
EREVANI PETAKAN HAMALSARAN

Martirosyan Anu� Samveli

Zugamitu�yan  miaku�yan harcer oro� �r�onormavorva�
splayn hamakargerov �arqeri hamar

A.01.01 { \Ma�ematikakan analiz" masnagitow�yamb
fizikama�ematikakan gitow�yownneri �ekna�owi gitakan asti�ani

haycman atenaxosow�yan

SE�MAGIR

Er an 2014

ÅÐÅÂÀÍÑÊÈÉ ÃÎÑÓÄÀÐÑÒÂÅÍÍÛÉ ÓÍÈÂÅÐÑÈÒÅÒ

Ìàðòèðîñÿí Àíóø Ñàìâåëîâíà

Âîïðîñû ñõîäèìîñòè è åäèíñòâåííîñòè ðÿäîâ ïî íåêîòîðûì
îðòîíîðìèðîâàííûì ñïëàéí ñèñòåìàì

ÀÂÒÎÐÅÔÅÐÀÒ

äèññåðòàöèè íà ñîèñêàíèå ó÷åíîé ñòåïåíè êàíäèäàòà
ôèçèêî-ìàòåìàòè÷åñêèõ íàóê ïî ñïåöèàëüíîñòè

01.01.01 � �Ìàòåìàòè÷åñêèé àíàëèç�

Åðåâàí 2014



Atenaxosow�yan �eman hastatvel � EPH ma�ematikayi  
mexanikayi fakultetum:

Gitakan �ekavar` fiz{ma�. git. doktor, profesor,
HH GAA akademikos
G. G orgyan

Pa�tonakan �nddimaxosner` fiz{ma�. git. doktor, profesor

U. Goginava

fiz{ma�. git. �ekna�u, docent
M. Po�osyan

A�ajatar kazmakerpow�yown` HH GAA ma�ematikayi institut

Pa�tpanow�yown� kkayana 2014�. hunisi 24{in �. 1500{in Er ani petakan ha{

malsaranowm gor�o� BOH-i 050 masnagitakan xorhrdi nistowm (0025, Er an, Aleq

Manowkyan 1):

Atenaxosow�yan� kareli � �ano�anal EPH{i gradaranowm:

Se�magirn a�aqva� � 2014�. mayisi 23{in:

Masnagitakan xorhrdi gitakan qartow�ar,

fiz{ma�. git. doktor, profesor T. Harow�yownyan

Òåìà äèññåðòàöèè óòâåðæäåíà â ôàêóëüòåòà ìàòåìàòèêè è ìåõàíèêè ÅÃÓ

Íàó÷íûé ðóêîâîäèòåëü: äîêòîð ôèç�ìàò. íàóê, ïðîôåññîð
Àêàäåìèê ÍÀÍ ÐÀ
Ã. Ãåâîðêÿí

Îôèöèàëüíûå îïïîíåíòû: äîêòîð ôèç�ìàò. íàóê, ïðîôåññîð
Ó. Ãîãèíàâà

êàíäèäàò ôèç�ìàò. íàóê, äîöåíò
Ì. Ïîãîñÿí

Âåäóùàÿ îðãàíèçàöèÿ: Èíñòèòóò ìàòåìàòèêè ÍÀÍ ÐÀ

Çàùèòà äèññåðòàöèè ñîñòîèòñÿ 24 èþíÿ 2014ã. â 1500 íà çàñåäàíèè ñïåöèàëèçèðî-

âàííîãî ñîâåòà ÂÀÊ-à 050 ïðè ÅÃÓ (0025, ã. Åðåâàí, óë. Àë. Ìàíóêÿíà 1).

Ñ äèññåðòàöèåé ìîæíî îçíàêîìèòüñÿ â áèáëèîòåêå ÅÃÓ.

Àâòîðåôåðàò ðàçîñëàí 23�ãî ìàÿ 2014ã.

Ó÷åíûé ñåêðåòàðü ñïåöèàëèçèðîâàííîãî ñîâåòà,

äîêòîð ôèç�ìàò. íàóê, ïðîôåññîð Ò. Àðóòþíÿí



Îáùàÿ õàðàêòåðèñòèêà ðàáîòû

Àêòóàëüíîñòü òåìû. Äèññåðòàöèÿ ïîñâÿùåíà èññëåäîâàíèþ îðòîãî-
íàëüíûõ ðÿäîâ ïî îáùåé ñèñòåìå Ôðàíêëèíà, ñèñòåìå Ñòðîìáåðãà è íåêî-
òîðûì âñïëåñê ñèñòåìàì.

Ñèñòåìà Ôðàíêëèíà îäíà èç êëàññè÷åñêèõ îðòîíîðìèðîâàííûõ ñèñòåì.
Îíà áûëà ââåäåíà â 1928 ãîäó Ôðàíêëèíîì [1] êàê ïðèìåð îðòîíîðìèðî-
âàííîãî áàçèñà â C[0, 1]. Â äàëüíåéøåì ýòà ñèñòåìà áûëà èññëåäîâàíà ñ
ðàçíûõ òî÷åê çðåíèÿ. Â ÷àñòíîñòè èçâåñòíî, ÷òî îíà áåçóñëîâíûé áàçèñ â
ïðîñòðàíñòâàõ Lp[0, 1], 1 ≤ p <∞ (Ñ.Áî÷êàð¼â [2]) è H1[0, 1] (Ï. Âîéòàùèê
[3]). Ïðèìåíÿÿ ñèñòåìó Ôðàíêëèíà Ñ.Â. Áî÷êàð¼â [4] ïîñòðîèë áàçèñ â ïðî-
ñòðàíñòâå ôóíêöèé àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå D = {z : |z| < 1}
è íåïðåðûâíûõ â åãî çàìûêàíèè D. Âàæíóþ ðîëü ïðè èçó÷åíèè ñèñòåìû
Ôðàíêëèíà èãðàåò òàê íàçûâàåìàÿ ýêñïîíåíöèàëüíàÿ îöåíêà äëÿ ôóíêöèé
ñèñòåìû Ôðàíêëèíà, êîòîðàÿ ïîëó÷åíà Ç. ×èñåëüñêèì óæå â 1966 ãîäó [5].
Ñ ïîäðîáíûì îáçîðîì ðåçóëüòàòîâ ïî ñèñòåìå Ôðàíêëèíà ìîæíî îçíàêî-
ìèòüñÿ â ðàáîòå [6].

Èçó÷àëèñü ðàçëè÷íûå îáîáùåíèÿ ñèñòåìû Ôðàíêëèíà êàê íà îòðåçêå ïó-
ò¼ì îáîáùåíèÿ ïîñëåäîâàòåëüíîñòè òî÷åê ôîðìèðóþùåãî ñèñòåìó (îáùàÿ
ñèñòåìà Ôðàíêëèíà), òàê è íà âñþ äåéñòâèòåëüíóþ îñü (ñèñòåìà Ñòðîìáåð-
ãà, êîòîðàÿ åù¼ è îáîáùàåòñÿ äî ïîëèíîìèàëüíûõ âñïëåñêîâ).

Öåëü ðàáîòû. Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå âî-
ïðîñîâ ñõîäèìîñòè è åäèíñòâåííîñòè ðÿäîâ ïî îáùåé ñèñòåìå Ôðàíêëèíà,
ïîëèíîìèàëüíîé ñèñòåìå Ñòðîìáåðãà è íåêîòîðîãî êëàññà âñïëåñê ñèñòåì.

Ìåòîäû èññëåäîâàíèÿ. Â ðàáîòå ïðèìåíåíû ìåòîäû ìåòðè÷åñêîé
òåîðèè ôóíêöèé, ôóíêöèîíàëüíîãî àíàëèçà.

Íàó÷íàÿ íîâèçíà. Âñå ðåçóëüòàòû ðàáîòû ÿâëÿþòñÿ íîâûìè.
Ïðàêòè÷åñêàÿ è òåîðåòè÷åñêàÿ öåííîñòü. Ðåçóëüòàòû ðàáîòû èìå-

þò òåîðåòè÷åñêèé õàðàêòåð è ìîãóò áûòü èñïîëüçîâàíû ïðè èçó÷åíèè ïî-
õîæèõ ñâîéñòâ äëÿ äðóãèõ ñèñòåì ôóíêöèé.

Àïðîáàöèÿ ïîëó÷åííûõ ðåçóëüòàòîâ. Îñíîâíûå ðåçóëüòàòû äèñ-
ñåðòàöèè äîêëàäûâàëèñü íà ñåìèíàðå êàôåäðû òåîðèè ôóíêöèé ÅÃÓ à
òàêæå íà ìåæäóíàðîäíûõ êîíôåðåíöèÿõ “Harmonic Analysis and Approxi-
mations – V” (Öàõêàäçîð, Àðìåíèÿ 2011), “Second International Conference
Mathematics in Armenia: Advances and Perspectives” , (Öàõêàäçîð, Àðìåíèÿ
2013), “ICNAAM 2013”, (Ðîäîñ, Ãðåöèÿ 2013).

Îñíîâíûå ðåçóëüòàòû äèññåðòàöèè îïóáëèêîâàíû â 3 ñòàòüÿõ è 4
òåçèñax, ñïèñîê êîòîðûõ ïðèâîäèòñÿ â êîíöå àâòîðåôåðàòà.

Ñòðóêòóðà è îáúåì äèññåðòàöèè. Äèññåðòàöèîííàÿ ðàáîòà èçëî-
æåíà íà 77 ñòðàíèöàõ, ñîñòîèò èç ââåäåíèÿ, òðåõ ãëàâ, çàêëþ÷åíèÿ è ñïèñêà
öèòèðîâàííîé ëèòåðàòóðû, âêëþ÷àþùåãî 42 íàèìåíîâàíèé.
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Ñîäåðæàíèå ðàáîòû

Âî ââåäåíèè ïðèâåäåí èñòîðè÷åñêèé îáçîð ðåçóëüòàòîâ, ñâÿçàííûõ ñ
òåìîé äèññåðòàöèè à òàêæå êðàòêîå îïèñàíèå ñîäåðæàíèÿ äèññåðòàöèè.

Ñîäåðæàíèå ãëàâû 1. Ïåðâàÿ ãëàâà äèññåðòàöèè ïîñâÿùåíà èññëåäî-
âàíèþ ðÿäîâ ïî îáùåé ñèñòåìå Ôðàíêëèíà ñîîòâåòñòâóþùåé ñèëüíî ðåãó-
ëÿðíîé è êâàçèäèàäè÷åñêîé ïîñëåäîâàòåëüíîñòè.

Èçó÷åíèå îáùåé ñèñòåìû Ôðàíêëèíà íà÷àëîñü â 1997 ãîäó ñ ðàáîòû [7].
Îíà ïåðåâîäèò ïîñòðîåíèå ôóíêöèé ñèñòåìû Ôðàíêëèíà èç äâîè÷íûõ òî÷åê
ê òàê íàçûâàåìûì äîïóñòèìûì ðàçáèåíèÿì îòðåçêà [0, 1]. Ïîñëåäîâàòåëü-
íîñòü (ðàçáèåíèå) T = {tn : n ≥ 0} íàçûâàåòñÿ äîïóñòèìîé, åñëè t0 = 0,
t1 = 1, tn ∈ (0, 1), n ≥ 2, T âñþäó ïëîòíî â [0, 1] è êàæäàÿ òî÷êà t ∈ (0, 1)
âñòðå÷àåòñÿ â T íå áîëåå ÷åì äâà ðàçà.

Îáùàÿ ôóíêöèÿ Ôðàíêëèíà îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì: ïóñòü
T = {tn : n ≥ 0} äîïóñòèìàÿ ïîñëåäîâàòåëüíîñòü. Äëÿ n ≥ 2 îáîçíà÷èì
Tn = {ti : 0 ≤ i ≤ n}. Ïóñòü πn ïîëó÷àåòñÿ èç Tn íåóáûâàþùåé ïåðåñòàíîâ-
êîé:

πn = {τni : τni ≤ τni+1, 0 ≤ i ≤ n− 1}.
×åðåç Sn îáîçíà÷èì ïðîñòðàíñòâî ôóíêöèé îïðåäåë¼ííûõ íà [0, 1], êîòîðûå
íåïðåðûâíû ñëåâà, ëèíåéíû íà (τni , τ

n
i+1) è íåïðåðûâíû â τni , åñëè τ

n
i−1 <

τni < τni+1. ßñíî, ÷òî dimSn = n+ 1 è Sn−1 ⊂ Sn. Ïîýòîìó ñóùåñòâóåò åäèí-
ñòâåííàÿ ôóíêöèÿ f ∈ Sn, êîòîðàÿ îðòîãîíàëüíà Sn−1, ‖f‖2 = 1 è f(tn) > 0.
Ýòó ôóíêöèþ íàçûâàþò n-îé ôóíêöèåé Ôðàíêëèíà, ñîîòâåòñòâóþùåé ðàç-
áèåíèþ T . Îáùàÿ ñèñòåìà Ôðàíêëèíà {fn(x) : n ≥ 0} ñîîòâåòñòâóþùàÿ
ðàçáèåíèþ T îïðåäåëÿåòñÿ ïî ïðàâèëó f0(x) = 1, f1(x) =

√
3(2x − 1) è

äëÿ n ≥ 2 ôóíêöèÿ fn(x) åñòü n-àÿ ôóíêöèÿ Ôðàíêëèíà, ñîîòâåòñòâóþùàÿ
ðàçáèåíèþ T .

Çàìåòèì, ÷òî åñëè ïîñëåäîâàòåëüíîñòü T äèàäè÷åñêàÿ, ò.å. tn = 2j−1
2k+1 ,

ãäå n = 2k + j, 1 ≤ j ≤ 2k, k = 0, 1, 2, ..., òî ñîîòâåòñòâóþùàÿ ñèñòåìà
Ôðàíêëèíà åñòü êëàññè÷åñêàÿ ñèñòåìà Ôðàíêëèíà.

Èíîãäà íà ïîñëåäîâàòåëüíîñòü T íàëàãàþò òðåáîâàíèå ðåãóëÿðíîñòè èëè
ñòðóêòóðíûå óñëîâèÿ. Îïðåäåëåíèÿ óñëîâèé, ñ êîòîðûìè ìû áóäåì èìåòü
äåëî ïðèâåäåíû íèæå.

Ïîñëåäîâàòåëüíîñòü T íàçûâàåòñÿ êâàçèäèàäè÷åñêîé, åñëè

t2k+1 < t2k+2 < ... < t2k+1

è ìåæäó äâóìÿ ñîñåäíèìè òî÷êàìè èç {tn : 0 ≤ n ≤ 2k} íàõîäèòñÿ ïî îäíîé
òî÷êå èç {tn : 2k < n ≤ 2k+1}.

Ïîñëåäîâàòåëüíîñòü T íàçûâàåòñÿ ñèëüíî ðåãóëÿðíîé, åñëè ñóùåñòâóåò
ïîñòîÿííàÿ γ > 1, òàêàÿ ÷òî

γ−1 <
τni+1 − τni
τni − τni−1

< γ, äëÿ n = 2, 3, ..., i = 1, 2, ..., n− 1.
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Ðàññìîòðèì ðÿä ïî îáùåé ñèñòåìå Ôðàíêëèíà ñîîòâåòñòâóþùåé ñèëüíî
ðåãóëÿðíîé è êâàçèäèàäè÷åñêîé ïîñëåäîâàòåëüíîñòè

∞∑
n=0

anfn(t). (1)

Ìàæîðàíòó ÷àñòíûõ ñóìì è ôóíêöèþ Ïýëè ýòîãî ðÿäà ïðèíÿòî îáîçíà÷àòü
ñîîòâåòñòâåííî ÷åðåç

S∗(t) = sup
N

∣∣∣∣∣
N∑
n=0

anfn(t)

∣∣∣∣∣ è P (t) =

( ∞∑
n=0

a2
nf

2
n(t)

) 1
2

.

Åñëè ýòî ðÿä Ôóðüå-Ôðàíêëèíà íåêîòîðîé èíòåãðèðóåìîé ôóíêöèè f , òî
ðàññìîòðèì èõ êàê îïåðàòîðû äåéñòâóþùèå â ïðîñòðàíñòâå L1 è îáîçíà÷èì
ñîîòâåòñòâåííî ÷åðåç S∗f è Pf .

Äëÿ îïåðàòîðà Ïýëè âîïðîñû ñëàáîãî èëè ñèëüíîãî òèïà (p, p) ðàññìîò-
ðåíû â ñâÿçè ñ èçó÷åíèåì áåçóñëîâíîé áàçèñíîñòè ñèñòåìû â Lp, 1 < p <∞.
Ýòî ñâÿçàíî ñ òåì, ÷òî äëÿ òîãî, ÷òîáû íåêîòîðàÿ çàìêíóòàÿ ìèíèìàëüíàÿ
ñèñòåìà ôóíêöèé Φ = {ϕn}∞n=0 ⊂ Lp, 1 < p <∞ áûëà áåçóñëîâíûì áàçèñîì
â Lp, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû äëÿ íåêîòîðûõ ïîñòîÿííûõ cp è Cp,
âûïîëíÿëîñü

cp‖f‖p ≤ ‖PΦf‖p ≤ Cp‖f‖p, f ∈ Lp, 1 < p <∞.

Èòàê, äëÿ äîêàçàòåëüñòâà áåçóñëîâíîé áàçèñíîñòè íåêîòîðîé îðòîíîðìèðî-
âàííîé ñèñòåìû â Lp, 1 < p <∞ äîêàçûâàåòñÿ, ÷òî îïåðàòîð Ïýëè ïî ýòîé
ñèñòåìå èìååò ñèëüíûé òèï (p, p). Â ðàáîòå [8], íàðÿäó ñ äðóãèìè ðåçóëüòà-
òàìè, áûëî äîêàçàíî, ÷òî åñëè ïîñëåäîâàòåëüíîñòü T êâàçèäèàäè÷åñêàÿ è
ñëàáî ðåãóëÿðíàÿ, òî ñîîòâåòñòâóþùàÿ îáùàÿ ñèñòåìà Ôðàíêëèíà ÿâëÿåòñÿ
áåçóñëîâíûì áàçèñîì â Lp[0, 1], 1 < p <∞. Â ðàáîòå [9] óñëîâèå ñëàáîé ðå-
ãóëÿðíîñòè áûëî îñëàáëåíî. È íàêîíåö â ðàáîòå [10] áûëî äîêàçàíî, ÷òî ïðè
ëþáîé äîïóñòèìîé ïîñëåäîâàòåëüíîñòè T ñîîòâåòñòâóþùàÿ îáùàÿ ñèñòåìà
Ôðàíêëèíà ÿâëÿåòñÿ áåçóñëîâíûì áàçèñîì â Lp[0, 1], 1 < p < ∞. Èìåííî â
óêàçàííûõ ðàáîòàõ äîêàçûâàåòñÿ, ÷òî îïåðàòîð Ïýëè äëÿ ñîîòâåòñòâóþùå-
ãî ðÿäà èìååò ñèëüíûé òèï (p, p), 1 < p < ∞. Îäíàêî, ýòî äîêàçàòåëüñòâî
íå îïèðàåòñÿ íà ñëàáûé òèï (1, 1), êàê ýòî îáû÷íî äåëàåòñÿ.

Äëÿ êëàññè÷åñêîé ñèñòåìû Ôðàíêëèíà Ñ.Â. Áî÷êàð¼â â [4] äîêàçàë, ÷òî
îïåðàòîð Ïýëè èìååò ñëàáûé òèï (1,1). À âîò âîïðîñ î ñëàáîì òèïå (1, 1)
îïåðàòîðà Ïýëè äëÿ ðÿäîâ ïî îáùåé ñèñòåìå Ôðàíêëèíà îñòàâàëñÿ îòêðû-
òûì. Â ïàðàãðàôå 1.1 äèññåðòàöèîííîé ðàáîòû äîêàçûâàåòñÿ ñëåäóþùàÿ
òåîðåìà

Òåîðåìà 1 Åñëè ïîñëåäîâàòåëüíîñòü T ñèëüíî ðåãóëÿðíàÿ è êâàçèäèàäè-
÷åñêàÿ, òî îïåðàòîð Ïýëè èìååò ñëàáûé òèï (1,1), ò.å. ñóùåñòâóåò ïî-
ñòîÿííàÿ C, çàâèñÿùàÿ òîëüêî îò γ, òàêàÿ, ÷òî äëÿ ëþáîãî g ∈ L1[0, 1]
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èìååò ìåñòî

µ {t : Pg(t) > y} ≤ C

y
‖g‖1.

Ïîçäíåå Ã.Ã. Ãåâîðêÿí â [11] îáîáùèë ýòîò ðåçóëüòàò äîêàçàâ, ÷òî îïåðàòîð
Ïýëè áóäåò èìåòü ñëàáûé òèï (1,1) â ñëó÷àÿõ, êîãäà ïîñëåäîâàòåëüíîñòü
ñèëüíî ðåãóëÿðíàÿ èëè êâàçèäèàäè÷åñêàÿ è ñëàáî ðåãóëÿðíàÿ. Îäíàêî äî
ñèõ ïîð ýòîò âîïðîñ â îáùåì ñëó÷àå (íå íàëàãàÿ íèêàêèõ äîïîëíèòåëüíûõ
ñâîéñòâ íà ïîñëåäîâàòåëüíîñòü) íå ðåøåí.

Â ñâÿçè ñ áåçóñëîâíîé áàçèñíîñòüþ â ïðîñòðàíñòâàõ Lp, p > 1 èíòåðåñíî
òàêæå èññëåäîâàòü ýêâèâàëåíòíîñòü àñèìïòîòè÷åñêèõ óñëîâèé

lim
λ→∞

λ · µ {t : P (t) > λ} = 0 (2)

è
lim
λ→∞

λ · µ {t : S∗(t) > λ} = 0. (3)

Â ïàðàãðàôå 1.2 äèññåðòàöèîííîé ðàáîòû äîêàçûâàåòñÿ ñëåäóþùàÿ òåîðåìà

Òåîðåìà 2 Äëÿ ðÿäîâ ïî îáùåé ñèñòåìå Ôðàíêëèíà ñ êâàçèäèàäè÷åñêèì
è ñèëüíî ðåãóëÿðíûì ðàçáèåíèåì èç óñëîâèÿ (2) ñëåäóåò (3).

Àíàëîãè÷íûé âîïðîñ äëÿ êëàññè÷åñêîé ñèñòåìû Ôðàíêëèíà ðàññìîòðåí â
ðàáîòå [12] è îòìåòèì, ÷òî äàæå äëÿ êëàññè÷åñêîé ñèñòåìû Ôðàíêëèíà íå
èçâåñòíî � ñëåäóåò ëè èç (3) ñîîòíîøåíèå (2)?

Íàïîìíèì, ÷òî ôóíêöèÿ g íàçûâàåòñÿ A-èíòåãðèðóåìîé íà ìíîæåñòâå
X (ìû áóäåì èìåòü äåëî ñ X = R è X = [0, 1]), åñëè îíà óäîâëåòâîðÿåò
óñëîâèþ

µ{t ∈ X : |g(t)| > λ} = o

(
1

λ

)
,

è ñóùåñòâóåò

lim
λ→∞

∫
X

[g(t)]λdt, ãäå [g(t)]λ =

{
g(t), |g(t)| ≤ λ,
0, |g(t)| > λ.

Ïðè ýòîì îáîçíà÷àåòñÿ

(A)

∫
X

g(t)dt = lim
λ→∞

∫
X

[g(t)]λdt.

Â ïàðàãðàôå 1.3, ñ ïðèìåíåíèåì ïîñëåäíåé òåîðåìû è ñëàáîãî òèïà (1,1)
îïåðàòîðà Ïýëè, ïîëó÷åíû òåîðåìû äëÿ ïîäðÿäîâ Ôóðüå ïî îáùèì ñèñòå-
ìàì Ôðàíêëèíà. À èìåííî, èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.
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Òåîðåìà 3 Ïóñòü ðÿä (1) ÿâëÿåòñÿ ðÿäîì Ôóðüå-Ôðàíêëèíà íåêîòîðîé
èíòåãðèðóåìîé ïî Ëåáåãó ôóíêöèè. Òîãäà äëÿ ëþáîé îãðàíè÷åííîé ïîñëå-

äîâàòåëüíîñòè {εn} ðÿä
∞∑
n=0

εnanfn(t) ÿâëÿåòñÿ ðÿäîì Ôóðüå-Ôðàíêëèíà â

ñìûñëå A-èíòåãðèðîâàíèÿ íåêîòîðîé A-èíòåãðèðóåìîé ôóíêöèè. Â ÷àñò-
íîñòè ëþáîé ïîäðÿä òàêîãî ðÿäà ÿâëÿåòñÿ ðÿäîì Ôóðüå-Ôðàíêëèíà â ñìûñ-
ëå A-èíòåãðèðîâàíèÿ íåêîòîðîé A-èíòåãðèðóåìîé ôóíêöèè.

Àíàëîãè÷íûå ðåçóëüòàòû äëÿ êëàññè÷åñêîé ñèñòåìû Ôðàíêëèíà ïîëó÷åíû
â ðàáîòå Ã.Ã. Ãåâîðêÿíà [12]. Â ðàáîòå Ë.À. Áàëàøîâà [13] ñôîðìóëèðîâàí
àíàëîã òåîðåìû äëÿ ïîäðÿäîâ ðÿäà Ôóðüå-Õààðà. Îòìåòèì, ÷òî ïîñêîëüêó â
L1 íå ñóùåñòâóåò áåçóñëîâíîãî áàçèñà, òî ïîäðÿä ðÿäà Ôóðüå èíòåãðèðóåìîé
ôóíêöèè íå îáÿçàí áûòü ðÿäîì Ôóðüå â ñìûñëå èíòåãðèðîâàíèÿ ïî Ëåáåãó.

Ñîäåðæàíèå ãëàâû 2. Âòîðàÿ ãëàâà äèññåðòàöèè ïîñâÿùåíà èññëåäî-
âàíèþ ðÿäîâ ïî ïîëèíîìèàëüíîé ñèñòåìå Ñòðîìáåðãà. Îïðåäåëÿþòñÿ îíè
ñëåäóþùèì îáðàçîì: ïóñòü m - íàòóðàëüíîå ÷èñëî. Îáîçíà÷èì A0 = Z+ ∪
1
2Z− è A1 = A0 ∪

{
1
2

}
(ãäå Z+ = {0, 1, 2, ...}, Z− = {0,−1,−2, ...}). Äëÿ

êàæäîãî i = 0, 1 ïóñòü Smi åñòü ïðîñòðàíñòâî ôóíêöèé èç L2(R) ∩ Cm(R),
êîòîðûå íà êàæäîì èíòåðâàëå ðàçáèåíèÿ Ai ÿâëÿþòñÿ ïîëèíîìàìè ñòåïåíè
m+1. ßñíî, ÷òî Sm0 ⊂ Sm1 è êîðàçìåðíîñòü Sm0 â Sm1 ðàâíà åäèíèöå. Ïîýòî-
ìó ñóùåñòâóåò åäèíñòâåííàÿ, ñ òî÷íîñòüþ çíàêà, ôóíêöèÿ τ ∈ Sm1 òàêàÿ,
÷òî τ⊥Sm0 è ‖τ‖2 = 1. Ýòà ôóíêöèÿ τ è åñòü âñïëåñê Ñòðîìáåðãà ñòåïåíè
m ≥ 0. Îðòîãîíàëüíîñòü è ïîëíîòà â L2(R) ñèñòåìû ôóíêöèé

fjk(x) = 2j/2τ(2jx− k), j, k ∈ Z, (4)

ò.å. òî, ÷òî τ åñòü âñïëåñê, äîêàçàíà â ðàáîòå [14].
Ýòà ñèñòåìà èìååò ïîõîæèå ñâîéñòâà ñ ñèñòåìîé Ôðàíêëèíà. Â ÷àñòíî-

ñòè, â ðàáîòå [14] ïîëó÷åíà ýêñïîíåíöèàëüíàÿ îöåíêà äëÿ τ : |τ(x)| ≤ C0r
|x|,

0 < r < 1. Áîëåå òîãî, â òîé æå ðàáîòå Ñòðîìáåðã äîêàçàë, ÷òî ñèñòåìà fjk
ÿâëÿåòñÿ áåçóñëîâíûì áàçèñîì â Lp(R), 1 < p <∞ è â H1(R).

×àñòíûå ñóììû ðÿäà ∑
j,k∈Z

ajkfjk(t) (5)

ïî ñèñòåìå ôóíêöèé (4) îïðåäåëèì ñëåäóþùèì îáðàçîì:

SJK(t) =
∑

(j,k)≤(J,K)

ajkfjk(t), (6)

ãäå (j, k) ≤ (J,K) îçíà÷àåò j < J, k ∈ Z èëè j = J, k ≤ K. Ïðè ýòîì
ïðåäïîëàãàåòñÿ, ÷òî äëÿ êàæäîãî öåëîãî j ðÿä

∑
k∈Z

ajkfjk(x), è äëÿ êàæäîãî

öåëîãî j0 ðÿä
∑
j≤j0

∑
k∈Z

ajkfjk(x) ñõîäÿòñÿ.
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Â ïàðàãðàôå 2.3 äîêàçûâàåòñÿ, ÷òî åñëè ðÿä (6) åñòü "÷àñòè÷íàÿ ñóììà"
ðÿäà Ôóðüå íåêîòîðîé ôóíêöèè f ∈ Lp, 1 ≤ p < ∞, òî ýòîò ðÿä àáñîëþò-
íî ñõîäèòñÿ íà R. Îäíàêî äëÿ f ∈ L∞(R) ýòî óòâåðæäåíèå óæå íå âåðíî
(ïðèìåð ïðèâåäåí â òîì æå ïàðàãðàôå äèññåðòàöèè).

Ìàæîðàíòó ÷àñòíûõ ñóìì è ôóíêöèþ Ïýëè ðÿäà (5) îáîçíà÷èì ñîîòâåò-
ñòâåííî ÷åðåç

S∗(t) = sup
J,K
|SJK(t)| è P (t) =

∑
j,k

a2
jkf

2
jk(t)

 1
2

.

Â ñëó÷àå êîãäà ðÿä (5) ÿâëÿåòñÿ ðÿäîì Ôóðüå-Ñòðîìáåðãà íåêîòîðîé ôóíê-
öèè f ∈ Lp, 1 ≤ p <∞, òî áóäåì ïèñàòü S∗f è Pf .

Êàê óæå îòìå÷àëîñü îïåðàòîð Ïýëè äëÿ ðÿäîâ ïî êëàññè÷åñêîé ñèñòåìû
Ôðàíêëèíà (ñì. [4]) è äàæå äëÿ îáùåé ñèñòåìû Ôðàíêëèíà ñ íåêîòîðûìè
äîïîëíèòåëüíûìè óñëîâèÿìè íà ðàçáèåíèå (ñì. [11]) èìååò ñëàáûé òèï (1,1).
Â ïàðàãðàôå 2.2 äèññåðòàöèè äîêàçûâàåòñÿ, ÷òî è â ñëó÷àå ïîëèíîìèàëü-
íîãî âñïëåñêà Ñòðîìáåðãà ýòîò îïåðàòîð èìååò ñëàáûé òèï (1,1).

Â ïàðàãðàôå 2.1 äîêàçûâàåòñÿ ñëåäóþùàÿ òåîðåìà

Òåîðåìà 4 Ïóñòü SJK(t) ï.â. ñõîäèòñÿ ê ôóíêöèè f(t) è

lim
λ→∞

λµ{t ∈ R : S∗(t) > λ} = 0.

Òîãäà äëÿ âñåõ j, k ∈ Z âûïîëíÿþòñÿ

ajk = (A)

∫
R
f(t)fjk(t)dt.

Àíàëîãè÷íàÿ òåîðåìà äëÿ êëàññè÷åñêîé ñèñòåìû Ôðàíêëèíà äîêàçàíà â ðà-
áîòå [12]. Òåîðåìà âåðíà è äëÿ îáùåé ñèñòåìû Ôðàíêëèíà â ñëó÷àå ñèëüíî
ðåãóëÿðíîãî è êâàçèäèàäè÷åñêîãî ðàçáèåíèÿ (ñì. [15]).

Îäíàêî îêàçûâàåòñÿ, íåêîòîðûå ñâîéñòâà, êîòîðûå âåðíû äëÿ ñèñòåìû
Ôðàíêëèíà, è äàæå äëÿ ëèíåéíûõ ïåðèîäè÷åñêèõ âñïëåñêîâ Ñòðîìáåðãà, íå
âåðíû äëÿ ïîëèíîìèàëüíîé ñèñòåìû Ñòðîìáåðãà. Òàê, íàïðèìåð èçâåñòíî,
÷òî äëÿ ñèñòåìû Õààðà ñõîäèìîñòü ïî÷òè âñþäó ôóíêöèè Ïýëè è ñàìî-
ãî ðÿäà íà ìíîæåñòâå ïîëîæèòåëüíîé ìåðû ýêâèâàëåíòíû (ñì. [16, 17]).
Àíàëîãè÷íûå óòâåðæäåíèÿ âåðíû è äëÿ êëàññè÷åñêîé ñèñòåìû Ôðàíêëè-
íà (ñì.[18]), äëÿ îáùåé ñèñòåìû Ôðàíêëèíà ïîðîæä¼ííîé êâàçèäèàäè÷å-
ñêèì è ñèëüíî ðåãóëÿðíûì ðàçáèåíèåì (ñì. [19]), ïåðèîäè÷åñêîãî ëèíåéíî-
ãî âñïëåñêà Ñòðîìáåðãà (ñì. [20]). Îêàçûâàåòñÿ â íå ïåðèîäè÷åñêîì ñëó÷àå
ýòî íå âåðíî, à èìåííî äëÿ ëèíåéíûõ âñïëåñêîâ Ñòðîìáåðãà ñóùåñòâóåò ðÿä∑
j,k

ajkfjk(x), êîòîðûé ïî÷òè âñþäó ðàñõîäèòñÿ, íî
∑
j,k

a2
jkf

2
jk(x) ñõîäèòñÿ (ñî-

îòâåòñòâóþùèé ïðèìåð ïðèâåäåí â ïàðàãðàôå 2.3). Îòìåòèì, ÷òî äëÿ îáùåé
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ñèñòåìû Ôðàíêëèíà, âîîáùå ãîâîðÿ, òàêîå óòâåðæäåíèå òîæå íå âåðíî (ñì.
[21]).

Ñîäåðæàíèå ãëàâû 3. Òðåòüÿ ãëàâà äèññåðòàöèè ïîñâÿùåíà èçó÷åíèþ
ýêâèâàëåíòíîñòè áåçóñëîâíîé è àáñîëþòíîé ñõîäèìîñòè ï.â. íà ìíîæåñòâå
ïîëîæèòåëüíîé ìåðû ðÿäîâ ïî âñïëåñê ñèñòåìàì.

Èçâåñòíî, ÷òî äëÿ ÷èñëîâûõ ðÿäîâ áåçóñëîâíàÿ è àáñîëþòíàÿ ñõîäèìîñòü
ýêâèâàëåíòíû. Äëÿ ôóíêöèîíàëüíûõ ðÿäîâ â îáùåì ñëó÷àå ýòî íå âåðíî.

Íàïðèìåð ðÿä ïî ñèñòåìå Ðàäåìàõåðà
∞∑
n=1

1
n rn(x), x ∈ [0, 1], ï.â. àáñîëþòíî

ðàñõîäèòñÿ, íî ïðè ëþáîé ïåðåñòàíîâêå σ ðÿä (σ)
∞∑
n=1

1
nrn(x) ï.â. ñõîäèòñÿ.

Îäíàêî äëÿ ñèñòåìû Õààðà {χn(x)}∞n=0 Ï.Ë. Óëüÿíîâûì è Å.Ì. Íèêè-
øèíûì (ñì. [22]) äîêàçàíà òåîðåìà î òîì, ÷òî äëÿ áåçóñëîâíîé ñõîäèìîñòè

ï.â. íà ìíîæåñòâå E ⊂ [0, 1], µ(E) > 0 ðÿäà ïî ñèñòåìå Õààðà
∞∑
n=0

anχn(x),

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ï.â. íà E áûëà êîíå÷íà ñóììà
∞∑
n=0
|anχn(x)|.

Ã.Ã. Ãåâîðêÿí [23] ðàñïðîñòðàíèë ýòó òåîðåìó íà ðÿäû ïî êëàññè÷åñêîé
ñèñòåìå Ôðàíêëèíà. À äëÿ îáùåé ñèñòåìû Ôðàíêëèíà àíàëîãè÷íûé ðåçóëü-
òàò ïîëó÷åí â [24]. Â òðåòåé ãëàâå äèññåðòàöèîííîé ðàáîòû íàéäåíû óñëî-
âèÿ, ïðè âûïîëíåíèè êîòîðûõ ìîæíî ñôîðìóëèðîâàòü àíàëîãè÷íóþ òåîðå-
ìó äëÿ ðÿäîâ ïî âñïëåñê ñèñòåìàì. Òî÷íåå, âåðíà ñëåäóþùàÿ òåîðåìà

Òåîðåìà 5 Ïóñòü âñïëåñê f óäîâëåòâîðÿåò ñîîòíîøåíèþ

max
x∈[m,m+1)

|f(x)| ≤ Cϕ(m), m ∈ Z,

ãäå ϕ êóñî÷íî ïîñòîÿííàÿ ôóíêöèÿ ñîîòâåòñòâóþùàÿ âñïëåñêó f :

ϕ(x) =

∫ m+1

m

|f(t)|dt, êîãäà x ∈ [m,m+ 1), m ∈ Z.

Ïóñòü åù¼ ñóùåñòâóþò ôóíêöèè Φ1(x) è Φ2(x) òàêèå, ÷òî äëÿ íåêîòîðûõ
ïîñòîÿííûõ C > 0 è 0 < q < 1 âûïîëíÿþòñÿ

Φ2(x) ≤ CΦ1(x), x ∈ R è Φ2(±m) ≤ qΦ2(±(m− 1)), m ∈ N,

êîòîðûå óäîâëåòâîðÿþò

Φ1(x) ≤ ϕ(x) ≤ Φ2(x), x ∈ R.

Òîãäà äëÿ òîãî, ÷òîáû ðÿä∑
j∈N, k∈Z

∆jk⊂(−a,a)

ajkfjk(x), ãäå a > 0 ïðîèçâîëüíîå ÷èñëî, à ∆jk =

[
k

2j
,
k + 1

2j

]
,
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ï.â. áåçóñëîâíî ñõîäèëñÿ íà E, µ(E) > 0, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû
ýòîò ðÿä ï.â. àáñîëþòíî ñõîäèëñÿ íà E .

Îòìåòèì, ÷òî óêàçàííûì óñëîâèÿì óäîâëåòâîðÿþò íàïðèìåð ïîëèíîìè-
àëüíûå âñïëåñêè Ñòðîìáåðãà, à òàê æå ëþáîé âñïëåñê ñ êîìïàêòíûì íîñè-
òåëåì. Â ñëó÷àå êîãäà f�âñïëåñê ñ êîìïàêòíûì íîñèòåëåì, êàê ñëåäñòâèå
èç ýòîé òåîðåìû, ïîëó÷èì òåîðåìó, êîòîðàÿ äîêàçàíà â ðàáîòå [25]:

Òåîðåìà 6 Ïóñòü f�âñïëåñê ñ êîìïàêòíûì íîñèòåëåì. Òîãäà ðÿä∑
j∈N, k∈Z

ajkfjk(x)

ï.â. áåçóñëîâíî ñõîäèòñÿ íà E, µ(E) > 0, òîãäà è òîëüêî òîãäà, êîãäà
ýòîò ðÿä ï.â. àáñîëþòíî ñõîäèòñÿ íà E.
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Summary

Main results of the thesis are the following:

For series by general Franklin system corresponding to quasi-dyadic and
strongly regular partitions it is proved that

• Paley operator is of weak type (1,1).

• If Paley function P (t) of a series satisfies to condition

lim
λ→∞

λ · µ {t : P (t) > λ} = 0,

then
lim
λ→∞

λ · µ {t : S∗(t) > λ} = 0,

where S∗(t) - is the majorant of partial sums of that series.

• If series is a Fourier-Franklin series of some integrable function, then every
subseries is a Fourier-Franklin series for a A-integrable function in sense
of A-integrability.

For series by Stromberg’s system of order m ≥ 0 it is proved that

• If partial sum of the series a.e. converges to a function f(t) and the
majorant of partial sums satisfies to the condition

lim
λ→∞

λµ{t ∈ R : S∗(t) > λ} = 0,

then for all j, k ∈ Z the coefficients can be found by the formula

ajk = (A)

∫
R

f(t)fjk(t)dt.

• Paley operator is of weak type (1,1).

• If the series is a Fourier-Stromberg series of some function f ∈ Lp(R), 1 ≤
p <∞, then partial sums of that series are absolute convergent. However
there exists a function from L∞(R), for which this is not true (example is
constructed for m = 0, 1).

• There exists a series by Stromberg system of order m = 0, which diverges
almost everywhere, but its Paley function converges.
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For series by wavelet systems it is proved, that in case when a wavelet satis-
fies to conditions listed below (note that any wavelet with compact support,
Stromberg’s wavelets of any order satisfy to these conditions), absolute and
unconditional convergences a.e. on a set of positive measure are equivalent.
Conditions are the following: let a wavelet f satisfies to the condition

max
x∈[m,m+1)

|f(x)| ≤ Cϕ(m), m ∈ Z,

and there exists exponential decaying functions Φ1 and Φ2 such that

Φ1 ≤ ϕ ≤ Φ2 ≤ CΦ1,

where

ϕ(x) =

∫ m+1

m

|f(t)|dt, where x ∈ [m,m+ 1), m ∈ Z,

is a piecewise constant function, and C > 0 is an absolute constant.

Am�o�agir

Atenaxosow�yownowm stacvel en het yal ardyownqner�.

Qvazierkowakan  ow�e� �egowlyar trohowmnerin hamapatasxan Frank{
lini �ndhanracva� hamakargov �arqeri hamar apacowcvel �, or

• Pelii fownkcian owni �owyl (1,1) tip:

• 
arqi Pelii fownkciayi hamar

lim
λ→∞

λ · µ {t : P (t) > λ} = 0

gnahatakanic het owm � masnaki gowmarneri ma�oranti hamar
nowynatip gnahatakan`

lim
λ→∞

λ · µ {t : S∗(t) > λ} = 0 :

• E�e �arq� handisanowm � integreli fownkciayi Fowrye-Franklini �arq,
apa dra kamayakan en�a�arq in�-orA-integreli fownkciayi Fowrye-
Franklini �arq � (A-integreliow�yan imastov):

Strombergi m-rd kargi bazmandamayin veyvlet hamakargov �arqeri ha{
mar apacowcvel en het yal �eoremner�
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• E�e �arq� h.a. zowgamitowm � f fownkciayin  dra masnaki gowmarneri
ma�orant� bavararowm �

lim
λ→∞

λ · µ {t : S∗(t) > λ} = 0

paymanin, apa bolor j, k ∈ Z hamar f(t)fjk(t) funkcianer� A-in{
tegreli en  �arqi gor�akicner� verakangnavum en het yal ba{
na� erov

ajk = (A)

∫
R

f(t)fjk(t)dt :

• Pelii fownkcian owni �owyl (1,1) tip:

• E�e �arq� f ∈ Lp(R), 1 ≤ p <∞ fownkciayi Fowrye-Strombergi �arq
�, apa dra masnaki gowmarner� bacar�ak zowgamet en: Ka�owcvowm
� f ∈ L∞ fownkciayi �rinak, ori hamar ays pndowmn arden �i�t ��
(�rinak� ka�owcvowm � m = 0, 1 depqerowm):

• Bervowm � �arqi �rinak, or� hamarya amenowreq taramet �, bayc qa{
�akowsineric kazmva� �arq� amenowreq zowgamet � (�rinak� ka�owc{
vowm � g�ayin depqowm):

�ndhanowr veyvlet hamakargerov �arqeri hamar apacowcvowm �, or het {
yal paymannerin bavararelow depqowm (oronc bavararowm en masnavora{
pes bolor kompakt kri�ov veyvletner�, in�pes na Strombergi bazman{
damayin veyvletner�) drakan �a�i bazmow�yan vra h.a. o� paymanakan
 bacar�ak zowgamitow�yownner� irar hamar�eq en. en�adrvowm �, or f
veyvlet� bavararowm �

max
x∈[m,m+1)

|f(x)| ≤ Cϕ(m), m ∈ Z

paymanin, orte�

ϕ(x) =

∫ m+1

m

|f(t)|dt, x ∈ [m,m+ 1), m ∈ Z

ktor a� ktor hastatown fownkcia �, isk C > 0 hastatown �: Baci ayd
goyow�yown ownen Φ1  Φ2 fownkcianer, oronq �qsponencial nvazowm en  
bavararvowm en het yal anhavasarow�yownner�

Φ1 ≤ ϕ ≤ Φ2 ≤ CΦ1 :
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