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Îáùàÿ õàðàêòåðèñòèêà ðàáîòû

Àêòóàëüíîñòü òåìû.

Ïðîáëåìû ïðèáëèæåíèÿ ôóíêöèé òðèãîíîìåòðè÷åñêèìè ïîëèíîìàìè,
òàêèìè êàê ÷àñòíûå ñóììû ðÿäîâ Ôóðüå, èíòåðïîëÿöèîííûå ïîëèíîìû,
ñðåäíèå Ôåéåðà, Âàëëå-Ïóññåíà, ×åçàðî è äð. èìåþò áîëåå, ÷åì âåêîâóþ
èñòîðèþ, íî íå òåðÿëè ñâîþ àêòóàëüíîñòü è ñåãîäíÿ. Ýòèìè âîïðîñàìè çà-
íèìàëèñü òàêèå çíàìåíèòûå ìàòåìàòèêè, êàê À. Çèãìóíä, À. Êîëìîãîðîâ,
Í. Ëóçèí, Ä. Ìåíüøîâ, Ñ. Ì. Íèêîëüñêèé, Ï.Ë. Óëÿíîâ, À. Òàëàëÿí, Æ.-Ï.
Êàõàí è äð.

Îäíî èç íàïðàâëåíèé ýòèõ èññëåäîâàíèé � ïðèçíàêè ñõîäèìîñòè ðÿäîâ
Ôóðüå, ñðåäè êîòîðûõ âàæíîå ìåñòî çàíèìàþò ïðèçíàê Äèðèõëå-Æîðäàíà
è ïðèçíàê Ñàëåìà. Îíè îáîáùàëèñü è óñèëèâàëèñü ìíîãèìè ìàòåìàòèêàìè,
ñðåäè êîòîðûõ Ê. Ãîôìàí, Þ. Ìàðöèíêåâè÷, Í. Âèíåð, Ë. Þíã, À. Áåðí-
øòåéí, Ä. Âàòåðìàí, êîòîðûå âìåñòî ôóíêöèé îãðàíè÷åííîé âàðèàöèè ðàñ-
ñìàòðèâàëè ðàçëè÷íûå êëàññû ôóíêöèé îãðàíè÷åííîé îáîáùåííîé âàðèà-
öèè. Ðàçíûå îáîáùåíèÿ áûëè ïîëó÷åíû è â ìíîãîìåðíîì ñëó÷àå Ã. Õàðäè,
Á. Ãîëóáîâûì, Ì. Äüÿ÷åíêî, Ó. Ãîãèíàâà, À. Ñààêÿíîì, À. Áàõâàëîâûì è
äð. Àíàëîãè÷íûå âîïðîñû äëÿ òðèãîíîìåòðè÷åñêèõ èíòåðïîëÿöèîííûõ ïî-
ëèíîìîâ â îäíîìåðíîì ñëó÷àå ðàññìàòðèâàëèñü â ðàáîòàõ À. Çèãìóíäà, Ä.
Âàòåðìàíà è Õ. Êñèíãà, À. Êåëüçîíà. Â äèññåðòàöèè ïðîäîëæàþòñÿ ýòè
èññëåäîâàíèÿ äëÿ èíòåðïîëÿöèîííûõ ïîëèíîìîâ ìíîãèõ ïåðåìåííûõ.

Äðóãîå íàïðàâëåíèå � èçìåíåíèå ôóíêöèè (íà ìíîæåñòâå ìàëîé ìåðû
èëè ñ ïîìîùüþ ãîìåîìîðôíîé çàìåíû ïåðåìåííîé) ñ öåëüþ óëó÷øåíèÿ ñõî-
äèìîñòè ÷àñòè÷íûõ ñóìì ðÿäà Ôóðüå. Â äèññåðòàöèè äëÿ òðèãîíîìåòðè-
÷åñêèõ èíòåðïîëÿöèîííûõ ïîëèíîìîâ óñòàíàâëèâàþòñÿ àíàëîãè ðåçóëüòà-
òîâ Ã. Áîðà, Êàõàíà è Êàöíåëüñîíà, À. Ñààêÿíà.

Öåëü ðàáîòû.

1) Äîêàçâòåëüñòâî ñõîäèìîñòè òðèãîíîìåòðè÷åñêèõ èíòåðïîëÿöèîííûõ
ïîëèíîìîâ äëÿ ôóíêöèé ñ îãðàíè÷åííîé ãàðìîíè÷åñêîé âàðèàöèåé â äâóìåð-
íîì ñëó÷àå.

2) Äîêàçàòåëüñòâî òåîðåìû Ã. Áîðà äëÿ òðèãîíîìåòðè÷åñêèõ èíòåðïîëÿ-
öèîííûõ ïîëèíîìîâ â äâóìåðíîì ñëó÷àå.

3 Óñòàíîâëåíèå ïðèçíàêà Ñàëåìà äëÿ òðèãîíîìåòðè÷åñêèõ èíòåðïîëÿ-
öèîííûõ ïîëèíîìîâ â äâóìåðíîì ñëó÷àå.

4) Äîêàçâòåëüñòâî ñõîäèìîñòè òðèãîíîìåòðè÷åñêèõ èíòåðïîëÿöèîííûõ
ïîëèíîìîâ äëÿ ôóíêöèé íåïðûðûâíûõ ïî ãàðìîíè÷åñêîé âàðèàöèè â ñëó-
÷àå, êîãäà ðàçìåðíîñòü ïðîñòðàíñòâà m > 2.

5) Ïîñòðîåíèå ïðèìåðà íåïðûðûâíîé ôóíêöèé ñ îãðàíè÷åííîé ãàðìîíè-
÷åñêîé âàðèàöèåé, òðèãîíîìåòðè÷åñêèå èíòåðïîëÿöèîííûå ïîëèíîìû êîòî-
ðîé ðàññõîäÿòñÿ â òî÷êå, â ñëó÷àå, êîãäà ðàçìåðíîñòü ïðîñòðàãíñòâà áîëüøå
äâóõ.
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Ìåòîäû èññëåäîâàíèÿ. Â ðàáîòå ïðèìåíåíû ìåòîäû òåîðèè ôóíê-
öèé è ôóíêöèîíàëüíîãî àíàëèçà.

Íàó÷íàÿ íîâèçíà. Âñå ðåçóëüòàòû ðàáîòû ÿâëÿþòñÿ íîâûìè.
Ïðàêòè÷åñêàÿ è òåîðåòè÷åñêàÿ öåííîñòü. Ïîëó÷åííûå ðåçóëüòà-

òû ðàáîòû èìåþò òåîðåòè÷åñêèé õàðàêòåð è ìîãóò áûòü èñïîëüçîâàíû ïðè
äàëüíåéøåì èçó÷åíèè âîïðîñîâ ñõîäèìîñòè òðèãîíîìåòðè÷åñêèõ èíòåðïîëÿ-
öèîííûõ ïîëèíîìîâ.

Àïðîáàöèÿ ïîëó÷åííûõ ðåçóëüòàòîâ. Îñíîâíûå ðåçóëüòàòû ðàáî-
òû äîêëàäûâàëèñü íà ñåìèíàðàõ ïî òåîðèè ôóíêöèé êàôåäðû ìàòåìàòè÷å-
ñêîãî àíàëèçà è òåîðèè ôóíêöèé ôàêóëüòåòà Ìàòåìàòèêè è ìåõàíèêè ÅÃÓ.

Îñíîâíûå ðåçóëüòàòû äèññåðòàöèè îïóáëèêîâàíû â 3 ñòàòüÿõ, ñïè-
ñîê êîòîðûõ ïðèâîäèòñÿ â êîíöå àâòîðåôåðàòà.

Ñòðóêòóðà è îáúåì äèññåðòàöèè. Äèññåðòàöèîííàÿ ðàáîòà èçëî-
æåíà íà 73 ñòðàíèöàõ, ñîñòîèò èç ââåäåíèÿ, òðåõ ãëàâ, çàêëþ÷åíèÿ è ñïèñêà
öèòèðîâàííîé ëèòåðàòóðû, âêëþ÷àþùåãî 35 íàèìåíîâàíèé.

Ñîäåðæàíèå ðàáîòû

Äèññåðòàöèÿ ïîñâÿùåíà âîïðîñàì ñõîäèìîñòè òðèãîíîìåòðè÷åñêèõ èí-
òåðïîëÿöèîííûõ ïîëèíîìîâ. Äëÿ òðèãîíîìåòðè÷åñêèõ èíòåðïîëÿöèîííûõ
ïîëèíîìîâ äîêàçàíû àíàëîãè íåêîòîðûõ ðåçóëüòàòîâ, õîðîøî èçâåñòíûõ
äëÿ êëàññè÷åñêèõ ðÿäîâ Ôóðüå ïî òðèãîíîìåòðè÷åñêîé ñèñòåìå. Ðàññìîò-
ðåí âîïðîñ î âîçìîæíîñòè óëó÷øåíèÿ ñâîéñòâ ñõîäèìîñòè èíòåðïîëÿöè-
îííûõ òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ íåïðåðûâíîé ôóíêöèè ñ ïîìîùüþ
ãîìåîìîðôíîé çàìåíû ïåðåìåííîé.

Õîðîøî èçâåñòíî, ÷òî êàê ðÿäû Ôóðüå, òàê è èíòåðïîëÿöèîííûå òðèãîíî-
ìåòðè÷åñêèå ïîëèíîìû íåïðåðûâíûõ ôóíêöèè ìîãóò íå òîëüêî íå ñõîäèòü-
ñÿ ðàâíîìåðíî, íî è ðàñõîäèòüñÿ â íåêîòîðûõ òî÷êàõ. Â ñâÿçè ñ ýòèì áûëî
äîêàçàíî ìíîæåñòâî ïðèçíàêîâ äëÿ ñõîäèìîñòè ðÿäîâ Ôóðüå, ñðåäè êîòî-
ðûõ âàæíîå ìåñòî çàíèìàåò ñëåäóþùèé ïðèçíàê Äèðèõëå-Æîðäàíà.

Òåîðåìà ([29] ñòð. 98). Ïðåäïîëîæèì, ÷òî ôóíêöèÿ f èìååò îãðàíè÷åííîå
èçìåíåíèå íà [−π, π]. Òîãäà

(I) â êàæäîé òî÷êå x0 ðÿä Ôóðüå S[f ] ñõîäèòñÿ ê çíà÷åíèþ

1

2
[f(x0 + 0) + f(x0 − 0)] ,

â ÷àñòíîñòè, S[f ] ñõîäèòñÿ ê f(x0) â êàæäîé òî÷êå íåïðåðûâíîñòè f ;

(II) åñëè, êðîìå òîãî, f íåïðåðûâíà â êàæäîé òî÷êå îòðåçêà I, òî S[f ]
ñõîäèòñÿ ðàâíîìåðíî íà I.
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Ýòà òåîðåìà îáîáùàëàñü ìíîãèìè ìàòåìàòèêàìè, ñðåäè êîòîðûõ Ê. Ãîô-
ìàí [12], Þ. Ìàðöèíêåâè÷ [17], Í. Âèíåð [27], Ã. Õàðäè [13], Ë. Þíã [28],
À. Âåðíøòåéí [1], (ñì. òàêæå [2], [5] � [8], [18]), êîòîðûå âìåñòî ôóíêöèé
îãðàíè÷åííîé âàðèàöèè ðàññìàòðèâàëè ðàçëè÷íûå êëàññû ôóíêöèé îãðà-
íè÷åííîé îáîáùåííîé âàðèàöèè.

Â âîïðîñàõ ñõîäèìîñòè ðÿäîâ Ôóðüå ïðèíöèïèàëüíóþ ðîëü èãðàþò êëàñ-
ñû ôóíêöèé îãðàíè÷åííîë Λ-âàðèàöèè, ââåäåííûå â Ä. Âàòåðìàíîì [25].

Îáîçíà÷èì ÷åðåç L ìíîæåñòâî ïîñëåäîâàòåëüíîñòåé ïîëîæèòåëüíûõ ÷è-
ñåë Λ = {λn}, óäîâëåòâîðÿþùèõ óñëîâèÿì

lim
n→∞

λn = ∞,

∞∑
n=1

1

λn
= ∞.

Ïîëîæèì òàêæå

f(∆) = f(β)− f(α), åñëè ∆ = (α, β).

Äëÿ îòðåçêà I ⊂ R ÷åðåç Ω(I) îáîçíà÷èì ìíîæåñòâî âñåõ êîíå÷íûõ ñèñòåì
ïîïàðíî íåïåðåñåêàþùèõñÿ èíòåðâàëîâ In, òàêèõ ÷òî In ⊂ I.

Îïðåäåëåíèå (Ä. Âàòåðìàí [25]). Ïóñòü {λn} ∈ L, è ôóíêöèÿ f(x), x ∈
I îïðåäåëåíà íà îòðåçêå I âåùåñòâåííîé îñè. Λ-âàðèàöèåé ôóíêöèè f íà
îòðåçêå I íàçûâàåòñÿ ñëåäóþùàÿ âåëè÷èíà:

VΛ(f, I) := sup
{In}∈Ω(I)

∑ |f(In)|
λn

.

Êëàññ ôóíêöèé c îãðàíè÷åííîé Λ-âàðèàöèåé íà I îáîçíà÷èì ÷åðåç ΛBV (I):

ΛBV = ΛBV (I) = {f : VΛ(f, I) < ∞}.

Â ÷àñòíîì ñëó÷àå, êîãäà λn ≡ n, êëàññ ΛBV íàçûâàåòñÿ êëàññîì ôóêíöèé
îãðàíè÷åííîé ãàðìîíè÷åñêîé âàðèàöèè è ïèøåòñÿ VH(f, I) è HBV âìåñòî
VΛ(f, I) è ΛBV ñîîòâåòñòâåííî.

Â ðàáîòå [25] Ä. Âàòåðìàí îáîáùèë ïðèçíàê Äèðèõëå-Æîðäàíà íà êëàññ
ôóíêöèé, èìåþùèõ îãðàíè÷åííóþ ãàðìîíè÷åñêóþ âàðèàöèþ íà îòðåçêå T :=
[−π, π].

Òåîðåìà (Ä. Âàòåðìàí, [25]). Äëÿ ïðîèçâîëüíîé ôóíêöèè f ∈ HBV (T)
èìåþò ìåñòî ñëåäóþùèå óòâåðæäåíèÿ:

(I) ðÿä Ôóðüå ôóíêöèè f ñõîäèòñÿ ê çíà÷åíèþ 1
2 [f(x0 + 0) + f(x0 − 0)]

â êàæäîé òî÷êå x0 ∈ T; â ÷àñòíîñòè, S[f ] ñõîäèòñÿ ê f â êàæäîé òî÷êå
íåïðåðûâíîñòè f ;

(II) åñëè f íåïðåðûâíà íà îòðåçêå I ⊂ T, òî S[f ] ñõîäèòñÿ ê f ðàâíî-
ìåðíî íà I.
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Ñëåäóåò îòìåòèòü, ÷òîHBV (T) � íàèáîëåå øèðîêèé êëàññ ñðåäè êëàññîâ
ôóíêöèé îãðàíè÷åííîé îáîáùåííîé âàðèàöèèè, äëÿ êîòîðûõ ñïðàâåäëèâî
óòâåðæäåíèå ïðèçíàêà Äèðèõëå-Æîðäàíà.

Äëÿ òðèãîíîìåòðè÷åñêèõ èíòåðïîëÿöèîííûõ ïîëèíîìîâ íåêîòîðûå àíà-
ëîãè ïðèçíàêà Äèðèõëå-Æîðäàíà è åãî îáîáùåíèé áûëè äîêàçàíû â ðàáî-
òàõ À. Çèãìóíäà [30], À. Êåëüçîíà [15], [16] è Ä. Âàòåðìàíà è Õ. Êñèíãà
[26]. Äëÿ ôîðìóëèðîâêè ýòèõ ðåçóëüòàòîâ ïðèâåäåì îïðåäåëåíèå òðèãîíî-
ìåòðè÷åñêîé èíòåðïîëÿöèè.

Ïóñòü N�ïðîèçâîëüíîå íàòóðàëüíîå ÷èñëî, t0 ∈ T, è

hN =
2π

2N + 1
, ti = t0 + ihN , i = 0,±1,±2 . . . . (1)

Äëÿ 2π-ïåðèîäè÷åñêîé ôóíêöèè f ÷åðåç IN (f, x) îáîçíà÷èì åäèíñòâåííûé
òðèãîíîìåòðè÷åñêèé ïîëèíîì âèäà:

IN (f, x) =
aN0
2

+

N∑
ν=1

(aNν cos νx+ bNν sin νx) =

N∑
ν=−N

cNν eiνx,

êîòîðûé ñîâïîäàåò ñ f â òî÷êàõ ti:

IN (f, ti) = f(ti), i = 0, 1, . . . , 2N.

Èìååò ìåñòî ñëåäóþùèé àíàëîã ïðèçíàêà Äèðèõëå-Æîðäàíà.

Òåîðåìà (À. Çèãìóíä [30], ãë. X). Åñëè ôóíêöèÿ f èìååò îãðàíè÷åííóþ
âàðèàöèþ íà îòðåçêå T = [−π, π], òîãäà

lim
n→∞

InN (f, x) = f(x) (N > n)

â êàæäîé òî÷êå x ∈ T, ãäå ôóíêöèÿ f íåïðåðûâíà. Ñõîäèìîñòü ðàâíîìåðíà
íà êàæäîì îòðåçêå íåïðûðûâíîñòè ôóíêöèè f .

Äëÿ òðèãîíîìåòðè÷åñêèõ èíòåðïîëÿöèîííûõ ïîëèíîìîâ àíàëîã òåîðåìû
Ä. Âàòåðìàíà áûëà äîêàçàíà À. À. Êåëüçîíîì [15], [16], à òàêæå Ä. Âàòåðìà-
íîì è Õ. Êñèíãîì [26].

Ðàçíûå îáîáùåíèÿ ïðèçíàêà Äèðèõëå-Æîðäàíà áûëè ðàññìîòðåíû è â
ìíîãîìåðíîì ñëó÷àå (ñì., íàïðèìåð, [6] � [9], [11], [13]). Â äâóìåðíîì ñëó÷àå
ñõîäèìîñòü ïî Ïðèíãñõåéìó ðÿäîâ Ôóðüå ôóíêöèé îãðàíè÷åííîé ãàðìîíè-
÷åñêîé âàðèàöèè áûëà äîêàçàíà À. À. Ñààêÿíîì â ðàáîòå [20], ãäå ïðèâåäå-
íû îïðåäåëåíèå è îñíîâíûå ñâîéñòâà ãàðìîíè÷åñêîé âàðèàöèè â äâóìåðíîì
ñëó÷àå.

Îïðåäåëåíèå (À. Ñààêÿí, [20]). Ïóñòü ôóíêöèÿ f(x, y), x ∈ I, y ∈ ∆
îïðåäåëåíà íà ïðÿìîóãîëüíèêå I ×∆, è I = (a, b), ∆ = (α, β). Ïîëîæèì

Vx,y(f ; I ×∆) = sup
∑
n,k

|f(In,∆k)|
nk

,
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ãäå sup áåðåòñÿ ïî âñåì ñèñòåìàì {In}n0
n=1 è {∆k}k0

k=1 ïîïàðíî íåïåðåñåêàþ-
ùèõñÿ èíòåðâàëîâ èç I è ∆ ñîîòâåòñòâåííî, è

f(I,∆) := f(a, α)− f(a, β)− f(b, α) + f(b, β).

Äâóìåðíàÿ ãàðìîíè÷åñêàÿ âàðèàöèÿ ôóíêöèè f íà ïðÿìîóãîëüíèêå I × ∆
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

VH(f, I ×∆) := Vx,y(f ; I ×∆) + sup
y0∈∆

Vx(f(x, y0), I) + sup
x0∈I

Vy(f(x0, y),∆),

ãäå Vx è Vy � îäíîìåðíûå ãàðìîíè÷åñêèå âàðèàöèè îòíîñèòåëüíî ïåðåìåí-
íûõ x è y ñîîòâåòñòâåííî. Êëàññ ôóíêöèé îãðàíè÷åííîé ãàðìîíè÷åñêîé
âàðèàöèè íà ïðÿìîóãîëüíèêå I×∆ îáîçíà÷àþò ÷åðåç HBV = HBV (I×∆).

Äëÿ ñóììèðóåìîé ôóíêöèè f ∈ L1(T2) ÷åðåç SN,M (f, x, y) îáîçíà÷èì
ïðÿìîóãîëüíûå ÷àñòè÷íûå ñóììû ðÿäà Ôóðüå ôóíêöèè f .

Òåîðåìà (À. Ñààêÿí, [20]). Åñëè f ∈ HBV (T2), òî
1) â êàæäîé òî÷êå, ãäå ñóùåñòâóþò ïðåäåëû f(x±0, y±0) èìååò ìåñòî

ðàâåíñòâî

lim
N,M→∞

SN,M (f, x, y) =
1

4

∑
f(x± 0, y ± 0); (2)

2) åñëè, f íåïðåðûâíà â òî÷êàõ îòêðûòîãî ìíîæåñòâà E ⊂ T2, òî
ñõîäèìîñòü â (2) èìååò ìåñòî ðàâíîìåðíî íà êàæäîì êîìïàêòå K ⊂ E.

Â ïåðâîé ãëàâå äèññåðòàöèè äîêàçûâàåòñÿ àíàëîã òåîðåìû À. Ñààêÿíà
äëÿ äâóìåðíûõ òðèãîíîìåòðè÷åñêèõ èíòåðïîëÿöèîííûõ ïîëèíîìîâ. Ïðèâå-
äåì íåîáõîäèìûå îïðåäåëåíèÿ. Ïóñòü óçëû ti îïðåäåëåíû êàê â (1), è ïóñòü

sj = sMj = s0 +
2πj

2M + 1
, j = 0, 1, . . . , 2M, (3)

ãäå M � íàòóðàëüíîå ÷èñëî, è s0 ∈ T. Äëÿ çàäàííîé 2π-ïåðèîäè÷åñêîé ïî
êàæäîé ïåðåìåííîé ôóíêöèè f(x, y), (x, y) ∈ R2 ñóùåñòâóåò åäèíñòâåííûé
òðèãîíîìåòðè÷åñêèé ïîëèíîì

IN,M (f, x, y) =

N∑
ν=−N

M∑
µ=−M

cN,M
ν,µ eiνxeiµy,

êîòîðûé ñîâïîäàåò ñ f â òî÷êàõ (ti, sj):

IN,M (f, ti, sj) = f(ti, sj), i = 0, 1, . . . , 2N, j = 0, 1, . . . , 2M.

Ñëåäóþùaÿ òåîðåìà ÿâëÿåòñÿ îñíîâíûì ðåçóëüòàòîì ïåðâîé ãëàâû.
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Òåîðåìà 1 (À. Ð. Íóðáåêÿí, À. À. Ñààêÿí [1]). Ïóñòü ôóíêöèÿ f ∈ HBV (T2).
Òîãäà â êàæäîé òî÷êå (x, y) ∈ T2, ãäå ñóùåñòâóþò ïðåäåëû ïî êâàäðàíòàì
f(x± 0, y ± 0), èìååò ìåñòî ñëåäóþùåå ðàâíñòâî

lim
n,m→∞

In,mN,m(f, x, y) =
1

4

∑
f(x± 0, y ± 0) (N > n, M > m),

ïðè óñëîâèè, ÷òî îòíîøåíèÿ N/n è M/m ðàâíîìåðíî îãðàíè÷åíû. Åñëè f
íåïðûðûâíà íà îòêðûòîì ìíîæåñòâå E ∈ T 2, òî ñõîäèìîñòü ðàâíîìåðíà
íà ëþáîì êîìïàêòå K ⊂ E.

Âàæíóþ ðîëü â äîêàçàòåëüñòâå òåîðåìû 1 èãðàåò ñëåäóþùàÿ ëåììà,
êîòîðàÿ, â ÷àñòíîñòè, äîêàçûâàåò, ÷òî äëÿ òðèãîíîìåòðè÷åñêèõ èíòåðïîëÿ-
öèîííûõ ïîëèíîìîâ ôóíêöèé îãðàíè÷åííîé ãàðìîíè÷åñêîé âàðèàöèè èìååò
ìåñòî ïðèíöèï ëîêàëèçàöèè.

Ëåììà (À. Ð. Íóðáåêÿí, À. À. Ñààêÿí [1]). Äëÿ ïðîèçâîëüíîé ôóíêöèè
f ∈ HBV (T2) è ε > 0 ñïðàâåäëèâî ñîîòíîøåíèå:

In,mN,M (f, x, y) =
1

π2

∫ ε

−ε

∫ ε

−ε

f(x+t, y+s)
sinnt

t
· sinms

s
dω̃2N+1(t)dω̃2M+1(s)+o(1),

ãäå o(1) ñòðåìèòñÿ ê 0 ðàâíîìåðíî íà êâàäðàòå T2, êîãäà n, m → ∞ òàê,
÷òî îòíîøåíèÿ N/n è M/m ðàâyîìåðíî îãðàíè÷åíû.

Âî âòîðîé ãëàâå äèññåðòàöèè ðàññìàòðèâàþòñÿ âîïðîñû ñïðàâåäëèâîñòè
àíàëîãà òåîðåìû Áîðà äëÿ äâîéíûõ òðèãîíîìåòðè÷åñêèõ èíòåðïîëÿöèîí-
íûõ ïîëèíîìîâ è àíàëîãà ïðèçíàêà Ñàëåìà äëÿ äâóìåðíûõ òðèãîíîìåòðè-
÷åñêèõ èíòåðïîëÿöèîííûõ ïîëèíîìîâ.

Ïóñòü C(T) (C(T2)) � ïðîñòðàíñòâî íåïðåðûâíûõ 2π-ïåðèîäè÷åñêèõ (ïî
êàæäîé ïåðåìåííîé) ôóíêöèé íà R (R2). Äëÿ îäíîìåðíûõ òðèãîíîìåòðè-
÷åñêèõ ðÿäîâ õîðîøî èçâåñòíà ñëåäóþùàÿ òåîðåìà Ã. Áîðà.

Òåîðåìà (Ã. Áîð [4]). Äëÿ ïðîèçâîëüíîé ôóíêöèè f ∈ C(T) ñóùåñòâóåò
ãîìåîìîðôèçì τ(t) îòðåçêà T, ò.å. íåïðåðûâíàÿ ôóíêöèÿ ñ óñëîâèåì

−π = τ(−π) < τ(t1) < τ(t2) < τ(π) = π, −π < t1 < t2 < π,

òàêàÿ, ÷òî ðÿä Ôóðüå ñóïåðïîçèöèè f ◦ τ(t) ðàâíîìåðíî ñõîäèòñÿ íà T.

Ðàçíûå óñèëåíèÿ òåîðåìû Áîðà áûëè ïîëó÷åíû â [14] è [19] . Â ÷àñòíî-
ñòè, Æ.-Ï. Êàõàíîì è È. Êàöíåëüñîíîì â [14] áûëî äîêàçàíî, ÷òî ãîìåî-
ìîðôèçì τ ìîæíî ïîñòðîèòü åäèíûì äëÿ çàäàííîãî êîìïàêòà â C(T).

Òåîðåìà (Æ.-Ï. Êàõàí, È. Êàöíåëüñîí [14]). Ïóñòü

ω ∈ C(0,∞), 0 = ω(0) < ω(δ1) < ω(δ2) < ∞, 0 < δ1 < δ2 < ∞. (4)

Ñóùåñòâóåò ãîìåîìîðôèçì τ îòðåçêà T òàêîé, ÷òî äëÿ ïðîèçâîëüíîé
ôóíêöèè f ∈ C(T) ñ ìîäóëåì íåïðåðûâíîñòè ω(δ, f) < ω(δ) ðÿä Ôóðüå
ñóïåðïîçèöèè f ◦ τ(t) ðàâíîìåðíî ñõîäèòñÿ íà T.
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Òåîðåìà Êàõàíà è Êàöíåëüñîíà áûëà îáîáùåíà À. Ñààêÿíîì â [21] íà
ìíîãîìåðíûé ñëó÷àé. Èç ýòîãî ðåçóëüòàòà, â ÷àñòíîñòè, ñëåäóåò ñïðàâåäëè-
âîñòü òåîðåìû Áîðà äëÿ êðàòíûõ ðÿäîâ Ôóðüå. Äëÿ F ∈ C(T2) îáîçíà÷èì

ω(δ, F ) = sup
(x1−x2)2+(y1−y2)2≤δ2

|F (x1, y1)− F (x2, y2)| , 0 < δ < ∞.

Òåîðåìà (À. À. Ñààêÿí [21]). Äëÿ ïðîèçâîëüíîé ôóíêöèè ω(δ) ñ óñëîâè-
ÿìè (4) ñóùåñòâóåò ãîìåîìîðôèçì τ îòðåçêà T òàêîé, ÷òî ðÿä Ôóðüå
ïðîèçâîëüíîé ôóíêöèè F âèäà

F (x, y) = f(τ(x), τ(y)), f ∈ C(T2), ω(δ, f) ≤ ω(δ) (5)

ðàâíîìåðíî ñõîäèòñÿ ïî Ïðèíãñõåéìó ê ôóíêöèè F íà êâàäðàòå T2.
Áîëåå òîãî, äëÿ ïðîèçâîëüíîãî ε ñóùåñòâóåò íîìåð N òàêîé, ÷òî ïðè
n,m > N èìååò ìåñòî íåðàâåíñòâî

‖Sn,m(F )− F‖C ≤ ε

äëÿ âñåõ ôóíêöèè F âèäà (5).

Îäíèì èç îñíîâíûõ ðåçóëüòàòîâ ãëàâû 2 ÿâëÿåòñÿ àíàëîã ýòîé òåîðåìû
äëÿ äâîéíûõ òðèãîíîìåòðè÷åñêèõ èíòåðïîëÿöèîííûõ ïîëèíîìîâ.

Òåîðåìà 2 (À. Ð. Íóðáåêÿí [2]). Äëÿ ïðîèçâîëüíîé ôóíêöèè ω(δ) âèäà
(4) ñóùåñòâóåò ãîìåîìîðôèçì τ îòðåçêà T, òàêîé, ÷òî äëÿ ïðîèçâîëü-
íîé ôóíêöèè F âèäà (5) èíòåðïîëÿöèîííûå ïîëèíîìû In,mN,M (F ) ñõîäÿòñÿ

ê ôóíêöèè F ðàâíîìåðíî íà T2, êîãäà n,m → ∞, n ≤ N, m ≤ M .
Áîëåå òîãî, äëÿ ïðîèçâîëüíîãî ε > 0 ñóùåñòâóåò ÷èñëî K, òàêîå ÷òî

‖In,mN,M (F )− F‖C ≤ ε, n,m > K

äëÿ ëþáîé ôóíêöèè F âèäà (5).

Äëÿ ðàâíîìåðíîé ñõîäèìîñòè ðÿäîâ Ôóðüå õîðîøî èçâåñòåí ïðèçíàê Ñà-
ëåìà, äëÿ ôîðìóëèðîâêè êîòîðîé íàì ïîíàäîáÿòñÿ îáîçíà÷åíèÿ:

∆δ
k(x, n) :=

(
x+ δ · 2k − 1

n
π, x+ δ · 2k

n
π

)
, x ∈ T, k, n = 1, 2, . . . , δ = ±1,

W δ
n (f, x) :=

[n2 ]∑
k=1

f
(
∆δ

k(x, n)
)

k
, x ∈ T, n = 1, 2, . . . , δ = ±1.

Òåîðåìà (Ð. Ñàëåì [23]). Ïóñòü f � íåïðåðûâíàÿ 2π-ïåðèîäè÷åñêàÿ ôóíê-
öèÿ. Åñëè âûðàæåíèÿ

W δ
n (f, x) , δ = ±1

ñòðåìÿòñÿ ê íóëþ ïðè n → ∞ ðàâíîìåðíî íà T, òî ðÿä Ôóðüå ôóíêöèè f
ñõîäèòñÿ ê f ðàâíîìåðíî íà T.
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Â äâóìåðíîì ñëó÷àå àíàëîã ïðèçíàêà Ñàëåìà áûë äîêàçàí Á. È. Ãîëóáî-
âûì â [11]. Âî âòîðîé ãëàâå äèññåðòàöèè óñòàíàâëèâàåòñÿ ïðèçíàê Ñàëåìà
äëÿ òðèãîíîìåòðè÷åñêèõ èíòåðïîëÿöèîííûõ ïîëèíîìîâ â äâóìåðíîì ñëó-
÷àå.

Äëÿ ôóíêöèè F (x, y), (x, y) ∈ R2 è ÷èñåë δ1, δ2 = ±1, n,m = 1, 2, . . .
ïîëîæèì

W δ1,δ2
n,m (F, x, y) :=

[n2 ]∑
k=1

[m2 ]∑
j=1

F
(
∆δ1

k (x, n),∆δ2
j (y,m)

)
kj

,

Wn,m(F ) := sup
{ ∣∣W δ1,δ2

n,m (F, x, y)
∣∣+ ∣∣W δ1

n (F (·, y), x)
∣∣+ ∣∣W δ2

m (F (x, ·), y)
∣∣ },

ãäå sup áåðåòñÿ ïî (x, y) ∈ T2, δ1, δ2 = ±1. Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 3 (À. Ð. Íóðáåêÿí, [2]). Ïóñòü F ∈ C(T2) è

lim
n,m→∞

Wn,m(F ) = 0,

òîãäà èíòåðïîëÿöèîííûå ïîëèíîìû IN,M
n,m (F ) ðàâíîìåðíî ñõîäÿòñÿ ê F íà

T2, êîãäà n,m → ∞, n ≤ N, m ≤ M .

Â ãëàâå 3 ðàññìàòðèâàþòñÿ âîïðîñû ñõîäèìîñòè òðèãîíîìåòðè÷åñêèõ
èíòåðïîëÿöèîííûõ ïîëèíîìîâ â ñëó÷àå, êîãäà ðàçìåðíîñòü ïðîñòðàíñòâà
m > 2. À. Í. Áàõâàëîâ [2] ïîêàçàë, ÷òî â ýòîì ñëó÷àå íåïðûðûâíîñòü ôóíê-
öèè è îãðàíè÷åííîñòü åå ãàðìîíè÷åñêîé âàðèàöèé íåäîñòàòî÷íû äëÿ ñõîäè-
ìîñòè ðÿäîâ Ôóðüå ïî Ïðèíãñõåéìó. Îêàçàëîñü, ÷òî äëÿ ñõîäèìîñòè ðÿäîâ
Ôóðü ïî Ïðèíãñõåéìó ïðè m > 2 âàæíóþ ðîëü èãðàåò íåïðûðûâíîñòü ïî
Λ-âàðèàöèè, ââåäåííàÿ â îäíîìåðíîì ñëó÷àå Ä. Âàòåðìàíîì [24].

Ïðèâåäåì íåîáõîäèìûå îáîçíà÷åíèÿ è îïðåäåëåíèÿ. Ïóñòü Ik = (ak, bk)
è f � ôóíêöèÿ íà Rm. Ïðè m = 1 îáîçíà÷èì f(I1) = f(b1)−f(a1). Åñëè äëÿ
m− 1 âûðàæåíèå f(I1, . . . , Im−1) óæå îïðåäåëåíî, òî ïîëîæèì

f(I1, . . . , Im) = f(I1, . . . , Im−1, bm)− f(I1, . . . , Im−1, am).

Âåëè÷èíó f(I1, . . . , Im) áóäåì íàçûâàòü ñìåøàííûì ïðèðàùåíèåì ôóíêöèè
f íà I = I1 × . . .× Im.

Åñëè ìíîæåñòâî {1, . . . ,m} ðàçáèòî íà äâà íåïåðåñåêàþùèõñÿ ìíîæåñòâà
α è β, òî ÷åðåç f(Iα, xβ) áóäåì îáîçíà÷àòü ñìåøàííîå ïðèðàùåíèå f êàê
ôóíêöèè àðãóìåíòîâ xi, i ∈ α, ïðè ôèêñèðîâàííûõ xj , j ∈ β.

Îïðåäåëåíèå (À.È. Ñàáëèí [22]). Ïóñòü Λj = {λj
k}∞k=1 ∈ L, j = 1, . . . ,m.

Òîãäà (Λ1, . . .Λm)-âàðèàöèåé ôóíêöèè f(x1, . . . , xm) îòíîñèòåëüíî ïåðåìåí-
íûõ x1, . . . , xm ïî ïàðàëëåëåïèïåäó ∆1 × . . .×∆m íàçûâàåòñÿ âåëå÷èíà

VΛ1,...Λm
= sup

{Ij
kj

}∈Ω(∆j)

∑
k1,...,km

|f(I1k1
, . . . , Imkm

)|
λ1
k1

· · ·λm
km

.
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Ïóñòü α ⊂ {1, . . . ,m} ñîñòîèò èç ÷èñåë j1 < . . . < jp è β = {1, . . . ,m} \α.
Òîãäà ÷åðåç

V xα

Λα
(f ; (∆α, xβ)) = V xα

Λj1
,...,Λjp

(f ; (∆α, xβ))

îáîçíà÷èì (Λj1 , . . . ,Λjp)-âàðèàöèþ f êàê ôóíêöèè ïåðåìåííûõ xj1 , . . . , xjp

ïî p-ìåðíîìó ïàðàëëåëèïåäó ∆α = ∆j1 × · · · × ∆jp ïðè ôèêñèðîâàííûõ
çíà÷åíèÿõ xj , j ∈ β.

(Λj1 , . . . ,Λjp)-âàðèàöèåé ôóíêöèè f(x1, . . . , xm) îòíîñèòåëüíî ïåðåìåí-
íûõ xα ïî m-ìåðíîìó ïàðàëëåëèïèïåäó ∆α = ∆1 × · · · × ∆m íàçûâàåòñÿ
âåëå÷èíà

V xα

Λα
(f ; ∆) = V xα

Λj1
,...,Λjp

(f ; ∆) = sup
xβ∈∆β

V xα

Λα
(f ; (∆α, xβ)).

Îïðåäåëåíèå (À.È. Ñàáëèí [22]). Ïîëíîé (Λ1, . . . ,Λm)-âàðèàöèåé ôóíê-
öèè f(x1, . . . , xm) ïî ïàðàëëåëèïèïåäó ∆ = ∆1 × · · ·×∆m íàçûâàåòñÿ âåëå-
÷èíà

VΛ1,...,Λm
(f,∆) =

∑
α6=∅

V xα

Λα
(f ; ∆).

Åñëè ïîëíàÿ âàðèàöèÿ ôóíêöèè êîíå÷íà, òî ãîâîðÿò, ÷òî îíà ÿâëÿåü-
ñÿ ôóíêöèåé îãðàíè÷åííîé (Λ1, . . . ,Λm)-âàðèàöèè, à êëàññ òàêèõ ôóíêöèé
îáîç- íà÷àþò ÷åðåç
(Λ1, . . . ,Λm)BV (∆).

Åñëè ïîñëåäîâàòåëüíîñòè Λi ñîâïàäàþò è ðàâíû Λ, òî äëÿ êðàòêîñòè
áóäåì ïèñàòü V xα

Λ , VΛ è ΛBV (∆). Â ÷àñòíîì ñëó÷àå, êîãäà Λ = {n}, ôóíêöèè
èç ΛBV (∆) íàçûâàþò ôóíêöèÿìè îãðàíè÷åííîé ãàðìîíè÷åñêîé âàðèàöèè
è ïèøóò HBV (∆), VH è ò.ä.

Îïðåäåëåíèå. Ñêàæåì, ÷òî òî÷êà x ∈ Rm ÿâëÿåòñÿ ðåãóëÿðíîé òî÷êîé
ôóíêöèè f , åñëè ñóùåñòâóþò è êîíå÷íû 2m ïðåäåëà

f(x1 ± 0, . . . , xm ± 0) = lim
t1,...,tm→+0

f(x1 ± t1, . . . , xm ± tm),

äëÿ âñåâîçìîæíûõ êîìáèíàöèé çíàêîâ.

Îïðåäåëåíèå (À. Í. Áàõâàëîâ [2]). Ñêàæåì, ÷òî ôóíêöèÿ f èç êëàññà
(Λ1, . . . ,Λm)BV (∆) íåïðûðûâíà ïî (Λ1, . . . ,Λm)-âàðèàöèè è íàïèøåì f ∈
C(Λ1, . . . ,Λm)V (∆), åñëè äëÿ ëþáîãî íåïóñòîãî α = {j1, . . . , jp} ⊂ {1, . . . ,m}
è ëþáîãî jk ∈ α

lim
n→∞

V xα

Λj1
,...,Λjk−1

,Λ
(n)
jk

,Λjk+1
,...,Λjp

(f ; ∆) = 0

ãäå Λ
(n)
j = {λj

n+k}∞k=1.
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Êàê ìû îòìåòèëè âûøå, â ìíîãîìåðíîì ñëó÷àå íåïðåðûâíîñòü ôóíêöèè
è îãðàíè÷åííîñòü åå ãàðìîíè÷åñêîé âàðèàöèè íå ãàðàíòèðóþò ñõîäèìîñòü
ðÿäà Ôóðüå. Ñëåäóþùàÿ òåîðåìà äàåò âàæíîå óñëîâèå ïðè êîòîðîì óñòàíaâ-
ëèâàåòñÿ ñõîäèìîñòü ðÿäîâ Ôóðüå â ìíîãîìåðíîì ñëó÷àå.

Òåîðåìà (À. Í. Áàõâàëîâ [2]). Ïóñòü f ∈ CHV (Tm) � íåïðûðûâíàÿ 2π-
ïåðèîäè÷åñêàÿ ïî êàæäîìó àðãóìåíòó ôóíêöèÿ. Òîãäà åå ðÿä Ôóðüå ðàâíî-
ìåðíî ñõîäèòñÿ ê íåé ïî Ïðèíãñõåéìó íà Tm.

Áîëåå òîãî, ñëåäóþùàÿ òåîðåìà ïîêàçûâàåò, ÷òî êëàññ CHV íåëüçÿ çà-
ìåíèòü íà êëàññ HBV.

Òåîðåìà (À. Í. Áàõâàëîâ [2]). Ïóñòü m ≥ 3, è ïîñëåäîâàòåëüíîñòè Λ1, . . .
,Λm ∈ L òàêîâû, ÷òî

∞∑
k=1

1

λ2
k · · ·λm

k

< ∞.

Òîãäà â êëàññå (H,Λ2, . . . ,Λm)BV (Tm) ñóùåñòâóåò íåïðûðûâíàÿ ôóíêöèÿ,
ðÿä Ôóðüå êîòîðîé ðàñõîäÿòñÿ ïî êóáàì â 0 = (0, . . . , 0).

Îñíîâíûìè ðåçóëüòàòàìè ïîñëåäíåé ãëàâû äèññåðòàöèè ÿâëÿþòñÿ àíà-
ëîãè ïîñëåäíèõ äâóõ òåîðåì äëÿ òðèãîíîìåòðè÷åñêèõ èíòåðïîëÿöèîííûõ
ïîëèíîìîâ.

Òåîðåìà 4 (À. Ð. Íóðáåêÿí [3]). Ïóñòü f � 2π-ïåðèîäè÷åñêàÿ ïî êàæäîìó
ïåðåìåííîìó ôóíêöèÿ è f ∈ CHV (Tm). Òîãäà äëÿ ëþáîé ðåãóëÿðíîé òî÷êè
x = (x1, . . . , xm) ∈ Tm,

lim
n1,...,nm→∞

In1,...,nm

N1,...,Nm
(f,x) =

1

2m

∑
f(x1 ± 0, . . . , xm ± 0), (6)

ïðè óñëîâèè, ÷òî îòíîøåíèÿ Ni/ni ðàâíîìåðíî îãðàíè÷åíû (ni ≤ Ni, i =
1, 2, . . . ,m).

Åñëè, êðîìå òîãî, ôóíêöèÿ f íåïðåðûâíà â îêðåñòíîñòè êîìïàêòà K ⊂
T, òî (6) èìååò ìåñòî ðàâíîìåðíî ïî x ∈ K.

Òåîðåìà 5 (À. Ð. Íóðáåêÿí [3]). Ïóñòü m ≥ 3 è ïîñëåäîâàòåëüíîñòè
Λ1, . . . ,Λm ∈ L òàêîâû, ÷òî

∞∑
k=1

1

λ2
k · · ·λm

k

< ∞.

Òîãäà â êëàññå (H,Λ2, . . . ,Λm)BV (Tm) ñóùåñòâóåò íåïðûðûâíàÿ ôóíêöèÿ,
òðèãîíîìåòðè÷åñêèå èíòåðïîëÿöèîííûå ïîëèíîìû êîòîðîé ðàñõîäÿòñÿ ïî
êóáàì â 0 = (0, . . . , 0).
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Summary

Convergence properties of partial sums of trigonometric interpolation poly-
nomials are considered in the thesis. Main results of the thesis are the following:

• Partial sums of trigonometric interpolation polynomials of a function of
two variables with bounded harmomic variation converge at any regular
point (x, y) ∈ T2, where by quadrants limits f(x± 0, y ± 0) exist

lim
n,m→∞

In,mN,M (f, x, y) =
1

4

∑
f(x± 0, y ± 0) (N > n, M > m),

if ratios N/n and M/m are uniformly bounded. If f is continuous on an
open set E ∈ T 2, then the convergence is uniform on any compact set
K ⊂ E.

• Localization principle for trigonometric interpolation polynomials of func-
tions with bounded harmomic variation. For any function f ∈ HBV (T2)
and ε > 0 the following is true:

In,mN,M (f, x, y) =
1

π2

∫ ε

−ε

∫ ε

−ε

f(x+t, y+s)
sinnt

t
· sinms

s
dω̃2N+1(t)dω̃2M+1(s)

+ o(1),

where o(1) uniformly converges to 0 on the quadrant of T2, when n, m →
∞ if the ratios N/n and M/m are uniformly bounded.

• For any increasing function ω ∈ C(0,∞) with ω(0) = 0 there exists a
homeomorphism τ of the closed interval T, such that for any function F
of a form of

F (x, y) = f(τ(x), τ(y)), f ∈ C(T 2), ω(δ, f) ≤ ω(δ),

interpolation polynomials IN,M
n,m (F ) uniformly converge to F on T2, when

n,m → ∞, n ≤ N, m ≤ M .

• Analogue of Salem’s principle about uniform convergence of two dimen-
sional trigonometric interpolation polynomials.

• Partial sums of trigonometric interpolation polynomials of a function of
three or more variables, which is continuous in harmonic variation con-
verge at any regular point x = (x1, . . . , xm) ∈ Tm:

lim
n1,...,nm→∞

IN1,...,Nm
n1,...,nm

(f,x) =
1

2m

∑
f(x1 ± 0, . . . , xm ± 0), (1)
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if ratios Ni/ni are uniformly bounded. Moreover, if the function f is
continuous on the neighborhood of a compact set K, then (1) takes place
uniformly on x ∈ K.

• In the previous point the condition of continuity in harmonic variation
can not be replaced by condition of bounded harmonic variation i.e. in
the class of HBV (Tm) there exists a continuous function trigonometric
interpolation polynomials of which diverge by cubes at the point 0 =
(0, . . . , 0).

Am�o�agir

Atenaxosow�yownowm dintarkvel en e�ankyowna�a�akan mijarko� bazman-
damneri zowgamitow�yan oro� harcer: Atenaxosow�yownowm stacvel en het yal
ardyownqner�.

• Apacowcvel �, or erkow �o�oxakani sahmana�ak harmonik variacia-
yi fownkciayi e�ankyowna�a�akan mijarko� bazmandamneri masnaki
gowmarner� zowgamitowm en yowraqan�yowr �egowlyar (x, y) ketowm (orte�
goyow�yown ownen �st qa�ordneri f(x± 0, y ± 0) sahmanner�).

lim
n,m→∞

In,mN,M (f, x, y) =
1

4

∑
f(x± 0, y ± 0) (N > n, M > m),

e�e N/n  M/m haraberow�yownner� havasara�a� sahmana�ak en:
E�e f-n an�ndhat � E ∈ T 2 bac bazmow�yan vra, apa zowgamitow�yown�
havasara�a� � kamayakan K ⊂ E kompakti vra:

• Apacowcvel � lokalizaciayi skzbownq� sahmana�ak harmonik varia-
ciayi fownkcianeri e�ankyowna�a�akan mijarko� bazmandamneri ha-
mar: Kamayakan f ∈ HBV (T2)  ε > 0 hamar �i�t � het yal�.

In,mN,M (f, x, y) =
1

π2

∫ ε

−ε

∫ ε

−ε

f(x+t, y+s)
sinnt

t
· sinms

s
dω̃2N+1(t)dω̃2M+1(s)

+ o(1),

orte� o(1) havasara�a� �gtowm � 0-i T2 bazmow�yan vra, erb n, m →
∞, e�e N/n  M/m haraberow�yownner� havasara�a� sahmana�ak
en.
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• Apacowcvel �, or kamayakan ω ∈ C(0,∞), ω(0) = 0 a�o� fownkciayi
hamar goyow�yown owni T hatva�i τ homeomorfizm aynpisin, or

F (x, y) = f(τ(x), τ(y)), f ∈ C(T 2), ω(δ, f) ≤ ω(δ),

tesqi kamayakan F fownkciayi hamar IN,M
n,m (F ) mijarko� bazmandam-

ner� havasara�a� zowgamitowm en F -in T2 bazmow�yan vra, erb
n,m → ∞, n ≤ N, m ≤ M :

• Apacowcvel � Salemi haytani�i analog� erk�a� e�ankyowna�a�akan
mijarko� bazmandamneri havasara�a� zowgamitow�yan veraberyal:

• Ereq  aveli �a�o�akanow�yan depqowm apacowcvel �, or �st harmonik
variaciayi an�ndhat fownkciayi e�ankyowna�a�akan mijarko� bazm-
andamneri masnaki gowmarner� zowgamitowm en yowraqan�yowr �egowlyar
x = (x1, . . . , xm) ∈ Tm ketowm.

lim
n1,...,nm→∞

IN1,...,Nm
n1,...,nm

(f,x) =
1

2m

∑
f(x1 ± 0, . . . , xm ± 0), (1)

e�eNi/ni haraberow�yownner� havasara�a� sahmana�ak en: Avelin,
e�e f fownkcian an�ndhat � K kompakti �rjakayqowm, apa (1) te�i
owni havasara�a� x ∈ K-i vra:

• Apacowcvel �, or naxord keti ardyownq� verjnakan �. �st harmonik
variaciayi an�ndhatow�yan payman� �i kareli �oxarinel sahmana-
�ak harmonik variacia ownenalow paymanov: Aysinqn`HBV (Tm) dasowm
goyow�yown owni an�ndhat fownkcia, ori e�ankyowna�a�akan mijarko�
bazmandamner� �st xoranardneri taramitowm en 0 = (0, . . . , 0) ketowm:
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