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General description

Topicality: The signals we use in real world are called analog signals. They

are usually modeled as functions depending on continuous variables of time, space,

frequency etc. To be able to process those signals digitally they need to be discretized

(analogue to digital conversion) and then converted back to analogue signals after

being processed (digital to analogue conversion). Sampling theory is the mathematical

model behind this conversion.

The classical Sampling theory takes its origins in late 1940’s, in the works of Claude

E. Shannon, where he introduced the famous Sampling theorem to communication

engineering community [19, 14, 24]. In mathematical and engineering literature the

theorem carries several names (Nyquist - Shannon theorem, Shannon - Kotelnikov

theorem, Whittaker - Shannon theorem etc) due to being discovered by several people

in different countries, decades and even centuries. Since then the Sampling theory

has seen a lot of development and become more mathematical, having connections to

Functional analysis, Frame theory, Wavelets, Shift-invariant spaces, Time-frequency

analysis etc [4, 6, 21, 22, 15, 25].

Dynamical sampling is a new development in Sampling theory, where not only the

function (signal) of interest is being sampled but also its evolved states over time.

The problem is to recover the initial function by combining these spatio-temporal

samples. The dynamical sampling was introduced in the works of A. Aldroubi, J.

Davis and I. Krishtal where they consider the problem in spaces l2(Zd) and l2(Z)
on uniform grid [2, 3]. They find a reconstruction procedure and treat the issues of

additional sampling locations under certain symmetry assumptions on the evolution

operator. In the dissertation we consider the problem in shift-invariant spaces, as well

as in two dimensional settings l2(Zd1 × Zd2) and l2(Z2). In two dimensions there are

more options with the symmetries on the evolution kernel. We consider the case with

quadrantal symmetry and construct additional sampling sets of minimal size. Also the

case when the positions of sampling points is allowed to change at different time levels

is considered. If the number of sampling points at any time is constant, a necessary

and sufficient condition is found for the existence of positions that allow full recovery

of any function by samples taken at those positions. Also, for single measurement per

time level, a lower bound on the number of such sampling configurations is computed.

Objective:

1) Stating the dynamical sampling problem for different settings and providing

reconstruction procedures

2) Finding additional sampling locations when the samples taken on the uniform

grid won’t allow unique and stable reconstruction

3) Estimating the number of configurations that allow recovery for general

operators acting on functions defined on a finite domain

Research methods: Methods from Functional analysis, Harmonic analysis and

Linear algebra are used.

Scientific novelty: All results presented in the dissertation are new.

Practical and theoretical significance: The main results of the work are of
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theoretical nature but can have possible practical applications as well. The problem

originally stems from signal processing; geophysical and medical imaging are other

possible fields of application.

Approbation: Main results of the dissertation have been presented during one

of the seminars of the chair of Function theory in Department of Mathematics and

Mechanics at YSU, also during the following conferences

• February Fourier Talks (FFT) 2015, Norbert Wiener Center, University of

Maryland, USA, February 15-20, 2015

• 11th International Conference Sampling Theory and Applications (SampTA)

2015, American University, Washington DC, USA, May 25-29, 2015 (special

session presentation)

Main results of the dissertation are published in three papers; references can

be found in the end of this booklet

Structure and volume of dissertation: the dissertation is written on 74

pages; consists of an introduction, four chapters, conclusion and the list of 35 cited

references.

Overview and main results

The classical sampling problem is to, under certain assumptions, recover a function

f defined on some set X from its values (often called samples) on a smaller discrete

subset Ω ⊂ X.

In many applications, taking samples on an appropriate sampling set Ω is not

practical or even possible (it can be that measuring devices are expensive or only a

few are available). However, if f is an initial state of a physical process evolving in

time under the action of an operator A, then we may be able to recover f from its

samples on Ω and the subsequent samples of its evolutions on, possibly different from

Ω, sampling sets (if we allow the measuring devices to move). This new problem is

related to sensing networks [18, 17] and the work in [13, 8]. In [13] Lu and Vetterli

study the problem of dynamical sampling for the specific case of bandlimited functions

and when the evolution operator is the heat kernel.

The mathematical formulation of the problem we are considering is as follows:

let V and V ′, V ⊆ V ′, be spaces of functions defined on a set X. We assume the

initial state of a (linear time-invariant dynamical) system fn = Anfn−1, is given by

an unknown function f ∈ V , i.e. f0 = f , and A : V ′ → V ′ is a known linear operator.

At each time instance n (0 ≤ n < L) the values (samples) of the evolved function Anf

are measured on some subset Ωn ⊆ X, i.e. (Anf)|Ωn are given. The main problem in

dynamical sampling is to uniquely reconstruct the function f ∈ V from these samples,

preferably in a stable way. That is, if one of the following properties is satisfied:

De�nition. (1) The operator A, the sampling sets Ωn ⊆ X, 0 ≤ n < L and the

number of repeated sampling procedures L satisfy the invertibility sampling property

(ISP) condition within a space of functions V , if any f ∈ V is uniquely determined by
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its samples (Anf)|Ωn , 0 ≤ n < L.

(2) The operator A, the sampling sets Ωn ⊆ X, 0 ≤ n < L and the number of repeated

sampling procedures L satisfy the stability sampling property condition (SSP) within a

space of functions V , if for any two signals f, f1 ∈ V

‖f − f1‖2 �
∑

0≤n<L

∑
x∈Ωn

|An(f − f1)(x)|2.

SSP clearly implies the ISP.

The dynamical sampling problem was first studied in [2]. There the authors assume

that X = Zd (d = mJ), Ω0 = · · · = ΩL−1 = mZd, where Zd = {0, 1, . . . , d − 1} is

the cyclic group of d elements, V = V ′ = l2(Zd) and the operators A is given as

convolution with some kernel a ∈ l2(Zd):

(Af)(k) = (a ∗ f)(k) =
d−1∑
s=0

f(s)a(k − s), k ∈ Zd

(k − s is understood in sense of summation operation in Zd, and mZd is understood

in sense of multiplication operation in Zd).

Let Sm be the subsampling operator with rate m on Zd: g ∈ l2(Zd) Smg(j) = g(j)

for j ∈ mZd and 0 otherwise. The Discrete Fourier Transform (DFT) of the vector

g ∈ l2(Zd) is defined as

ĝ(k) =

d−1∑
s=0

g(s)e
−2πiks

d .

Proposition ([2]). For L = m, any vector f ∈ l2(Zd) can be uniquely recovered from

the samples

y0 = Smf, y1 = Sm(a ∗ f), . . . ym = Sm(am−1f)

if and only if det(Am(k)) 6= 0 for every k = 0, . . . , J − 1, where

Am(k) =


1 1 . . . 1

â (k) â (k + J) . . . â (k + (m− 1)J)
... .

...
...

...

âL−1 (k) âL−1 (k + J) . . . âL−1 (k + (m− 1)J)

 .

The case when X = Z, Ω0 = · · · = ΩL−1 = mZ, V = V ′ = l2(Z) and the operators

A is given as convolution with some kernel a, Af = a∗f , has been studied in [3]. Let Sm

denote the downsampling operator with rate m, such that Sm(k)g = g(mk), ∀k ∈ Z.
The discrete Fourier transform(DFT) of g ∈ l2(Z) is defined as

ĝ(ξ) =
∑
s∈Z

g(s)e−2πiξs, ξ ∈ [0, 1].

Put

Am(ξ) =


1 1 . . . 1

â( ξ
m
) â( ξ+1

m
) . . . â( ξ+m−1

m
)

...
...

...
...

â(L−1)( ξ
m
) â(L−1)( ξ+1

m
) . . . â(L−1)( ξ+m−1

m
)

 .
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Proposition ([3]). If L = m then

(a) the invertibility sampling property is equivalent to the condition detAm(ξ) 6= 0 for

a.e ξ ∈ [0, 1].

(b) the stability sampling property is equivalent to the condition | detAm(ξ)| > α} a.e.

ξ ∈ [0, 1] for some number α > 0.

Although there are convolution operators A that satisfy the assumptions of the

above theorem, many natural operators in practice do not satisfy these conditions.

For example, when a is real, symmetric and â is strictly monotonic on [0, 1
2
], it can

be shown that the matrices Am(0) and Am( 1
2
) are singular. Note that, even if there

is a single singularity the recovery will not be stable, since all the terms in Am(ξ)

are continuous. To remove the singularities and achieve stable recovery, some extra

sampling locations need to be added. Let Tc be the operator that shifts a vector in

`2(Z) to the right by c units so that, for g ∈ l2(Z), Tcg(k) = z(k − c).

Theorem ([3]). Suppose â is real, symmetric [0, 1] around 1
2
, continuous, and strictly

decreasing on
[
0, 1

2

]
, m and J are odd, and Ω = {1, . . . , m−1

2
}. Then any f ∈ l2(Z)

can be uniquely and stably recovered from the samples

{SmJTc}c∈Ω ∪ {Smf, Sm(a ∗ f), . . . Sm(am−1f)}.

In [1] authors assume that Ω0 = · · · = ΩL−1 and at every x ∈ Ω the samples are

taken up to some time level l(x): f(x), Af(x), . . . , Al(x)−1. For a special choice of l(x)

(the degree of minimal annihilator) and finite X they are able to fully describe when

the ISP will be satisfied. For X = N, finite Ω0 and diagonalizable A among many

other things they show that the system {(A∗)nδx}x∈Ω0
, 0 ≤ n < l(x) is never a basis

or even minimal, and construct a case when it is a frame.

In [5] the operator A is allowed to be unknown as well. The generalization of

Prony’s method is used to reconstruct the spectrum of A and eventually the function

itself.

In the dissertation we consider the dynamical sampling problem for four different

settings:

In chapter 1 of the dissertation we let V = V (φ) be a well-defined shift-invariant

space SIS via an appropriately chosen atom φ such that the pointwise evaluation is

well defined in V (φ) (Wiener amalgam spaces are a standard choice for working with

sampling in shift-invariant spaces [12, 4, 9]). Any element f in V is represented by

a semi-discrete convolution, namely f(t) =
∑

k∈Z ckφ(t − k) for some c = (cn)n∈Z ∈
l2(Z), and to recover the function f is equivalent to recovering the coefficients c =

(cn)n∈Z. We consider the case when the evolution operator A, acting on V ′ = L2(R),
is a convolution with some kernel a ∈ L1(R), Af(t) = a ∗ f(t), and the measurements

are given by samples by uniform rate m: Ω0 = · · · = ΩL−1 = mZ.
If the function f ∈ V has the expansion f(t) =

∑
k∈Z ckφ(t− k) then

Af(t) =
∑
k∈Z

c(k)Aφ(t− k).

A maps V (φ) onto another SIS V (a∗φ) and the function f and its evolved states Anf

are elements of a respective SIS AjV = V (an ∗ φ), for n ≥ 0.
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After subsampling each state Anf , we will have the sets of samples

yn(k) = (Anf(mk))k∈Z, n = 0, 1, 2, ..., L− 1.

Let Φn be the restriction of Anφ to the set of integers: Φn = Anφ|Z. Then under

some conditions Φn ∈ l1(Z) so we can consider the corresponding DFT Φ̂n(ξ), ξ ∈ T.
Let

ΦL(ξ) =


Φ̂0(

ξ
m
) Φ̂0(

ξ+1
m

) . . . Φ̂0(
ξ+m−1

m
)

Φ̂1(
ξ
m
) Φ̂1(

ξ+1
m

) . . . Φ̂1(
ξ+m−1

m
)

...
...

...
...

Φ̂L−1(
ξ
m
) Φ̂L−1(

ξ+1
m

) . . . Φ̂L−1(
ξ+m−1

m
)

 ,

C̄(ξ) =


ĉ
(

ξ
m

)
ĉ
(
ξ+1
m

)
...

ĉ
(
ξ+m−1

m

)
 and Ȳ (ξ) =


ŷ0(ξ)

ŷ1(ξ)
...

ŷL−1(ξ)

 .

Proposition ([26]). ΦL(ξ)C(ξ) = Y (ξ) for ξ ∈ [0, 1].

If C(ξ) can be solved for every ξ ∈ [0, 1], then we can find the Fourier transform

ĉ(ξ) of the coefficients c = (cn)n∈Z and by taking the Fourier coefficients of ĉ, find the

c itself. To be able to solve C(ξ), we need L ≥ m.

Corollary. (a) Let f ∈ V = V (φ). We can recover the coe�cients sequence {cλ}λ∈Zd

in the expansion of f from the collection of samples

yn = (Anf(n))n∈mZ for n = 0, 1, . . . ,m− 1,

a.e. invertibilty sampling property is satis�ed, if and only det(Φm(ξ)) 6= 0 for a.e.

ξ ∈ [0, 1].

(b) the stability sampling property is equivalent to the condition | det(Φm(ξ))| > α a.e.

for some α > 0.

Theorem ([26]). If Φm(ξ) is singular only when ξ ∈ {ξi}i∈I , where |I| < ∞, and J

is a positive integer such that |ξi − ξj | 6= k
J

for any i, j ∈ I and k ∈ {1, . . . ,m − 1},
then any function f ∈ V (φ) can be stably recovered from its samples{

(Tcf)|(mJ)Z
}
∪ {(an ∗ f)|mZ}n=0,1,2,...,m−1 .

In Chapter 2 of the dissertation we assume the domain, where the sampled

functions are defined on, is the direct sum of two cyclic groups, X = Zd1 × Zd2 ,

d1, d2 ∈ N+, and the evolution operator is given as a convolution with a kernel

a = (ak,l)(k,l)∈X :

Af(k1, k2) = a ∗ f(k1, k2) =
∑

(l1,l2)∈X

al1,l2f(k1 − l1, k2 − l2) for all (k1, k2) ∈ X.

Here (k1− l1, k2− l2) is understood in terms of summation operations in cyclic groups

Zd1 and Zd2 .
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We additionally assume that d1 = J1m1, d2 = J2m2, where d1, d2 are odd numbers

and the initial state f and its temporally evolved states Af , A2f, . . . , AL−1f are

sampled on a uniform grid Ω = m1Zd1 ×m2Zd2 .

Let Sm1,m2g = 1m1Zd1
×m2Zd2

g be the subsampling operator on m1Zd1 × m2Zd2 .

Our objective is to reconstruct f from the samples set

y0 = Sm1,m2f

y1 = Sm1,m2Af

...

yL−1 = Sm1,m2A
L−1f.

Denote by ĝ the discrete Fourier transform (DFT) of two dimensional array g ∈
l2 (Zd1 × Zd2) defined by the following formula:

ĝ(κ1, κ2) =

d1−1∑
k1=0

d2−1∑
k2=0

g(k1, k2)e
−i2πκ1k1

d1 e
−i2πκ2k2

d2 for all (κ1, κ2) ∈ Zd1 × Zd2 .

We make use of the block-matrices

As2,m1,m2(κ1, κ2) =
1 1 ... 1

â(κ1,κ2+s2J2) â(κ1+1J1,κ2+s2J2) ... â(κ1+(m1−1)J1,κ2+s2J2)

...
...

...
...

âL−1(κ1,κ2+s2J2) âL−1(κ1+1J1,κ2+s2J2) ... âL−1(κ1+(m1−1)J1,κ2+s2J2)

 ,

where s2 = 0, 1, ...,m2−1, to define for all (κ1, κ2) ∈ I = {0, . . . , J1−1}×{0, . . . , J2−1}

Am1,m2(κ1, κ2) =
[
A0,m1m2(κ1, κ2) A1,m1m2(κ1, κ2)...Am2−1,m1m2(κ1, κ2))

]
.

For every (κ1, κ2) ∈ I put ȳ(κ1, κ2) = [ŷ0(κ1, κ2) ŷ1(κ1, κ2) ... ŷL−1(κ1, κ2)]
T ,

and let

f̄(κ1, κ2) =



f̂(κ1,κ2)

f̂(κ1+1J1,κ2)

...
f̂(κ1+(m1−1)J1,κ2)

f̂(κ1,κ2+J2)

...
f̂(κ1+(m1−1)J1,κ2+J2)

...

...
f̂(κ1,κ2+(m2−1)J2)

...
f̂(κ1+(m1−1)J1,κ2+(m2−1)J2)



.

Proposition ([27]). For the Am1,m2 (κ1, κ2),f̄ (κ1, κ2) and ȳ (κ1, κ2) as de�ned above

the following matrix equation holds true

ȳ (κ1, κ2) =
1

m1m2
Am1,m2 (κ1, κ2) f̄ (κ1, κ2) .

8



Note that, to be able to recover the vector f , we need to take samples at least

m1m2 times and, when L = m1m2, Am1,m2 (κ1, κ2) becomes a square matrix.

Corollary. For L = m1m2, any f ∈ l2(Zd1 × Zd2) can be uniquely recovered from

its samples {Sm1,m1A
nf}n=0,...,m−1 if and only if det(Am1,m2 (κ1, κ2)) 6= 0. for every

(κ1, κ2) ∈ I.

Because Am1,m2 (κ1, κ2) is a Vandermonde matrix, it is singular at an (κ1, κ2) ∈ I

if and only if

â (κ1 + s1J1, κ2 + s2J2) = â
(
κ1 + s′1J1, κ2 + s′2J2

)
for some (s1, s2) , (s

′
1, s

′
2) ∈ {0, · · · ,m1 − 1} × {0, · · · ,m2 − 1}. Hence, taking samples

after the first m1m2 measurements is not going to add anything new in terms of

recovery. In that case, we need to consider adding extra sampling points to overcome

the singularities of Am1,m2(κ1, κ2).

If the operator Am1,m2 (κ1, κ2) is singular at some (κ1, κ2) ∈ I, we want to be able

to find a set

Ωadd ⊂ X \ (m1Zd1 ×m2Zd2)

such that, for the related sampling operator SΩadd , any function can be uniquely

recovered from the samples {SΩaddf, Sm1,m2f, · · · , Sm1,m2A
m1m2−1f}.

We consider one special class of filters for which we are able to explicitly construct

an additional sampling set of possible minimal size.

De�nition. The kernel â is called (strictly) quadrantally symmetric, if

â(κ1, κ2) = â(d1 − κ1, κ2) = â(κ1, κ2) = â(d1 − κ1, d2 − κ2)

for all (κ1, κ2) ∈ Zd1 × Zd2 , and â(κ1, κ2) 6= â(λ1, λ2) for any other pairs (λ1, λ2).

If, for the kernel a, â is quadrantally symmetric then it can be easily verified that

(in particular) Am1,m2(0, 0) is singular.

Theorem ([27]). Let the DFT â of the kernel a be quadrantally symmetric and let

Ωadd =

{
1, · · · , m1 − 1

2

}
× Zd2 ∪ Zd1 ×

{
1, · · · , m2 − 1

2

}
.

Then, any f ∈ l2(Zd1×Zd2) can be uniquely recovered from the expanded set of samples{
SΩaddf, Sm1,m2f, · · · , Sm1,m2A

m1m2−1f
}
.

Moreover, Ωadd above has possible minimal size among the sets of additional sampling

points which allow unique recovery of every f from the extended set of samples.

In chapter 3 we let the underlying domain be the set X = Z× Z = Z2. The signal

of interest f ∈ l2(Z2) evolves over time under the repeated influence of an evolution

operator. The assumption is that the evolution operator A is given as a discrete

convolution operator, described by a two-dimensional vector a ∈ l1(Z2), namely

(a ∗ f)(k1, k2) =
∑

(l1,l2)∈Z×Z

al1,l2f(l1 − k1, l2 − k2), (k1, k2) ∈ Z2.
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The initial state f and its temporally evolved states Af , A2f, . . . , AL−1f are

subsampled at fixed rates m1, m2 ≥ 1 on the uniform grid Ω = m1Z×m2Z. In order

to avoid unnecessary technical issuses, we assume that m1,m2 both are odd numbers.

The samples of the function and its evolved states can be given by the downsampling

operator (Sm1,m2g)(k1, k2) = g(m1k1,m2k2) for (k1, k2) ∈ Z2. Our objective is to

reconstruct f from

yn = Sm1,m2A
nf, n = 0 . . . , L− 1.

Denote by ĝ ∈ L2(T × T), T = R/2πZ the discrete Fourier transform (DFT) of

g ∈ l2
(
Z2

)
, which is just the Fourier series with coefficients f :

ĝ(ξ1, ξ2) =
∑

(k1.k2)∈Z×Z

g(k1.k2)e
−2πik1ξ1e−2πik2ξ2 , (ξ1, ξ2) ∈ T× T.

For s2 = 0, 1, · · · ,m2 − 1, we define L×m1 matrices

As2,m1,m2(ξ1, ξ2) =


1 1 ... 1

â
(

ξ1
m1

,
ξ2+s2
m2

)
â
(

ξ1+1
m1

,
ξ2+s2
m2

)
... â

(
ξ1+m1−1

m1
,
ξ2+s2
m2

)
...

...
...

...
âL−1

(
ξ1
m1

,
ξ2+s2
m2

)
âL−1

(
ξ1+1
m1

,
ξ2+s2
m2

)
... âL−1

(
ξ1+m1−1

m1
,
ξ2+s2
m2

)

 ,

and denote by Am1,m2(ξ1, ξ1) the block matrix

[A0,m1,m2(ξ1, ξ2) A1,m1,m2(ξ1, ξ2) ... Am2−1,m1,m2(ξ1, ξ2)].

Let ȳ(ξ1, ξ2) = (ŷ0(ξ1, ξ2) ŷ1(ξ1, ξ2) . . . ŷL−1(ξ1, ξ2) )
T and f̄(ξ1, ξ2) be the vector

f̂(
ξ1
m1

,
ξ2
m2

)

f̂(
ξ1+1
m1

,
ξ2
m2

)

...
f̂(

ξ1+m1−1
m1

,
ξ2
m2

)

f̂(
ξ1
m1

,
ξ2+1
m2

)

...
f̂(

ξ1+m1−1
m1

,
ξ2+1
m2

)

...

...
f̂(

ξ1
m1

,
ξ2+m2−1

m2
)

...
f̂(

ξ1+m1−1
m1

,
ξ2+m2−1

m2
)



.

Proposition ([23]). For the Am1,m2 , ȳ and f̄ de�ned above the following holds true

ȳ(ξ1, ξ2) =
1

m1m2
Am1,m2(ξ1, ξ2)f̄(ξ1, ξ2).
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Corollary. (a) Property ISP is satis�ed if and only if Am1,m2(ξ, ω) is full column

rank at a.e. (ξ1, ξ2) ∈ T× T.
(b) Let σs(Am1,m2(ξ1, ξ2)) be the smallest singular value of Am1,m2(ξ1, ξ2). Property

SSP is satis�ed if, there exists some constant α > 0 such that |σs(Am1,m2(ξ1, ξ2))| > α

a.e. (ξ1, ξ2) ∈ T2.

We can immediately conclude that if the invertibility sampling property holds then

L ≥ m1m2. In particular, if L = m1m2, then Am1,m2(ξ1, ξ2) is a square matrix, and

we can examine its singularity.

Corollary. When L = m1m2, the invertibility sampling property is equivalent to the

condition:

detAm1,m2(ξ1, ξ2) 6= 0 for a.e. (ξ1, ξ2) ∈ T× T.

Since Am1,m2(ξ1, ξ2) has continuous entries (a ∈ l1(Z2)), the stable sampling property

is equivalent to

detAm1,m2(ξ1, ξ2) 6= 0 for all (ξ1, ξ2) ∈ T× T.

We will assume L = m1m2. By its structure, Am1,m2(ξ1, ξ2) is a Vandermonde

matrix, thus it is singular at (ξ, ω) ∈ T×T if and only if some of its columns coincide.

In case Am1,m2(ξ1, ξ2) is singular, no matter how many times we resample the evolved

states Anf , n > L, on the grid Ω = m1Z ×m2Z, the additional data is not going to

add anything new in terms of recovery and stability. If Am1,m2(ξ1, ξ2) is singular at

some (ξ1, ξ2) then, by the corollary above, the recovery of f ∈ l2(Z2) is not stable.

To remove the singularities of the matrix Am1,m2(ξ1, ξ2) and achieve stable recovery,

some extra sampling locations need to be added. The additional sampling locations

depend on the position of the singularities of Am1,m2(ξ, ω) to be removed.

Let the additional sampling set be given of the form

ΩW = {m1Z×m2Z+ (c1, c2) | (c1, c2) ∈ W ⊂ Zm1 × Zm2}.

De�nition. â is said to satisfy the qudrantal symmetry property if â(ξ1, ξ2) =

â(ω1, ω2) for (ξ1, ξ2), (ω1, ω2) ∈ T × T = T2 if and only if one of the following

conditions is satis�ed:

1. ξ1 = ω1, ξ2 + ω2 = 1

2. ξ1 + ω1 = 1, ξ2 = ω2

3. ξ1 + ω1 = 1, ξ2 + ω2 = 1.

Consider the set Wadd = W1 ∪W2, where

W1 = {1, · · · m1 − 1

2
} × {0, · · · ,m2 − 1},

W2 = {0, · · · ,m1 − 1} × {1, · · · , m2 − 1

2
}}.

Theorem ([23]). Let a ∈ l1(Z2) be the �lter such that the evolution operator is given

by Ax = a∗x. Suppose â satis�es the strictly quadrantal symmetric property, ΩWadd is

the set of extra sampling locations corresponding to Wadd above. Then any f ∈ l2(Z2)
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can be recovered in a stable way i.e. property SSP is satis�ed, from the expanded set

of samples

{SΩW f, Sm1,m2f, Sm1,m2Af, · · · , Sm1,m2A
m1m2−1f}.

Moreover, Wadd has the minimal possible size among all W ⊂ Zm1 × Zm2 sets that

ΩW removes the singularities of the matrix Am1,m2(ξ1, ξ1).

Finally, in chapter 4 of the dissertation we consider the case when the set X is

finite and V = l2(X). Without loss of generality it can assumed that X = {1, . . . , d},
V = Cd and the operator A is given as a d× d matrix. Later we will also assume that

there are fixed M number of measuring devices, i.e., |Ωi| = M for every i, and we

are allowed to move them anywhere in X after each measurement. For the classical

sampling problem with moving devices in the class of bandilimited functions see [10].

De�nition. We say that a system of subsets of X (Ω0, . . . ,ΩL−1) allows recovery if

any function f can be uniquely reconstructed from samples

y0 = f |Ω0 , y1 = (Af)|Ω1 , . . . yL−1 = (AL−1f)|ΩL−1 .

When |Ωn| = 1 for every n, we call the system a path.

Theorem ([28]). For given M ∈ N there is a system (Ω0, . . . ,ΩL−1) of subsets of

{1, . . . , d}, with |Ωn| = M n = 0, . . . , L−1, that allows recovery if and only if LM ≥ d

and dim(ker(A)) ≤ M.

Theorem ([28]). For a.e. matrix A ∈ Md(C) every path of length d allows recovery.

Theorem ([28]). For a given matrix A, there is a path that allows recovery if and

only if in the Jordan form of A there is at most one Jordan block corresponding to

0-eigenvalue. If the size of that Jordan block is κ, then there are at least (d−κ)! paths

of length d that allow recovery.

Theorem ([28]). For any non-singular matrix A there are at least d! paths that allow

recovery. Moreover, there are exactly d! such paths if and only if A is a diagonal matrix

up to permutation of rows.
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Ամփոփագիր

Ատենախոսությունում դիտարկվում է դինամիկ նմուշների միջոցով ֆունկցիաների

վերականգնման խնդիրը որոշ տեղաշարժերի նկատմամբ ինվարիանտ

տարածություններում։ Ատենախոսությունում ստացվել են հետևյալ արդյունքները.

• Տեղաշարժերի նկատմամբ ինվարիանտ տարածություններում ձևակերպվել է

դինամիկ նմուշառության խնդիրը և առաջարկվել է նախնական ֆունկցիայի

վերականգման մեթոդ։ Ցույց է տրվել, որ այն դեպքում երբ առաջացած մատրիցը

շրջելի չէ, ապա լրացուցիչ նմուշների ճիշտ տեղակայման դեպքում հնարավոր է

ստանալ միակ և կայուն վերականգնում։

• Այն դեպքում, երբ տարածությունը l2 (Zd1 × Zd2)-ն է, նմուշները վերցվում են

m1Zd1 × m2Zd2 ցանցի վրա և օպերատորը տրվում է a ∈ l2 (Zd1 × Zd2) կորիզի

հետ փաթույթի միջոցով, ստացվել է անհրաժեշտ և բավարար պայման ցանկացած

f ∈ l2 (Zd1 × Zd2) ֆունկցիա իր

f |m1Zd1
×m2Zd2

, a ∗ f |m1Zd1
×m2Zd2

, · · · , am1m2−1 ∗ f |m1Zd1
×m2Zd2

նմուշների միջոցով վերակագնելու համար։ Խիստ քառորդային համաչափություն

ունեցող կորիզների դեպքում, երբ նման վերակարգնումը հնարավոր չէ, կառուցվել

է հնարավոր մինիմալ չափսի լրացուցիչ նմուշառման Ωadd բազմություն, որը

ապահովում է ցանկացած f ֆունկցիայի միարժեք վերականգնումը

f |Ωadd , f |m1Zd1
×m2Zd2

, a ∗ f |m1Zd1
×m2Zd2

, · · · , am1m2−1 ∗ f |m1Zd1
×m2Zd2

ընդլայնված նմուշների միջոցով։

• l2 (Z× Z) տարածության դեպքում, երբ նմուշները վերցված են m1Z×m2Z ցանցի

վրա և օպերատորը տրված է որպես a ∈ l1 (Z× Z) կորիզի հետ փաթույթ, ստացվել

է անհրաժեշտ և բավարար պայման, որի դեպքում ցանկացած f ∈ l2 (Z× Z)
ֆունկցիա հնարավոր է վերականգնել իր

f |m1Z×m2Z, a ∗ f |m1Z×m2Z, · · · , a
m1m2−1 ∗ f |m1Z×m2Z

նմուշների միջոցով։ Խիստ քառորդային համաչափություն ունեցող կորիզների

դեպքում, երբ կայուն վերականգնումը հնարավոր չէ, կառուցվել է հնարավոր մինիմալ

չափսի W ⊂ Zm1 × Zm2 բազմություն, այպես որ լրացուցիչ նմուշառության

ΩW = {m1Z×m2Z+ (c1, c2) : (c1, c2) ∈ W ⊂ Zm1 × Zm2}

բազմությունը ապահովում է կամայական f ֆունկցիայի կայուն վերակագնումն իր

f |ΩW , f |m1Z×m2Z, a ∗ f |m1Z×m2Z, · · · , a
m1m2−1 ∗ f |m1Z×m2Z

ընդլայված նմուշների միջոցով։
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• Այն դեպքում. երբ տիրույթը վերջավոր է և ժամանակի տարբեր պահերին

տիրույթի տարբեր ենթաբազմությունների վրա են ընտրանքերը վերցվում,

ստացվել է անհրաժեշտ և բավարար պայման այնպիսի բազմությունների

համակարգի գոյության համար, որոնցում վերցված ընտրանքները թույլ են տալիս

ցանկացած ֆունկցիայի միարժեք վերականգնումը։ Նմուշառության մի կետանոց

բազմությունների դեպքում գտնվել է բոլոր տեղաբաշխումների մինիմալ քանակը,

որոնք ապահովում են կամայական ֆունկցիայի վերակագնումը։

Àííîòàöèÿ

Â äèññåðòàöèè ðàññìàòðèâàåòñÿ ïðîáëåìà âîññòàíîâëåíèÿ ôóíêöèè ïî åå äè-

íàìè÷åñêèì âûáîðêàì â íåêîòîðûõ ïðîñòðàíñòâàõ èíâàðèàíòíûõ îòíîñèòåëüíî

ñäâèãîâ. Äîêàçûâàþòñÿ ñëåäóþùèå ðåçóëüòàòû:

• ôîðìóëèðîâàíà ïðîáëåìà äèíàìè÷åñêèõ âûáîðîê â ïðîñòðàíñòâàõ èíâàðè-

àíòíûõ îòíîñèòåëüíî ñäâèãîâ, è ïîëó÷åí ìåòîä äëÿ âîññòàíîâëåíèÿ ôóíê-

öèè ïî åå âðåìåííî ïðîñòðàíñòâåííûì âûáîðêàì. Êîãäà ïîëó÷åííàÿ ìàò-

ðèöà ÿâëÿòüñÿ âûðîæäåííîé, ïîêàçàíî ÷òî ïðè ïðàâèëüíîì ðàñïîëîæåíèè

äîïîëíèòåëüíûõ âûáîðîê ìîæíî äîñòè÷ü ñòàáèëüíîãî âîññòàíîâëåíèÿ.

• â ïðîñòðàíñòâå l2 (Zd1 × Zd2), êîãäà âûáîðêè áåðóòñÿ íà m1Zd1 × m2Zd2

è îïåðàòîð îòâåòñòâåííûé çà èçìåíåíèå ôóíêöèè åñòü ñâåðòêà ñ ÿäðîì

a ∈ l2 (Zd1 × Zd2), ïîëó÷åíî íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ïðè êîòî-

ðîì êàæäàÿ ôóíêöèÿ f ∈ l2 (Zd1 × Zd2) ìîæíî âîññòàíîâèòü ïî åå âûáîðêàì

f |m1Zd1
×m2Zd2

, a ∗ f |m1Zd1
×m2Zd2

, · · · , am1m2−1 ∗ f |m1Zd1
×m2Zd2

.

Â ñëó÷àå ÿäðà ñî ñòðîãîé êâàäðàòè÷íîé ñèììåòðèåé, êîãäà åäèíñòâåííîå

âîññòàíîâëåíèå íå âîçìîæíî, ïîñòðîåíî ìíîæåñòâî Ωadd äîïîëíèòåëüíûõ

âûáîðîê ñ ìèíèìàëüíûì ðàçìåðîì, êîòîðîå ïîçâîëÿåò âîññòàíîâëåíèå ëþ-

áîé ôóíêöèè ïî åå ðàñøèðåííûì âûáîðêàì

f |Ωadd , f |m1Zd1
×m2Zd2

, a ∗ f |m1Zd1
×m2Zd2

, · · · , am1m2−1 ∗ f |m1Zd1
×m2Zd2

.

• â ïðîñòðàíñòâå l2 (Z× Z), êîãäà âûáîðêè äàíû íà m1Z×m2Z è îïåðàòîð îò-

âåòñòâåííûé çà èçìåíåíèÿ ôóíêöèè åñòü ñâåðòêà ñ ÿäðîì a ∈ l1 (Z× Z), ïî-
ëó÷åíî íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå äëÿ âîññòàíîâëåíèÿ ëþáîé ôóíê-

öèè f ∈ l2 (Z× Z) ïî åå âûáîðêàì

f |m1Zd1
×m2Zd2

, a ∗ f |m1Zd1
×m2Zd2

, · · · , am1m2−1 ∗ f |m1Zd1
×m2Zd2

.

Â ñëó÷àå ÿäðà ñ êâàäðàòè÷íîé ñèììåòðèé, êîãäà êàæäàÿ ôóíêöèÿ îïðåäå-

ëÿåòñÿ åäèíñòâåííûì îáðàçîì, íî âîññòàíîâëåíèå íå ÿâëÿòüñÿ ñòàáèëüíûì,
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ïîñòðîåíî ìíîæåñòâî W ⊂ Zm1 × Zm2 ìèíèìàëüíîãî ðàçìåðà, òàêîå ÷òî

ìíîæåñòâî äîïîëíèòåëüíûõ âûáîðîê

ΩW = {m1Z×m2Z+ (c1, c2) : (c1, c2) ∈ W ⊂ Zm1 × Zm2},

ïîçâîëÿåò ñòàáèëüíîå âîññòàíîâëåíèå ëþáîé ôóíêöèè ïî åå ðàñøèðåííûì

âûáîðêàì

f |ΩW , f |m1Zd1
×m2Zd2

, a ∗ f |m1Zd1
×m2Zd2

, · · · , am1m2−1 ∗ f |m1Zd1
×m2Zd2

.

• åñëè îáëàñòü îïðåäåëåíèÿ êîíå÷íà è äîïóñêàåòñÿ ÷òî ìíîæåñòâà íà êîòîðûõ

äàíû îò÷åòû ìîãóò ìåíÿòüñÿ ñî âðåìåíåì, íàéäåíî íåîáõîäèìîå è äîñòàòî÷-

íîå óñëîâèå äëÿ ñóùåñòâîâàíèÿ ñèñòåìû ïîäìíîæåñòâ îáëàñòè íà êîòîðûõ

îò÷åòû îäíîçíà÷íî îïðåäåëÿþò ëþáóþ ôóíêöèþ. Â ñëó÷àå êîãäà ìíîæåñòâî

âûáîðîê ñîñòîèò èç îäíîãî ýëåìåíòà, êîòîðîå ìîæåò ìåíÿòüñÿ ñî âðåìåíåì,

íàéäåíî ìèíèìàëüíîå ÷èñëî êîíôèãóðàöèé êîòîðûå äîïóñêàþò âîññòàíîâ-

ëåíèå ëþáîé ôóíêöèé.
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