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General characterization of the work

Actuality of the Problem

About the second order formulas (and languages) see [1, 2]. Recall ([3, 4, 7, 20, 21, 5])

that a hyperidentity is a second order formula of the following form:

VX1,...,va:L‘1,...,l’n (w1:UJ2), (*)
where w1, wa are words(terms) in the alphabet of functional variables X1, ..., X,, and
of object variables x1,...,z,. However, hyperidentities are usually presented without

universal quantifiers, i.e. in the form: w; = w2. A hyperidentity w1 = w2 is said to
be satisfied in an algebra (Q;X) (or the algebra (Q;X) satisfies the hyperidentity
w1 = wz) if this equality is true when any functional variable X; is replaced by any
operation of the same arity from X (the possibility of such replacements is assumed)
and any object variable z; is replaced by any element of (). This concept was first
considered in [6] for algebras with binary quasigroup operations.

There are different groups of individuals considering different versions of
hyperidentities depending on the domain of interpretation (see [18]). Namely,

- Students of W. Neumann and W. Taylor (as in [24]) will fix a similarity type 7 ,
say T =< 2,2,3,1 > has symbols for two binary operations and a symbol for a unary
and another ternary operation. ¥ is then the collection of all terms formed from these
fundamental operations, including the projection operations which appear as single
variables.

- Students of K. Denecke, D. Schweigert, et.al. have a notion of hypersubstitution
which is covered in [14]; an effect is that certain varieties of hyperidentities can
be seen as having X range over certain subsets of the set of terms. In particular,
prehyperidentities will exclude the projection terms, and M-hyperidentities are a
subset which are derived from a monoid M of hypersubstitutions.

- Students of V. Belousov and Y. Movsisyan use the convention (e.g. in [6],



[23]) that 3 is a set of fundamental operations. This is in the context of studying
structures with finitely many operations -, ®,... Some papers have these as binary
quasigroup operations on the same set, and the hyperidentity is a relation involving
only these members of 3. We are going to concentrate on this type of interpretation
for semigroups.

For example ([22, 23, 8|), in the term algebra of any Boolean algebra the following

hyperidentity is satisfied:

X1,y Tne1, X (1, oy o1, X (21, .., 20))) = X (21, ..., Tn),

for any positive integer n. For the two-element Boolean algebra this hyperidentity
means the equivalence of the corresponding two switching circuits. Varieties of varieties
are characterized by hyperidentities ([24]). For applications of hyperidentities see [25,
26, 27, 28, 29, 31, 32, 33].

The variety V satisfies the given hyperidentity if every algebra of the variety
V' satisfies the same hyperidentity. This hyperidentity is called hyperidentity of the
variety V.

The hyperidentity (*) is said to be non-trivial if m > 1, and it is trivial if m = 1.
The number m is called the functional rank of the hyperidentity (x).

Hyperidentities of associativity are built on the equation of associativity: z(yz) =
(zy)z. For example:

X(x,Y(y,2)) = Y(Z(2,9),2)

is a non-trivial hyperidentity of associativity with functional rank 3.

A binary algebra (Q; X)) is said to be a g-algebra (e-algebra) if there is an operation
A € ¥ such that Q(A) is a quasigroup (a groupoid with a unit). A binary algebra
(Q;X) is called functionally non-trivial if |X| > 1. It is known ([3, 4]) (see also [8, 7])
that if an associative non-trivial hyperidentity is satisfied in a functionally non-trivial

g-algebra (e-algebra), then this hyperidentity can only be of functional rank 2 and of



one in the following forms:

X(z,Y(y,2)) =Y(X(z,y),2), 1)
X(z,Y(y,2)) = X(Y(x,9),2), (2)
Y(m,Y(y,z)) = X(X(x,y),z) (3)

Moreover, in the class of g-algebras (e-algebras) the hyperidentity (3) implies the
hyperidentity (2), and the hyperidentity (2) implies the hyperidentity (1).

Let Q(-) be a semigroup. The following function is said to be its binary polynomial
(term):

Fla,y) =21'23° . 2", (4)

where n € Nye1,€2,...,6n €N, 21,22,...,2, € {z,y} and 2; # z;41. The number n
is called the length of this representation of the polynomial F'(z,y). However, due to
the identities in the semigroup Q(-), the same polynomial F(z,y) can have different
representations of the form (4).
By nyol we denote the collection of all binary polynomials of the semigroup Q(-).
We say that the hyperidentity (x) is polynomially satisfied (valid) in the semigroup
Q(-) if this hyperidentity is satisfied in the binary algebra (Q;Q3.). In [9], it is
proved that the class of all semigroups polynomially satisfying the trivial associative
hyperidentity:
X (o, X(5,2) = X(X(2,1),2). (5,%)

forms a finitely based variety of semigroups, and the basis of this variety contains
about 1000 identities. These semigroups are called hyperassociative. For example, any

two-element semigroup is hyperassociative [9]. In [10] (see also [11]), a basis of the



identities of the same variety is given, which contains the following four identities:

TYTZTYT = TYZYZT,
2 2 2 2
xy 2t =y yz”,

2 2 2 2
oYz = yx Yz,

i.e. a semigroup is hyperassociative iff it satisfies these four identities (see also [12, 18,
13, 14, 15]).

We also consider other algebras. For this we need the following definitions:

Definition 0.1. The polynomial F(x,y) depends on the variable x essentially in the
semigroup Q(-) if there are elements x1,x2,y € Q such that F(z1,y) # F(x2,y). In
the same way the essentially dependence of the polynomial F(x,y) on the variable y is

defined.

Definition 0.2. The polynomial F(x,y) is called essential if it depends on both

variables x and y essentially.

We also let ngl be the collection of all binary essential polynomials of the
semigroup Q(-).

We say that the hyperidentity (x) is essentially satisfied (valid) or is satisfied for
essential polynomials in the semigroup Q(-) if this hyperidentity is satisfied in the

binary algebra (Q; Qipol).

Definition 0.3. We say that two hyperidentities are equivalent (written as <), if
they simultaneously are either polynomially satisfied or none of them is polynomially
satisfied in any semigroup Q(-). It is said that the hyperidentity (hi) implies the
hyperidentity (hz2), written as (h1) = (h2), if in all semigroups where the hyperidentity

(h1) is satisfied polynomially, the hyperidentity (h2) is also satisfied polynomially.

Likewise, we also define the following;:



Definition 0.4. We say that two hyperidentities are essentially equivalent (written as
S ), if they simultaneously are either essentially satisfied or none of them is essentially
satisfied in any semigroup Q(-). It is said that the hyperidentity (hi) essentially
implies the hyperidentity (h2), written as (h1) =< (h2), if in all semigroups where
the hyperidentity (hi1) is satisfied essentially, the hyperidentity (h2) is also satisfied

essentially.

The Aim and Objectives of the Dissertation

The main aims of the present thesis are the followings:

1. Investigate the semigroups satisfying associative hyperidentities and find finite

bases for variety of those semigroups.

2. Investigate the semigroups satisfying distributive hyperidentities and find finite

bases for variety of those semigroups.

3. Investigate the semigroups satisfying alternative hyperidentities and find finite

bases for variety of those semigroups.
4. Prove an Artin type theorem for hyperalternative semigroups.
5. Investigate the semigroups satisfying transitive hyperidentities and find finite
bases for variety of those semigroups.
The Object of the Investigation

The objects of this investigation are the identities of semigroups, second
order formulas, associative hyperidentities, distributive hyperidentities, alternative

hyperidentities, transitive hyperidentities, polynomial and essential satisfiability.

The Methods of the Investigation

In this thesis we used the results of the word problem, semigroup theory and universal

algebraic theory, as well as, the concepts of equivalence and essential equivalence of

7



hyperidentities.

Scientific Innovation
Following types of results are obtained in the thesis:

1. Explicit description of the necessary and sufficient conditions of a semigroup
to polynomially or essentially satisfy an associative hyperidentity of functional

ranks 1, 2, 3 or 4.

2. Explicit description of the necessary and sufficient conditions of a semigroup to

essentially satisfy a distributive hyperidentity of functional ranks 1, 2, 3, 4 or 5.

3. Explicit description of the necessary and sufficient conditions of a semigroup to

essentially satisfy an alternative hyperidentity.

4. Prove an Artin type theorem about hyperalternative semigroups.

5. Explicit description of the necessary and sufficient conditions of a semigroup to
polynomially or essentially satisfy a transitive hyperidentity of functional ranks

1,2, 3 or 4.

6. Define equivalence and essential equivalence of hyperidentities and investigate

equivalence and essential equivalence of hyperidentities.

All of the main results are new.

Theoretical and Practical Value

Associative, distributive, alternative and transitive hyperidentities of semigroups are
some of the most natural second order properties of semigroups. These properties
have many applications in various fields, such as: semigroup theory, word problem in
semigroup, universal algebra, hypersubstitution theory, clones theory, graph theory

and circuit optimization.



The Approbation of the Results

The main results of the thesis have been presented to the following international

scientific conferences and scientific seminars:

e “Hyperidentities in semigroups”, Yerevan State University, Algebra Seminar,

May, 2016, Yerevan, Armenia

e “Hyperidentities in semigroups”, University of Illinois Urbana-Champaign, Logic

Seminar, November, 2015, Urbana, USA

e “Hyperalternative semigroups,” International Conference Maltsev Meetings,

Collection of Abstracts, p. 95, October 11-14, 2011, Novosibirsk, Russia.

e “The semigroups with ternary alternative hyperidentities,” Computer Science
and Information Technologies, p. 55-57, September 26-30, 2011, Yerevan,

Armenia.
Publications
The main results of the thesis were published in four scientific articles in the journals
which we bring at the end of the Synopsis.

The Structure and Volume of the Thesis

The thesis is consisted of five Chapters, Conclusion, Index and a list of References.
The publications of the author are four articles. The number of references is 36. The

volume of the thesis is 101 pages.

The Main Content of the Thesis

This thesis consists of five chapters and in each chapter we consider hyperidentities of

some type. More specifically here are the descriptions of the chapters:



Chapter 1: Introduction

This chapter introduces some basic concepts which we need in the thesis. In the
introduction, we introduce some concepts from universal algebra, semigroup theory
which we use throughout the thesis. Furthermore, we describe the problems we aim

to solve and give some examples to further ease the understanding of the concepts.

Chapter 2: Associative Hyperidentities

In the second chapter, we consider the hyperidentities which are built on the equation
of associativity: z(yz) = (zy)z in semigroups.

We first consider the case of satisfiability for the essential polynomials. We present
necessary and sufficient conditions for each of the associative hyperidentities of rank 2,
3 and 4 to be essentially satisfied in a semigroup Q(-). As a consequence, we prove that,
in difference to the case of associative trivial hyperidentity, the class of all semigroups,
in which the nontrivial associative hyperidentity is essentially satisfied, is a finite union
of the finitely based varieties of semigroups. As a result, the nontrivial associative
hyperidentities are classified up to essential satisfiability. This section is also covered
in [13].

Next, we consider the case of satisfiability for all polynomials. We prove that if a
semigroup polynomially satisfies to an associative hyperidentity of rank 2, 3 or 4, then
it has to be trivial, that is, the one element semigroup.

This chapter together with [9], [10] and [12]| fully cover all the cases of the
associative hyperidentities in semigroups.

Here is the main result of this chapter:

Theorem 2.3.9. Any non-trivial associative hyperidentity is essentially equivalent to

one of following hyperidentities:

X(X (xvy)vz) = X(l',Y(y,Z)) (5)

10



X(X (x,y),z) = Y(a:,X(y,z)) (6)

X (X (z,y),2) =Y (z,Y (y,2)) (M)
X(Y(:r,y),z):X(:r,Y(y,z)) (8)
X(Y (mzy)7z) = Y(x,X(y,z)) (9)

Moreover, we have the following implications: (5) = (7), (5) = (6) = (9) = (8).

Chapter 3: Distributive Hyperidentities

In the third chapter, we consider the hyperidentities which are built on the equation
of distributivity: z(yz) = (zy)(zz) in semigroups.

Again, we consider the case of satisfiability for the essential polynomials. We
present necessary and sufficient conditions for each of the distributive hyperidentities
of rank 1, 2, 3, 4 or 5 to be essentially satisfied in a semigroup Q(-). As a consequence,
we prove that, the class of all semigroups in which a distributive hyperidentity is
essentially satisfied is a finite union of the finitely based varieties of semigroups. This
section is also covered in [19].

Note that, the case of satisfiability of the distributive hyperidentities for all
polynomials has already been considered in [36].

Thus, this chapter with [36] also fully covers all the cases of the distributive
hyperidentities in semigroups.

Here is the main result of this chapter:

Theorem 3.2.18. Any (left) distributive hyperidentity is essentially equivalent either
to the hyperidentity
X(z, X (y,2) = X(X(z,9), X(z, 2)) (10)

whose rank is one or to the hyperidentity

X(l‘,X(y,Z)) :X(X(x,y),Y(:r,z)) (11)

11



whose rank is two. Moreover, we have (11) = (10).

Chapter 4: Alternative Hyperidentities

In the fourth chapter we consider the alternative hyperidentities in semigroups, which
are described below.
The following hyperidentities are consequences of the trivial associative
hyperidentity (x, ):
X(z,X(z,2)) = X(X(z,z), 2),

X(va(y7y)) = X(X(:E,y),y),

which are called left and right alternative hyperidentities, respectively.
The equivalence of the left and right alternative hyperidentities is evident. Indeed,

the binary polynomial F of the semigroup Q(-) satisfies the identity:

F(F(x,x),y) = F(:C,F(.’E,y))

iff the binary polynomial F*(z,y) = F(y, x) satisfies the identity:

F*(F*(y,x),m) = F*(y7F*(xvx))'

Moreover, F' = (F™)*.

Thus, we call a semigroup hyperalternative if the left (or right) alternative
hyperidentity is polynomially satisfied in this semigroup.

In non-associative ring theory, the Artin theorem states that in an alternative
algebra the subalgebra generated by any two elements is associative (see [16]). Here, we
consider hyperalternative (cf. [17]) and hyperassociative (see [9, 10, 11, 12, 18, 13, 19])
semigroups and prove that any two elements in a hyperalternative semigroup generate
a hyperassociative subsemigroup.

Here is the main result of this chapter:

12



Theorem 4.2.1. If the semigroup Q(-) is hyperalternative, then any two elements in

Q() generate a hyperassociative subsemigroup, i.e. the following identity

X(X(A(z,y), B(z,9)), C(z,y)) = X(A(z,y), X (B(z,y), C(z,9))),

holds for any binary polynomials X, A, B,C of Q(-), that is the semigroup Q(-)

polynomially satisfies the following hyperidentity of the functional rank 4:

X(X(Y(2,y), Z(z,9)),U(z,y)) = X(Y(z,y), X(Z(x,y),U(z,y)))-

Chapter 5: Transitive Hyperidentities

Finally, in chapter five, we consider the transitive hyperidentities which are built on
the equation of transitivity: (zy)(yz) = zz in semigroups.

We consider the case of satisfiability for all polynomials. We explicitly present
necessary and sufficient conditions for the transitive hyperidentities to be polynomially
satisfied in a semigroup Q(-). As a consequence, we get that if a non-trivial semigroup
satisfies a transitive hyperidentity, then it has to be one of functional rank 1. This
work is partially covered in [35].

Thus, this work also fully covers all the cases of the transitive hyperidentities in

semigroups that are polynomially satisfied. Here is the main result of this chapter:

Theorem 5.2.1. Any transitive hyperidentity is polynomially equivalent either to the
hyperidentity
X(X(2,y), X(y,2)) = X(z,2), (12)

or to the hyperidentity
X(X(z,y), X(y,2)) = Y(z, 2). (13)

Moreover, we have (13) = (12).

One can easily adapt the techniques in this thesis to characterize all the semigroups

where the transitive hyperidentities are essentially satisfied.
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Wiithnthmu
Wu phgqmu dtbp htypwuwgnpty Ghp wpuppbp  ghpbnybnpymbbtp  Jhuwhdpbpnid:
Snipwpwbgnip phbwpyud qlipntinytnieyui hwdiwp puguwhwypp tjupugpyty Gb jhuwpodph
wihpwdtoyp b puwjwpwp wwydwbdbpp puny Japowynp pyny Gnybmpymbibp, npptn
njuy  ghpnympmip puquubnuinptt jud tugbu pujupupymyd b Stqplwpwp,
utilp wyugnignud tiip, np pninp pbbwnpyyud ghiptnybniyeynibbtiph nhiypnd hwmbgnud Lop,
Juil ytipgwynp pwghuny Yhuwhidptiph puquwalmpymbtph, juii i Ytpewinp pughuny

Jhuwpuiptiph puquwuatmpnibbtph yepouynp dhwynpdwi:

Witih 6angnhy htipugniptip Gop Yhuwpadph wihpudtiop U pudwpun wwydwdbbn,
npwhtiugh wynptin Wkihg dtd $nibyghntw; nwbgny gqnignpnujud ghipbnybniyeynibbtpp
puqiwinuuinptitt jud bwybu pujupupybb: Wu wpuupuitpl wdpnnonipyjudp wyjwunnud

L qnignppujull ng—pphyjuy qlintinynpymbbbph pninp nbyptipp jhuwpdptipnid:

Utlp Owlb htqpowugnpty Gbp Jhuwhidph wbhpuwdbpyp U pujuwpup  wwydwbbbpp,
npwtiugh wynptin pnnp htwpwynp $nibjghntiw nwtigny puwppuwlud ghiptnytnyeynibbtipp
tuytu pujupupyt: Wu wphuwpuipp [36] wohiwgpuiph htyp dblpbn wdpnnonipjudp

wywend £ pupfumjub gipbnybmpynibbtph pninp nbiypbpp fhuwpodpbipnud:

Wonmhtupl, Yayppnbwgl) Gbp gipgnignpnuljut jhuwpdptiph npuuh dh htpuppphp
ponuytdwd’  gipwpptipbugphy  Yhuwpdptiph quuh Jpue Wywugmgyly b htaplgug
Upphth yphwh phnptdp.  ghipuppbpbwgpy ghuwfudph gubugwd 2 qupp dtmd GO
gbipgmgnppujut  Ghpwihuwpinuip:  Apybtu htyplwbp, bwb upuglp Ghp Yhuwpiph
wbhpwdbtoyp b pwjuwpup yuydwbbtp, nputiugh wyiptn puquubnuinptb pujwupunpygp

wptipnbwhy ghiptinytiniymbp:

Jbhponmd, uklp uwqpugly Gbp Jhuwpudph wbhpudbop b pujuwpup wuydwbbtpp,

npwbtiugh pnnp htwpwynp $nidyghntiwy pwbgny thnpjumbguubd glipbnybniyeynbbtpp
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puqiuinuinptt puduwpupytt jhuwhedpmd: Ldwbwyphy wpnymbpbbtp qitinh mobkh dwb
wyh nhypmd, bpp thnjuwbgulubd gbpbnybmpnibbtpp pudupupynud G fugbu: Wu
wprynibpbtippn tnybwbu wipnnonipyudp wywnmy b thnppwbgulub gtipbnybniyeynibbtph

pninp nbypbpp jhuwpedpbipnud:

20



Sakro4eHue

B aT0it Anccepranum MBI paCCMOTPENH CBEPXTOK/IECTBA B MOTyrpynmax. Jlis kax-
JIOTO JIAHHOTO CBEPXTOZK/IECTBA MBI JIa€M SIBHOE OIMCAHUE HEOOXOMMBIX U JIOCTATOY-
HBIX YCJIOBHH JIJIsl IOJIyTPYIIL, 1aBasl KOHEUHOE UUCJIO TOXKJIECTB - JIsi KOTOPBIX OHO
YZOBJIETBOPSAET JMGO MOJIMHOMHUAIBHO JIOO CYIMECTBEHHO. TakuM 06pa3soM MBI JIOKa-
3BIBAEM, UTO KJIACC BCEX TIOJIYTPYII, B KOTOPBIX BBITOJHAECTCS OJJHO U3 PACMOTPEHHBIX
CBEPXTOXKIECTB MOJMHOMUAIBGHO WM CYIIECTBEHHO, €CTh Jnb0 KOHETHO-GasupyeMoe
MHOrooGpasue IoJIyrpyn Jnb0 KOHEUHOe 00beJuHeHne KOHETHO-0a3uPyeMbIX MHOTO-
o6pasuit moIyrpymn.

Bosnee ToWHO, MBI HCCIEOBATM HEOOXOAMMBIE W JIOCTATOYHBIEC YCJIOBUS IS
MOJIyTPYII, KOTOpBIE JIMOO TIOJMHOMHUAIBHO JMOO CYIIECTBEHHO —YIOBJIETBODSIOT
CBEPXTOXKECTBAM ACCOIMATHBHOCTH (DYyHKIMOHAJIBLHOIO paHra Bbime 1. Dra xapak-
repusanus BMecte ¢ paboramu [9], [10] u [12] mosHOCTBIO HOKpBIBAaET BCe Cilydan

CBEPXTOXKIECTB aCCOIUATUBHOCTHU B IMOJIyTIDyHIIax.

Mpsr Tak:ke ucciie1oBaIu HEOOXOMUMBbIE U JOCTATOYHBIE YCIOBHS JJIs HOJIYTPYIII,
KOTOpBbIE CYIIECTBEHHO YIOBJIETBOPSIOT CBEPXTOXKIECTBAM JIUCTPUOYTUBHOCTH JIJIS
BCEX BO3MOXKHBIX (PYHKIIMOHAJIBHBIX PAHTOB. Takmm 00pa3oM, 3Ta XapaKTepPU3AIUsI
BMecTe ¢ paboroit [36] TakKe IOJHOCTBIO IIOKPBIBAET BCE CIIydad CBEPXTOXKJIECTB

JUCTPUOYTUBHOCTH B IIOJIyIDYIIIIax.

Hanee, MBI COCPEJOTOYMJINCH Ha WHTEPECHOM DACIIEPDEHNN KJIACcCa CBepXac-
COIIMATUBHBIX IIOJYyTPYHI, a WNMEHHO KJacCa CBepXaJTEePHATUBHBIX IOJYT'PYIII.
Kiaccuueckas teopema ApruHa st aJIbTEPHATUBHBIX ajredp MEPEHOCUTCA U JI0-
Ka3bIBAE€TCS HA CBEPXAJIbTEPHATHUBHBIE IOJYTIPYIIIbI, YTBEPXKIIONINN, YTO JIOOBIE 2
3JIEMEHTa CBepXaJTEePHATUBHOI IOJIyIPYIIILI ITOPOXKIAIOT CBEPXaCCOIMATUBHYIO IIO/I-
nostyrpytmmny. BeaeacTBue 3Toro, Mbl TakzKe MOJIYIUIN HeOOXOIUMBbIE U JOCTATOYHBIE

YCJIOBUA [JId IIOJIYTPYIIIL, KOTOPBIC IIOJIMHOMHUAJIBHO YAOBJIECTBOPAIOT CBEPXTOZKIE-
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CTBaM aJIbT€PHATHUBHOCTH.

B 3zaksmouenne, Mbl MCCIETOBATN HEOOXOAMMBIE U JOCTATOYHBIE YCJIOBUS IS
HOJIyT'PYHIl, KOTOPbIE IMOJIMHOMUAJIBHO YJIOBJIETBOPAIOT CBEPXTOXK/IECTBaM TPAaH3UTUB-
HOCTH JIJIsl BCE-BO3MOXKHBIX (DYHKIIMOHAJIBHBIX PAHIOB. AHAJOMUYHBIE PE3YJIBTATHI
CIIpaBeJJINBBI TaKKe B CJIydae CYNIECTBEHHON BBIIIOJIBHUMOCTH CBEPXTOXKIECTB TPaH-
3UTUBHOCTH B MOIYrpynmax. Takmm o0pa3oM, 3TH XapaKTEPUBAIIH TAKKEe ITOJTHOCTHIO

HCYEepIIaloT BCE C/Iydau CBEPXTOXKAECTB TPAH3UTUBHOCTU B IIOJIYI'DYIIIIax.
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