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General characteristics of the work

Relevance of the theme.

The study of differential equations whose coefficients are unbounded
operators in Hilbert or Banach spaces, suitable not only because they contain
many partial differential equations, but also because we are able to look from
a unified point of view of both on the ordinary differential operators and the
partial differential operators.

In the dissertation we consider the Neumann problem for degenerate
differential-operator equations of fourth order

Lu= (t*u")" + Au = f, (1)

where t € [0,0],0 < a <4, f € L2((0,b), H), the operator A has complete system
of eigenfunctions {¢x}ren, which form a Riesz basis in H, i.e. any = € H has
the representation

T = Z zk (t) ok
k=1

and there are some positive constants ¢; and ¢z such that

oo (e o)
a Yy |l < lzl)* < e fanl®.
k=1 k=1

The most important class of operator equations (1) are degenerate elliptic
fourth-order equations. Degenerate elliptic equations encountered in solving of
many important problems of applied character, such as the theory of small
deformations surfaces of rotation, the membrane theory of shells, the bending
of plates of variable thickness with a sharp edge (see, for instance G. Jaiani
[8]). Particularly, important are these equations in the gas dynamics. Start
of numerous studies put the work of F. Tricomi [27], devoted to the second-
order equation with non-characteristic degeneration. Fundamental role in the
theory of degenerate elliptic equations was played the article of M.V. Keldysh
[9], where was first studied the first boundary value problem for the second-
order elliptic equation with characteristic degeneration (see also the article of
G. Jaiani [7]). The next stage was the work of Bicadze [1], where was first
formulated a weight problem. By G. Fichera [5] was created a unified theory
of second-order equations with nonnegative characteristic form. S.G. Mikhlin
[15], L.D. Kudryavtsev [11], [12] and others have investigated degenerate elliptic
equations (both second and higher order) by variational methods. Fourth order
elliptic equations degenerating on the boundary of domain, for which we can
not apply variational methods, were first considered by V.K. Zakharov [30], [31].
He extended the results of M.I. Vishik [28] on the fourth-order equation on the
plane, provided that the coefficient of the third-order derivative with respect
to the y fulfill to some condition near the line of degeneracy y = 0. It turned
out that for the fourth-order degenerate equation also the “lower terms” have
influence for the statement of the boundary value problem. A similar fact has



been studied by other methods by Narchaev [17], [18]. E.V. Makhover in [13], [14]
obtained the conditions for the discreteness and non-discreteness of the spectrum
for the degenerate elliptic operator of fourth order (see also the book written by
K. Mynbayev, M. Otelbaev [16]). Degenerate differential equations in abstract
spaces have been studied by V.P. Glushko and S.G. Krein in [6], by A.A. Dezin
[2], by V.V. Kornienko [10] and other authors.

This work is a direct continuation of [2], [22], [25] and is based on the study
of one-dimensional differential equation (1), i.e. in the case where the operator
A is the multiplication operator the number a € C. Note that this approach
were applied in the book of A.A. Dezin [3], by V.K. Romanko [20], etc.. This
approach makes it possible complete to study a number of phenomena, which
were not fully explored. At the same time it is easy to trace the connection
between ordinary differential equations and operator equations.

It is worth to note that the operator A : H{ — I in general is an unbounded
operator.

Note that the operator equation (1) contains, in addition to elliptic
equations, wide class of degenerate partial differential equations both classical
and nonclassical types.

We are interested in the nature of the boundary conditions with respect to
t (at t = 0, b) being connected to the equation (1) and ensuring a unique solution
for any right-hand sides f € L2((0,b), H).

The aim of the thesis:

e to obtain estimates for the elements of the weighted Sobolev space W2(0, b)
near the point ¢t = 0

e to prove that the one-dimensional operator Bu = (t*u’")"+u is positive and

self-adjoint as well as that the inverse operator B~' : L2(0,b) — L2(0,b)
is bounded for 0 < o < 4 and is for 0 < o < 4 compact

e to give a description of the domain of definition of the operator Lu =
(t*u”)"” + au depending on the order of degeneration o

e to give sufficient conditions for the uniquely solvability of the Neumann
problem for the differential-operator equation

e to give the description of the spectrum of the operator L when the operator
A is self-adjoint

Scientific innovation. All results are new.

Practical and theoretical value. The results of the work have
theoretical character. The results of the thesis can be used in the study of the
Neumann problem for the degenerate elliptic equations.

Approbation of the results. The obtained results were presented

e at the research seminar of the chair of Differential equations of the Yerevan
State University



e at the International Conference on Differential Equations and Dynamical
Systems, 11-13 July, Iran, 2012

e at the 43th Annual Iranian Mathematics Conference, University of Tabriz,
27-30 August, Iran, 2012.

The main results of the thesis

The thesis consists of an introduction, three chapters and a bibliography.
Chapter 1 consists of two sections and is devoted to the one-dimensional

case.
In Section 1.1 we define the weighted Sobolev space Wz((), b), a« > 0 as the
completion of C?[0,b] in the norm

b
2 « 2
Iliaon = | W OF ®

where C?[0, b] is the set of twice continuously differentiable functions u(t) defined
on [0,b] and satisfying the conditions

u(0) = u'(0) = u(b) = u'(b) = 0. (3)

Proposition 1.1. For every u € Wo%(O, b) close to t = 0 we have following

estimates

lu()]* < C1t*~|ull 2 0,0y, for @ # 1,3, W

o/ ()" < Cot' ™ *[|ully2 0,5y for @ # 1.

For a = 3 the factor t*~% should be replaced by |Int|; for a = 1 the factor t'=*
by |Int| and the factor t3* by t*|Int|.

Proposition 1.2. For every 0 < a < 4 we have a continuous embedding

W2(0,0) = L2(0,), (5)

which for 0 < a < 4 is compact.
Let ¢n(t) =0 for 0 <t < h and

Un(t) = R™3(t — h)?(5h — 2t), h <t < 2h,
PO, 2h <t <b.

Define un(t) = u(t)yn(t). Clearly, the function wup(t) belongs to the space
W2(0,b).



Proposition 1.3. For every function u € W2(0,b) and o # 1,0 # 3 the
norm |lun — ullyy2 (o) tends to zero by h — 0.

Denote by WZ2(0,b) the completion of C*[0,b] in the norm

b
2 2 2
lullwz o, I/ (™ [ @) + [u@®)]) dt. (6)
0
Proposition 1.4 For every 0 < a < 4 we have the embedding

W2(0,b) C L2(0,b). (7)
Proposition 1.5. For every u € W2(0,b) we have

u(®)* < (Cr + Cat® ) Julliyz (0,0, for a # 1,3,
(8)
[/ ()7 < (Cs + Cat'™)|ulliyz 0,5, for o # 1.

For o = 3 the factor t3~* should be replaced by |Int|; for a = 1 the factor t'=*
by |Int| and the factor t3~% by t*|Int|.

Proposition 1.6. For every 0 < a < 4 we have a continuous embedding

WZ2(0,b) < Lx(0,b), 9)

which for 0 < o < 4 is compact (see [22]).
In Section 1.2 we consider the Neumann problem for the one-dimensional
equation (1) in
Lu= (t*v")" +au = f, (10)

where ¢t € (0,b), 0 < o <4, f € L2(0,b) and a = const.

Definition 1.7. The function u € WZ2(0,b) is called a generalized solution
of the Neumann problem for the equation (10) if for every v € W2(0,b) we have
(see [21))

(", 0") + alu,0) = (£, ). (1)

First we consider the following particular case of the equation (10) for a =1
Bu= (t*u")" +u=f, fe&L0,b). (12)

Proposition 1.8. The generalized solution of the Neumann problem for
the equation (12) in the space W2(0) exists and is unique for every f € La(0,b).

Definition 1.9. We say that the function u € W2(0,b) belongs to the
domain of definition D(B) of the operator B, if there exists a function f €
L2(0,b), such that for every v € W2(0,b) and a = 1 holds the equality (11). In
this case we write Bu = f.



As aresult we get an operator B : L2(0,b) — L2(0,b) in L2(0, b) with dense
domain of definition D(B) C W2(0,b).

Theorem 1.10. The operator B : L2(0,b) — L2(0,b) is for 0 < a < 4
positive and self-adjoint. The inverse operator B~' : L2(0,b) — L2(0,b) emists
and is bounded for 0 < a < 4. Moreover, the inverse operator is for 0 < a < 4
s compact.

Consequently, the operator B : L2(0,b) — L2(0,b) for 0 < o < 4 has a
discrete spectrum, and its eigenfunction system is complete in L2(0, ). Observe
that for o = 4 the spectrum of the operator B is non-discrete.

Consider special case of the equation (10) for a =0

(tau//)// — i (13)

For the solvability of the equation (13) we get the following result.

Proposition 1.11. The generalized solution of the Neumann problem for
the equation (13) ezists if and only if (f, Pi(t)) = 0 for any polynomial Py (t) of
order 1.

Observe also that the generalized solution of the Neumann problem for the
equation (13) is unique up to an arbitrary additive polynomial of order 1.

Theorem 1.12. The domain of definition D(L) of the operator L consists
of the functions u(t) for which u(0) is finite when 0 < a < I and u'(0) is finite
for 0 < a < 2. The values u(0) and u'(0) can not be specified arbitrarily, but are
determined by the right-hand side of the equation(10).

In Chapter 2, which consists from two sections, we concentrate on operator
equations.

In Section 2.1 we investigate so-called IT-operators. Let

L(—iD)u = Z aaD%u

la|<m

be the differential operation with constant coefficients defined on the set P>
of smooth functions in V' = (0,27)" that are periodic in each variable, where

a = (a1,a2,...,0y) is a multi-index and
D*=D"D3?...Dy™, Dr==-=—, |a|=aitas+...4+an, k=12,...,n.
1 Oz

Let s € Z". To every differential operation L(—iD) we can associate a polynomial
A(s) with constant coefficients such that

A(—z‘D)eiS'z = A(s)eis‘z, ST =38121+ S2T2+ ...+ SnTn.-

We define the corresponding operator A : La(V) — L2(V) to be the closure in
Ly (V) of the differential operation A(—:D) first defined on P*°.

Let 8 = Z™. The set of exponentials {e**'*, s € 8} forms an orthogonal basis
in La(V). Observe that ¢**“, s € 8 are the eigenfunctions for each I-operator A



corresponding to the eigenvalues A(s),s € 8. Denote the set of eigenvalues by

{A(s),s € 8} & A(8).

Proposition 2.1. The spectrum of each II-operator A : Lo(V) — Lo(V) is
the closure A(8) in the complex plane C of the set A(8), which forms the point
spectrum op(A). The set oc(A) = o(A)\ op(A) is the continuous spectrum of the
operator A.

In Section 2.2 we consider the operator equation (1).

Since the system of the eigenfunctions {¢k}r2; forms a Riesz basis in H
we can write

oo

u(t) =Y uk(t)pr, )= felt)pr. (14)

k=1
Therefore, the operator equation (1) can be decomposed into an infinite chain
of degenerate ordinary differential equations (see [2], [3])

Lyug = (tup)” + apue = fr, k€N, (15)

where fi € L2(0,b),k € N. Let D(Ly),k € N denote the domains of definition
for the one-dimensional operators L, k € N. First we define the operator L on
the finite sums

T ZUk(t)LPk, up € D(Lg), Lrukr = fr, (16)

by the equality

Lu™ = ZLkuk(t)gOk = Z fk(t)cpk = fm.

Definition 2.2. The function uw € L2((0,b),H) is called the generalized
solution of the equation (1), if there is some sequence of finite sums (16), such
that are valid the equalities

lw =™ || Lo ((0,0),90) = 0, 1f = F"lz2c0.6),90) = 0.

lim lim
m—oo m—oo

Theorem 2.3. The operator equation (1) is uniquely solvable for every
f € La((0,b),H) if and only if the equations (15) are uniquely solvable for every

fr € L2(0,b) and uniformly with respect to k € N we have

lurllra0.6) < el fellLacop)- (7)

It follows from the inequalities (17) that for 0 < o < 4 the inverse operator
L™ is bounded. In contrast to the one-dimensional case (see Theorem 1.10) the
operator L™! for 0 < a < 4 will be compact only in the case, when the space H
is finite-dimensional.

Theorem 2.4. Let holds the conditions

p(l —ar;0(B)) > ¢, k€N, (18)



where € > 0, p is the distance in the compler plane C. Then the generalized
solution of the equation (1) exists and is unique.

Note that Theorem 2.4 describes the resolvent set p(L) of the operator L
and thus also the spectrum.

When the operator A is self-adjoint we can give the following description
of the spectrum of the operator L.

Theorem 2.5. The spectrum o(L) of the operator L coincides with the
closure of the direct sum o(B) and o(A — Is(), i.e.

o(L)y=0(B)+o(A—Ix)={M+X2—1: M €a(B), X2 € 0(A)}.

In Chapter 3 we investigate numerical solution of the one-dimensional
equation (10) by quintic and non-polynomial as well as cubic spline functions.
Let A = {0 =ty < t1 < ... < tn, = b} be a partition of the interval [0,b] and
Sa € C*710,b] is a piecewise polynomial function with the continuous (k — 1)-
th derivative. We approximate the solution of the equation (10) by Sa(¢) and
estimate the norm of the difference f — Sa. In order to do this we represent the
difference in the form

b
1F = Saly0m = / F(0) — SE(6)dt =

b
a0 — 2 / (£ () — SA 1) SAE) dt — 1S Zaton).

A quintic spline functions S;(t),i = 1,..., N interpolating a function u(t) on
each subinterval [t;,t;41] is a polynomial of, at most, degree five. The spline
functions S;(t) for ¢ € [t;, t;+1] have the form

5
Zaz E)(t —t;)"
k=0

where the coefficients a(i, k), &k = 0,1,...,5 are constants to be determined.
We consider also the rate of the convergence.
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UuonNenru
QU3NRT LULIULY

Ubjwtih Jatmhpp snppops juipgh dEpuutipdng nhppbighur -
oy kpunnpuyhtt hwjuuwpmdkph hwdwp

Uwnbktwpnunipmiin thpdws b Ukjdwbh puinph niunidbwuhpne-
pjutp snppnpn Jupgh  Jepuubpnn ghdkpkughw)-owkpunnpught
hwjwuwpnidubph dh quuh hwdwp: Uy quup pp dbe tbpunmd
huswbu nuuwlut, wbyhbu i ny nuuuljut dwubwlh wswbgyuutpnyg
nhdtptughw] hwjuwuwpnidiutp: Thwdwdwbwl htwpwynpnipmnit
unbpdynd  tugl]  unynpwlui b dwubwlh  wéwbgyuubkpnyg
nhdtiptughw] hwjwuwpnidubphtt Jhwutwlwi nkuwlynihg:

Ubkpjuwyugynn wnktwjunumpjut dky nhunwplyl) b Lkjdwih ugh-
pp  snppopy Yupgh  Jipuubpdnn - ghdpkighwi-oykpuinnpuyght
hwjwuwpdwt hwdwp

Lu=(t*u") +Au=f(t), t€ (0,b),a = 0,f € Ly,((0,b), ), (1)

npnbkn  A:H > H gdéuyht owhkpwwnpp (puphwbpuwbu wuws’
wiunwhdwiwthwl)) qopémd t npbk  H ubwwpuwpl]  hhphpunyui
nwpwdnipyul dkg: Gupwnpyniwd k, np H-nud gqnynipinit nitth Chup
pughu’ {@r}r—1, wyhyhuht np @, k € N $niuyghwttkpp hwinhuwinid
k4 oybkpwwinph hwdwp ubkthuljw $niughwbp Aey, = a @y, k € N:

Uwnktwjununipjut ke twju nhinwplynd £ dhwywh nbwpp, wjuhph
Epp A owkpwwnpp a pYny puquuuuunlywub oybkpwwnp £ Au =
au, a € C: Ujunthtwnl oqunybkiny

u(®) = Xis we O, f(0) = X fi (D9
ubpyuyugnidubphg (1) nhdbpkughwi-oybkpwnnpuyhtt hwjwuwpnudp
pipynud E undnpulwt ghdtpkughw; hwuwuwpnidubph  htwnlyuy
wi]tpg pnpuyhl

Lewe = (t%w,)" + apuy = fi (), t € (0,b), @ = 0, f, € L,(0,b),k €EN: (2)

Ulgpnud vwhuwignud k (2) inkuph unynpuljwt nhdbpkughw) hujw-
uwpdu hwdwp Uhjdwih juugph pighwipugws jnwsnidp Unpnjbh
W2(0,b) Yopwiht nwpwsnipjul Uky: Ujunihkinl uwhdwigmd k (1)
nhbtpkughwj-oytpwnnpuyhtt - hwjwuwpdwtt  hwdwp  Ukpdwth
punhwipugws unnpp puénudp:

13



Uwmnugyky ki hEwnlyuy hpltwlw i wpyniphkpp.

e Unpnjlh Yopughtt W,2(0, b) nupusmpjub wwppkph b tpuig wdwbg-
jautph hwdwp vnwgyl) o quuwhwwnwljuitp ¢t = 0 Yhnh opowljuy-
pnud, hsyhu twlb wwywgnigdl] o ubkpppdwb b Yndywljnnppui
ptnpbkdubp:

e 38nyg t vk}, np dhwswih Bu = (t%u”)” +u owbpuwnnpp Ly (0, b)
nuwpwénipjut Uk npuljub £ b piptwhwduyms, tpp 0 < a < 4, huly
hwiwnupd B~1:Ly(0,b) - L,(0,h) owkpwwnpp qnynipnit nibh nu
wipunhwwn b, tpp 0<a<4: 0<a<4 phypnud wyugnigyt] k
hwjunupd oykpwwnnph Yndywlnnipniup:

e Spby kvhwswth Lu = (t%u”)" + au owkpuinnph npnouwb whpnyph
tjwpwghpp fufnjws JEpuubpdwb @ gnghshg:

e Uunugyl) ku pudupup yuydwtikp, npnug nkypnud Ljdwih jaunph
puphwipugdus nusnudp nhtpkughwi-oybpwnnpuyhtt hwjuwuwp-
Uwl hwdwp gojnipynth niith b dhwhh b judwyuyuy £ € L,((0,5), #)
hwdwp:

e A owybkpwwuinph hiptwhwdwnis (huknt nphypnid gnyg L wpybyg, np

L:L,((0,b),7) - L,((0,b), %)
owkpwwnph uybklunpp hwdpujfimd b A - Iy H > H b B:L,(0,b) -

Ly(0,b) owbkpwwnpubph uybupubph o(L) = 0(A — I3) + 0(B) ninhn
gnidwuph thwldwb htwn, npntn I -p dhwynp owbpwwnpu b H
wnwpwénipju Uke:
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3AKJIIOYEHUE
JIAPIOII KAJIBAH/

3anava Hefimana 1151 BbIposkaaromuxcs 1ugepeHnHaIbHO-0NePATOPHbIX
YPaBHEHHi1 YeTBEPTOro MOPsI/IKa

Jluccepranus MocBsIeHa K HCCIIEI0BaHHUIO CMEIIAHHOM 33134 JUIs OJHOTO KJjlacca
BBIpOKJIAatomuXcs AU hepeHnnantbHO-0NepaTOPHEIX YPAaBHEHUH YE€TBEPTOTO MOPS-
Ka. DTO JI0BOJILHO HIMPOKHI KJIaCC, KOTOPBIH COMEPKUT KaK KJlacCHYecKue, TaK M He-
Knaccuyeckue nuddepeHnnanbHbe ypaBHEHHS B YACTHBIX IPOU3BOJIHBIX.

B npezcTaBnenHoit guccepranuy paccMaTpuBaerca 3agada Heiimana nyis BEIpOXK-

JA0UXCA Z[I/I(i)Q)epeHL[I/IaJILHO-OHepaTopHLIX ypaBHeHI/Iﬁ YETBEPTOI'O NopsAaKa

Lu= (@t*u")"+Au=f(#), t€(0,b), a=0,f €L,((0,b),H), (1)

rne  A:H — H sBusercs JIMHEHHBIM omepaTopoMm (BOoOOILIe TOBOPS HEOTpaHH-
YeHHEIIT), NeACTBYIOIIM B HEKOTOPOM CEIapadeNbHOM THILOSPTOBOM IIPOCTPAHCTBE
. peanonaraercs, uto B H cymectsyer Gasuc Pucca {@y}%—,, Takoil uro
dysxunun @i, k € N saBisarorca coOctBeHHbIMU QyHKIMAMU  AQ) = ax@y, k €N
Ui oniepatopa A.

B muccepranuoHHO# paboTe cliepBa U3ydyaeTcs OZHOMEPHBIH CIydaii, T.e. CIIy-
yaii, Korga A ABIfeTCA OIlepaTOpoM yMHOXeHus Au = au, a € C Ha yucio

a. 3arem HCIIONB3Yy A IIpeICTaBIE€HN I

u(t) = Yo uk(®or, () = Xiaq D ox

nuddepeHuaTpHO-ONepaTOpHOe ypaBHeHHe (1) mpuBosuTCcA K GECKOHEYHOH
LeI0o4YKe OOBIKHOBEHHBIX IuddepeHInanpHbIX ypaBHEHU I
Lyug = (t“w)" + aguy, = fr(t), t € (0,b), a =0,f, € L,(0,b), k EN. (2)
CmepBa g1t OOBIKHOBeHHOTrO AuddepeHIMaTBHOrO ypaBHeHus Buza (2)
ompegensiercs 00obleHHOe pelneHue 3aadu Helimana B BeCOBOM IIPOCTPaHCTBE
Co6onesa W2(0) u W;2(b). 3atem ompefiesiseTcs COOTBETCTBYyOMmee 0606meHHoe

pemenue 3agaun Heiimana g gubdepeHnnaisHo-omepaTopHOro ypasHenus (1).
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B guccepraguoHHO pabore MOy IeHE! CIEAYIOUHE OCHOBHEIE PE3YIBTATEL.

e Jlna smemenTOB BecoBoro mpocrparctsa Co6oresa W2 (0, b) ¥ UX TIPOM3BOIHEIX

IIOJIy49€HBI OEHKH B OKPECTHOCTH TOYKN t=0.

e JlokasaHo, 4TO OFHOMepHEIH omepatop Bu = (t*u')” +u, D(B) c W2(0,b)
SBJIA€TCA B IpocTpaHcTBe L,(0,h) IONOXKUTENTBHBIM U CaMOCOIPSXKEHHBIM IIPU
0<a<4 , a obparusiii omeparop B~':L,(0,b) » L,(0,b) cymecrsyer u
HempepsiBeH mpu 0 <a <4.Ilpu 0 <a <4 oO6paTHEIi oIepaTop ABIAETCA

KOMIIaKTHBIM OII€EPATOPOM.

[ ] I,HEIHO omucanue 06acTu ompeneneHusa Ajas OJHOMEPHOIO OIle€paTopa LB

3aBUCHUMOCTH OT IOKA3aTEJIA BBIPOXKIACHUA (& .

[ ] HOJIy‘IeHI:I AOCTaTOYHBIE YCJIOBHS, IIPY BBIIIOJIHEHNHN KOTOPBIX 3aJd4ad Hetimana

1 puddepeHIraIbHO-OIIePaTOPHOTO YPaBHEHUA OJHO3HAYHO Paspelma.

o Korzma omeparop A SBJIseTCS CAMOCOIPSKEHHBIM, TOTAA CIIEKTP OllepaTopa
L:L,((0,b), %) - L,((0,b),3)

cosmazaer o(L) =m C 3aMBIKAHMEM IIPSMON CYyMMBI CIIEKTPOB

omepatopoB A —Iy:H - H wu B:L,(0,b) - L,(0,b) , rme I3 - emuHUYHBIH

OIIepaTop B IIPOCTPAHCTBe.
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