy of Sciences of
Armenia), 33 (5), 4-11, 1998.

42.Hayrapetyan H.M., Hayrapetyan M.S. Hilbert boundary value problem in weighted
spaces L'(p), Journal of Contemporary Mathematical Analysis (National Academy of
Sciences of Armenia), 43 (2), 85-99, 2008.

78



43. Hayrapetyan M.S. Dirichlet type problem in the unit circle for n- harmonic functions in
weighted spaces (in Russian) // Mathematics in higher education. - 2007. - V. 3. - No. 2.
- P. 18 - 24.

44. Hofman K. Banach spaces of analytic functions (in Russian). - Moscow: IL, 1975. —
312 p.
45.Kazarian K.S. Summability of generalized Fourier series and Dirichlet’s problem in

LP (d m) and weighted H" - spaces (p > 1). // Mathematical Analysis. — 1987. — Vol. 13. -
P. 173 -197.

46.Kazarian K.S. Weighted norm inequalities for some classes of singular integrals // Studia
Math. — 1987. - 86. — P.97 — 130.

47.Kazarian K., Soria F., Spitkovsky I. The Riemann boundary value problem in spaces
with weight admitting singularities (in Russian) // Dokl. - 1997. - V. 357. - Ne 6. - P. 717
- 719.

48.Khuskivadze G., Kokilashvili V., Paatashvili V. Boundary value Problems for Analytic
and Harmonic Functions in Domains with Non-Smooth Boundaries. Applications to
Conformal Mappings. Mem. Differential Equations Math. Phys. 14, 1998, 1-195.

49.Khuskivadze G.A. On singular integral operator and Cauchy type integral. Reports of
National Academy of Georgia SSSR, 1970, 28, p. 73-84.

50.Khvedelidze B.V. The method of Cauchy type integrals in discontinuous boundary value
problems of the theory of holomorphic functions of a single complex variable (in
Russian) // Results of Sciense and Technology. Ser. Sovrem. Probl. Mat. VINITI. - 1975.
-V.7.-P.5-162

51.Khvedelidze B.V. On the Riemann-Privalov discontinuous problem for several
functions (in Russian). SSR. - 1956. - V. 17. - No. 10. - P. 865 - 872.

52.Khvedelidze B.V. On the discontinuous Riemann-Privalov problem with a given
displacement (in Russian) // Reports of Academy of Sciences of Georgia. - 1958. - V. 21.
- No. 4. - P. 385 - 389.

53.Khvedelidze B.V. On boundary problem Poincare of theory of logarithmic potentials in

79



multiply connected domains, Reports of Academy of Sciences of Georgia SSSR, v. II, N7,
10, 1941, 571-578, 865-872.

54.Kolmogorov A.N., Fomin S.V. Elements of the theory of functions and functional
analysis (in Russian). - Moscow: Nauka, 1989. - 624 p.

55.Kurant R., Hilbert D. Methods of Mathematical Physics. Vol.2. Differential Equations.
New York, London: Wiley. 1989, 852p.

56.Kveselava D.A., The solution of a boundary value problem of theory of functions, (in
Russian) Reports of Academy of Sciences of SSSR, v. 53, N 8, 1946, 683-686.

57.Litvinchuk G.S. Boundary value problems and Singular integral equations (Nauka,
Moscow, 1977).

58.Matevosyan O.A. On solutions of the exterior Dirichlet problem for a biharmonic
equation with a finite weighted Dirichlet integral (in Russian), Mat. Notes. - 2001. - V.
70. - No. 3. - P. 403 - 418.

59. Muskhelishvili N.I. Singular integral equations (in Russian). - Moscow: Nauka, 1968. -
512 p.

60.Nevanlinna R. Uber Eine Erweiterung des Poissonschen Integrals // Suomalaisen
Tiedeakademian Kustantama. — 1925. — Vol. 24. - Ne 4. - P. 1 — 14.

61.Picard E. Lecons sur quelques types simples d’equations aux derives partielles, Paris,
1927.

62.Plemelj L., EinErganzungssatz... Monatsh. Math. und Phys. XIX, 1908, 205-210.

63.Poghosyan L.V. Boundary value problem for improperly elliptic equation with
boundary conditions from measure spaces (in Russian). Mathematics in higher school,
Yerevan. 2012, N3, 55-61.

64.Poghosyan L.V. boundary value problems for elliptic equations in the sense of weak
convergence, Dissertation (in Russian), Yerevan, 2013.

65. Privalov, II, Boundary properties of analytic functions (in Russian). M. GITTL, 1950,
337p.

66. Riemann B., Compositions (in Russian), Gostekhizat, 1948.

67.Simonenko I.B. The Riemann boundary value problem for pairs of functions with

measurable coefficients and its application to the study of singular integrals in spaces

80



with weights (in Russian), Proceedings of Academy of Sciences of the SSSR. Ser. Math. -
1964. - V.32. - P.277-306

68. Simonenko I.B. A new general method for investigating linear operator equations of the
type of singular integral equations (in Russian). II // Proceedings of Academy of Sciences
of the USSR. Ser. Math. -1965.-V. 29.-No.4. - P. 757 - 782.

69.Simonenko I.B. Some general questions of the theory of the Riemann boundary-value
problem (in Russian) // Proceedings of National Academy of the SSSR. Ser. Mat., - 1968.
- V.32,-P.1138-1146

70.Simonenko L.E. Riemann boundary value problem with continuous coefficients, DAN
SSSR (in Russian), 4, 746-749, 1965.

71.Soldatov A.P. Method of the theory of functions in boundary value problems on a plane
(in Russian). I. A smooth case. // Proceedings of RAS. Ser. Math. - 1991. - Vol. 55. -
Issue. 5. - P. 1070 - 1100.

72.Soldatov A.P. Method of the theory of functions in elliptic problems on the plane. II. A
piecewise smooth case (in Russian). Proceedings of RAS. Ser. Math. - 1992. - Vol. 56. -
Issue. 3. - P. 566 - 604.

73.Soldatov A.P. Generalized Dirichlet-Neumann problem. Linear operators in function
spaces (in Russian). Grozni, 1989, 153 - 154.

74.Soldatov A.P. Elliptic systems of high order (in Russian) // Differential equations. - 1989.
-V.25.-Ne1.-P. 136 - 144.

75.Tanabe H. Functional analytic methods for partial differential equations. New York:
Marcel Dekker, 1997. 410p.

76. Tovmasyan, N.E., New Formulations and Investigations of the First, Second, and Third
Boundary-Value Problems for Strongly Bound Elliptic Systems of Second-Order
Differential Equations with Constant Coefficients (in Russian). Proceedings of NA of
Arm. SSR, ser. Mathematics, vol. 3, No. 6, 1968, p. 497-521.

77.Tovmasyan N.E. A Dirichlet type problem for a class of non-high-order elliptic
equations (in Russian) // Proceedings of the NAS of Armenia. Mathematics. - V. 27. -
No. 1. -1992. - P. 99 - 108.

81



78.Tovmasyan N.E. On the existence and uniqueness of the solution of the Dirichlet
problem for the Laplace equation in the class of functions having singularities on the
boundary (in Russian). // Sib. math. Journal. - 1961. -V.2 - No. 2. - P. 25 - 57.

79.Tovmasyan N.E., Babayan A.H. Boundary value problems for second-order elliptic
equations in a half-space in the class of functions of polynomial growth // Nonclassical
equations of mathematical physics (in Russian). Novosibirsk. - 2007, - p. 273-282.

80. Tovmasyan N.E., Babayan A.H., The Dirichlet problem for second-order elliptic systems
in the class of functions of polynomial growth (in Russian), Proceedings of NAS of
Armenia. Mathematics. - 2004. - V. 39. - Ne 5. - P. 48 - 67.

81.Tovmasyan N.E. Boundary Value Problems for Partial Differential Equations and
Applications in Electrodynamics. — Singapore, New Jersey, London, Hong-Kong: World
Scientific Publishing, 1994. — 231 p.

82.Tovmasyan N.E. Non—regular Differential Equations and Calculations of Electrodynamic
Fields. — Singapore, New Jersey, London, Hong—Kong: World Scientific Publishing,
1998. - 235 p.

83.Vekua IN. New methods for solving elliptic equations (in Russian). - M.-L.:
Gostekhizdat, 1959. - 296 p.

84.Vekua I.N. New Methods for solution of elliptic Equations (in Russian), Gostekhizdat,
Moscow-Leningrad, 1948.

85.Petrosyan V.G., Hayrapetyan H.M. Riemann Problem in the weighted spaces L'(p),
Journal of Contemporary Mathematical Analysis, 2016, Vol.51, No.5, pp. 215-227.

86.Petrosyan V.G. Discontinuous Riemann boundary problem in weighted spaces,
Proceedings of the Yerevan State University, 2017, 51(1), p. 38-41.

87.Petrosyan V.G., Hayrapetyan H.M. Riemann boundary value problem in the weighted
spaces (in Russian), Bulletin, Collection of scientific papers, State Engineering
University of Armenia, 2015, Part I, p. 28-34.

88. Petrosyan V.G., Hayrapetyan H.M. On Dirichlet problem for biharmonic functions in
the weighted spaces (in Russian), Bulletin, Collection of scientific papers, National

Polytechnic University of Armenia, 2017, Part I, p. 32-37.

82



89. Petrosyan V.G., Hayrapetyan H.M. Riemann boundary value problem in the weighted
spaces (in Russian). Publications International Scientific Conference. Education, science
and economics at universities and schools. Integration to international educational area.
Tsaghkadzor, 2014. Part 2, p.19.

90. Petrosyan V.G., Hayrapetyan H.M. Riemann boundary value problem in the weighted
spaces (in Russian). AMU 7% Annual Session, 2015, Abstracts. - p.52-53.

91.Petrosyan V., Hayrapetyan H. Riemann Boundary value problem in the weighted
spaces. International Conference, Harmonic Analysis and Approximations VI.
Tsaghkadzor, 2015. p. 39-40.

92.Petrosyan V. Riemann boundary value problem in the weighted spaces. VI Russian-
Armenian conference on Mathematical Analysis, Mathematical Physics and Analytical

Mechanics, Rostov-on-Don, Russia, 2016. p.17

83



