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General characteristics of the work

Relevance of the theme.

The study of differential equations whose coefficients are unbounded
operators in Hilbert or Banach spaces, suitable not only because they contain
many partial differential equations, but also we are able to look from a unified
point of view of both on the ordinary differential operators and the partial
differential operators.

In the dissertation we consider a mixed problem for a degenerate
differential-operator equation of fourth order

Lu = D} (t*D}u) + Au = f, (1)

where ¢ € (0,0),0 < o < 4, D, = d/dt, H is a separable Hilbert space, f €
L((0,b),7) with the norm

b
Iull2, 0.5y.50) = / lu(t)l|Z dt < oo,
[0}

the operator A has complete system of eigenfunctions {¢}ren, which form a
Riesz basis in H, i.e. any « € H has the unique representation = > 7- | @« (t)@k,
and c1 > 52 |zi|? < [|z)* < 2 352, |wk|? for some constants c1,cz > 0.

The most important class of operator equations (1) are degenerate elliptic
fourth-order equations. Degenerate elliptic equations encountered in solving
of many important problems of applied character as the theory of small
deformations surfaces of rotation, the membrane theory of shells, the bending of
plates of variable thickness with a sharp edge (see, for instance, the article of G.
Jaiani in [8]). Particularly, important are these equations in the gas dynamics.
Start of numerous studies put the work of F. Tricomi [27], devoted to the second-
order equation with non-characteristic degeneration. Fundamental role in the
theory of degenerate elliptic equations was played the article of M.V. Keldysh
[9], where was first studied the first boundary value problem for the second-order
elliptic equation with characteristic degeneration. The next stage was the work
of Bicadze [1], where was first formulated a weight problem. By G. Fichera
[5] was created a unified theory of second-order equations with nonnegative
characteristic form. S.G. Mikhlin [15], L.D. Kudryavtsev [11], [12] and others
have investigated degenerate elliptic equations (both second and higher order)
by variational methods. Fourth order elliptic equations degenerating on the
boundary of domain, for which we can not apply variational methods, were first
considered by V.K. Zakharov [30], [31]. He extended the results of M.I. Vishik
[28] on the fourth-order equation on the plane, provided that the coefficient of the
third-order derivative with respect to the y fulfill to some condition near the line
of degeneracy y = 0. It turned out that for the fourth-order degenerate equation
also the “lower terms" have influence for the statement of the boundary value
problem. A similar fact has been studied by other methods by Narchaev [17],
[18] and by G. Jaiani [7]. E.V. Makhover in [13], [14] obtained the conditions for
the discreteness and non-discreteness of the spectrum for the degenerate elliptic



operator of fourth order. Degenerate differential equations in abstract spaces
have been studied by V.P. Glushko and S.G. Krein in [6], by A.A. Dezin [2],
by E. Poulsen [19] and other authors. Note also the book of K. Mynbayev and
M. Otelbaev [16] about weighted functional spaces and degenerate differential
equations.

This work is a direct continuation of [2], [22], [25] and is based on the study
of one-dimensional differential equation (1), i.e. in the case when the operator A is
the multiplication operator by the constant number a. Note that this approach
were applied in the book of A.A. Dezin [3]|, by V.K. Romanko [20], by V.V.
Kornienko [10]. This approach makes it possible completely to study a number
of phenomena, which were not fully explored. At the same time it is easy to trace
the connection between ordinary differential equations and operator equations.

It is important to note that the operator A : 5 — X in general is an
unbounded operator.

Note that the operator equation (1) contains, in addition to elliptic
equations, wide class of degenerate partial differential equations both classical
and nonclassical types.

We are interested in the nature of the boundary conditions with respect to
t (at t = 0, b) being connected to the equation (1) and ensuring a unique solution
for any right-hand sides f € L2((0,b), H).

The aim of the thesis:

e to prove that the one-dimensional operator Bu = (t*u”)" + u is positive
and self-adjoint, inverse operator B~! is bounded for 0 < o < 4 and
compact for 0 < a < 4

e to prove the same result for the one-dimensional operator Su = (t*u”)"”
and show that the spectrum of the operator S for a = 4 is purely continuous
and coincides with the ray o.(9) =[5, +00)

e to describe the domain of definition of the one-dimensional non-self-adjoint
operator Mu = (t*u”)” + pu’”’ and give a sufficient condition for the
solvability of the corresponding equation

e to give sufficient conditions for the uniquely solvability of the mixed
problem for the differential-operator equation

e to give the description of the spectrum of the mixed problem for the
differential-operator equation when the operator A is self-adjoint

Scientific innovation. All results are new.

Practical and theoretical value. The results of the work have
theoretical character. The results of the thesis can be used in the study of The
results of the thesis can be used in the study of the mixed problem for the
degenerate elliptic equations.

Approbation of the results. The obtained results were presented



e at the research seminar of the chair of Differential equations of the Yerevan
State University

e at the International Conference Harmonic Analysis and Approzimations,
V, 10-17 September, Armenia, 2011

e at the International Conference on Differential Equations and Dynamical
Systems, 11-13 July, Iran, 2012

e at the 43th Annual Iranian Mathematics Conference, University of Tabriz,
27-30 August, Iran, 2012

The main results of the thesis

The thesis consists of an introduction, three chapters and a bibliography.
Chapter 1 consists of three sections and is devoted to the one-dimensional

case.
In Section 1.1 we define the weighted Sobolev space Wg(O, b), a > 0 as the
completion of C?[0,b] in the norm

b
2 « 2
Iliaon = | W OF ®

where C?[0, b] is the set of twice continuously differentiable functions u(t) defined
on [0,b] and satisfying the conditions

u(0) = u'(0) = u(b) = u'(b) = 0. (3)
Proposition 1.1. For every u € Wﬁ(o, b) close to t = 0 we have following

estimates
lu(t)]* < Crt® ™ |lullFy2 o 4 for @ # 1,3,
(4)
[u' (¢)]* < Cgtl_&HuH‘Q/Vg(O’b), for av # 1.
For o = 3 the factor t3~* should be replaced by |Int|; for a = 1 the factor t'=°

by |Int| and the factor t3=* by t*|Int|.
Denote by WZ2(0,b) the completion of C*[0,b] in the norm

b
lellive o, = / (t* [u" ()] + Ju(t)])?) dt. (5)
0
Proposition 1.2. For every u € W2(0,b) we have
u(®)* < (C1 + Cot® ) Julliyz 0,09, for a # 1,3,

W/ (O < (Cs + Cat' ™) Jullivz o), for a # 1.



For a = 3 the factor t3~* should be replaced by |Int|; for a« = 1 the factor t'=°
by |Int| and the factor t3=* by t*|Int| (see [25]).

Proposition 1.3. For every 0 < a < 4 we have a continuous embedding

WZ2(0,b) < Lx(0,b), (7)

which for 0 < a < 4 is compact (see [4], [22]).
Denote by WZ2(0) the completion of the linear manifold

{u € C?[0,b],u(0) = u'(0) = 0}

in the norm (5). From the definition of the space W2(0) it follows that the
functions u € WZ2(0) close to ¢t = 0 have the same estimates as the functions
u € W2(0,b), but the conditions u(b) = u’(b) = 0 in general fail.

Denote by WZ2(b) the completion of the linear manifold

{u € C?[0,b],u(b) = u'(b) = 0}

in the norm (2). For the functions u € WZ2(b) near to t = 0 we have the
inequalities (6) and u(b) = u'(b) = 0.
In Section 1.2 we consider the one-dimensional equation (1) in the space
Wz (0)
Lu = (t*u")" + au = f, (8)

where t € (0,b0), 0 < a <4, f € L2(0,b) and a = const.

Definition 1.4. The function u € WZ2(0) is called a generalized solution of
the mized problem for the equation (8) in the space WZ2(0) if for every v € W2(0)
we have (see [21])

(t°u" ") + alu, ) = (£,0). (9)

First we consider the following particular case of the equation (8) for a =1
Bu= (t*u")" +u=f, fe&L0,b). (10)

Proposition 1.5. The generalized solution of the mized problem for the
equation (10) in the space W2(0) ewists and is unique for every f € L2(0,b).

Definition 1.6. We say that the function u € W2(0) belongs to the domain
of definition D(B) of the operator B, if there exists a function f € L2(0,b), such
that for every v € W2(0) and a = 1 holds the equality (9). In this case we write
Bu = f.

As aresult we get an operator B : L3(0,b) — L2(0,b) in L2(0, b) with dense
domain of definition D(B) C WZ2(0).

Theorem 1.7. The operator B : L3(0,b) — L2(0,b) is for 0 < a < 4
positive and self-adjoint. For 0 < o < 4 exists the inverse operator
B7!: Ly(0,b) — L2(0,b), which is bounded. Moreover, for 0 < o < 4 the inverse
operator B~ is compact.



Consequently the operator B : L2(0,b) — L2(0,b) for 0 < a < 4 has a
discrete spectrum, and its eigenfunction system is complete in L2(0,b). Note
that the spectrum of the operator B for o = 4 is non-discrete.

Now we can consider general equation (8) regarding the number —a as a
spectral parameter for the operator B.

Consider the generalized solution of the equation (8) in the space WZ(b).

The function u € WZ2(b) is called a generalized solution of the mixed
problem for the equation (8) if for every v € W2(b) holds the equality (9) (see
[21]).

As above we begin from regarding of the particular case of the equation
(8) now for a =0

Su= (t"u")" =f, f€L(0,0). (11)

Proposition 1.8. The generalized solution of the mized problem for the
equation (11) in the space W2 (b) exists and is unique for every f € L2(0,b).

Definition 1.9. We say that the function v € W2 (b) belongs to the domain
of definition D(S) of the operator S, if there exists a function f € L2(0,b), such
that holds the equality (9) for a = 0. In this case we write Su = f.

Theorem 1.10. The operator S : L3(0,b) — L2(0,b) is for 0 < a <4
positive and self-adjoint. The inverse operator S™' : L2(0,b) — L2(0,b) is
bounded for 0 < a < 4 and is compact for 0 < a < 4.

Theorem 1.11. The spectrum of the operator S : L2(0,b) — L2(0,b) for
a =4 is purely continuous and coincides with the ray oc(S) = [16,+oo).

After the description of the spectrum o(S) we can pass to the general
equation (9), regarding the number —a as spectral parameter for operator S.

In Section 1.3 we observe non-self-adjoint equation in the space W2 (0)

(t*u")" + pu"” + au = f, (12)

where t € [0,0],0 < o <4, p,a = const,p >0 and f € L2(0,b).
Let () =0 for 0 < ¢ < h and

(1) = h73(t — h)*(5h — 2t), h <t <2h,
¥n(t) = 1, 2h <t <b.

Denote un () = u(t)in (t)

Proposition 1.12. For every function u € W2(0) and a # 1, # 3 the
norm
lun — ullwz (o) tends to zero when h — 0.

Definition 1.13. The function u € W2(0) is called a generalized solution
of the mized problem for the equation (12) if for everyv € WZ(0) holds the

equality (see [21], [22], [28])

(" vy) — p(u”,vy) + a(u,vn) = (f,vn). (13)

Now consider a particular case of the equation (12) for a =0

Mu = (t*u")" +pu”" = f. (14)



Theorem 1.14. The generalized solution of the mized problem for the
equation (14) in the space W2(0) exists and is unique for every f € L2(0,b),
0<a<l. Forl< a< 3 the generalized solution exists if fob tf(t)dt =0 and is
unique up to an arbitrary function Cat.

In Chapter 2, which consists from two subsections, we concentrate on
operator equations.

In Section 2.1 we investigate so-called II-operators. Let

L(—iD)u = Z aaD%u

[a]<m

be the differential operation with constant coefficients defined on the set P
of smooth functions in V' = (0,27)" that are periodic in each variable, where
a = (ai,a2,...,a,) is a multi-index and D* = D{'D5?...Dy*, Dy =
%%, k=1,2,...,n. To every differential operation L(—iD) we can associate
a polynomial A(s),s € Z" with constant coefficients such that

A(—z‘D)eiS'z = A(s)eis‘z, S T =38121+ S2T2+ ...+ SnTn.-

We define the corresponding operator A : La(V) — L2(V) to be the closure in
Ly(V) of the differential operation A(—:D) first defined on P>°.

Let § = Z". The set of exponentials {¢**'*, s € 8§} forms an orthogonal basis
in Lo(V). Observe that €', s € § are the eigenfunctions for each Tl-operator A
corresponding to the eigenvalues A(s),s € 8. Denote the set of eigenvalues by
{A(s),s € 8} & A(s).

Proposition 2.1. The spectrum of each Il-operator A : Lo(V) — Lo(V) is
the closure A(8) in the complex plane Z of the set A(S), which forms the point
spectrum op(A). The set oc(A) = 0(A)\ op(A) is the continuous spectrum of the
operator A.

In Section 2.2 we consider the operator equation (1).

Since the system of the eigenfunctions {¢k}r2; forms a Riesz basis in H
we can write

u(t) =Y uk)er, f(O) =D fet)px. (15)
k=1 k=1
Therefore, the operator equation (1) can be decomposed into an infinite chain
of degenerate ordinary differential equations (see [2], [3])
Liyux = (t“u%)" + arur = fr, k€N, (16)

where fr € L2(0,b),k € N. Let D(Lg),k € N denote the domains of definition
for the one-dimensional operators L, k € N. First we define the operator L on
the finite sums

u™ = Zuk(t)np;w ur € D(Lk), Lrur = fr, (7)
by the equality

Lum = ZLkuk(t)CPk = Z fk(t)gok = fm.



Definition 2.2. The function uw € L2((0,b),H) is called the generalized
solution of the equation (1), if there is some sequence of finite sums (17), such
that are valid the equalities

A lu ="y op00 =00 lm L = f7 s 0.).30 = 0-

Theorem 2.3. The operator equation (1) is uniquely solvable for every
f € L2((0,b),H) if and only if the equations (16) are uniquely solvable for every
& € L2(0,b) and uniformly with respect to k € N we have

lurllra0.6) < el fellLaco,p)- (18)

It follows from the inequalities (18) that for 0 < a < 4 the inverse operator
L™ is bounded. In contrast to the one-dimensional case (see Theorem 1.10) the
operator L™! for 0 < a < 4 will be compact only in the case, when the space H
is finite-dimensional.

Theorem 2.4. Let holds the conditions

p(1 —ar;0(B)) >¢, k€N, (19)

where € > 0, p s the distance in the complex plane C. Then the generalized
solution of the equation (1) exists and is unique.

Theorem 2.5. Let hold the conditions

p(—ag;0(S)) >¢e, keN. (20)

Then the generalized solution of the equation (1) exists and is unique.

When the operator A is self-adjoint we can give the following description
of the spectrum of of the operator L (depending on the spaces W2 (0) and W2 (b)
respectively)

Theorem 2.6. The spectrum o(L) of the operator L coincides with the
direct sum o(B) and o(A — Ix) (o(S) and o(A)), i.e.

o(L)=c(B)+c(A—Is ) ={M+X2—1: X1 €0(B), A2 €0(A)},

(c(L)=0(S)+o(A)={M+A2: A €0(5), 2 €a(A)}).

In Chapter 3 we propose a Sinc-Galerkin method solving the boundary
value problem for the ordinary differential equation of the fourth order. In Section
3.2 we approximate solution of the equation (8) by an expansion

N
un(z) =Y wpS(k, h)(x) o ¢(=), (21)

where S(k,h)(z) = sinc (252) = Si“;gfgi}%“ is the kth Sinc function with

step size h and o means composition of the functions. The unknown coefficients



wi,k=—N,—N +1,...,N in (21) are determined using Galerkin method. We
prove that the convergent rate is O(exp(fcﬁ)) for some ¢ > 0.

10.

11.

12.

13.

14.

References

. A.V. Bicadze, Equations of mized type. M.: Izd. AN SSSR, 1959.

. A.A. Dezin, Degenerate operator equations, Math. USSR Sbornik, vol.

43(3), 1982, pp. 287-298.

. A.A. Dezin, Partial Differential Equations (An Introduction to a General

Theory of Linear Boundary Value Problems), Springer, 1987.

. P.A. Djarov, Compactness of embeddings in some spaces with power weight,

Izvestya VUZ-ov, matematika, vol. 8, 1988, pp. 82-85 (Russian).

. G. Fichera, On a unified theory of boundary value problems for elliptic-

parabolic equations of second order, Boundary Problems of Differential
Equations, The Univ. of Wisconsin Press, 1960, pp. 97-120.

. V.P. Glushko, S.G. Krein, On degenerate linear differential equations in

Banach space, DAN SSSR, 1968, vol. 181, no. 4, pp. 784-787.

. G. Jaiani, On a generalization of the Keldysh theorem, Georgian

Mathematical Journal, vol. 2, no. 3, 1995, pp. 291-297.

. G. Jaiani, Theory of cusped Euler-Bernoulli beams and Kirchoff-Love

plates, Lecture Notes of TICMI, vol. 3, 2002.

. M.V. Keldysh, On certain cases of degeneration of equations of elliptic

type on the boundary of a domain, Dokl. Akad. Nauk. SSSR, 77, 1951, pp.
181-183 (Russian).

V.V. Kornienko, On the spectrum of degenerate operator equations,
Mathematical Notes, vol. 68(5), 2000, pp. 576-587.

L.D. Kudryavtzev, On a variational method of determination of generalized
solution of differential equations in the function spaces with power weight,
Differ. Urav., vol. 19(10), 1983, pp. 1723-1740 (Russian).

L.D. Kudryavtzev, On equivalent norms in the weight spaces, Trudy Mat.
Inst. AN SSSR, vol. 170, 1984, pp. 161-190 (Russian).

E.V. Makhover, Bending of a plate of variable thickness with a cusped edge.
Scientific Notes of Leningrad State Ped. Institute, vol. 17, no. 2, 1957, pp.
28-39 (Russian).

E.V. Makhover, On the spectrum of the fundamental frequency, Scientific
Notes of Leningrad A.I. Hertzen State Ped. Institute, vol. 197, 1958, pp.
113-118 (Russian).

10



15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

S.G. Mikhlin, Degenerate elliptic equations, Vestnik LGU, vol. 3, no. 8,
1954, pp. 19-48 (Russian).

K. Mynbayev, M. Otelbaev, Weighted Functional Spaces and Spectrum of
Differential Operator, Nauka, 1988.

A. Narchaev, First boundary value problem for the elliptic equations
degenerating on the boundary of the domain, Dokl. AN SSSR, 1964, vol.
156, no. 1, pp. 28-31.

A. Narchaev, On degenerate elliptic equation, Izvestia AN Turk. SSR, ser.
phyz.-techn., chem. and geol. sciences, 1966, no. 2, pp. 3-7.

E. Poulsen, Boundary values in function spaces, Math. Scand., vol. 10,
1962, pp. 45-52.

V.K. Romanko, On the theory of the operators of the form ;t—?:; — A,
Differential Equations, 1967, vol. 3, no. 11, pp. 1957-1970 (Russian).

R.E. Showalter, Hilbert Space Methods for Partial Differential Equations,
Electronic Journal of Differential Equations, Monograph 01, 1994.

L. Tepoyan, Degenerate fourth-order diffeential-operator equations, Differ.
Urav., vol. 23(8), 1987, pp. 1366-1376, (Russian); English Transl. in Amer.
Math. Soc., no. 8, 1988.

L. Tepoyan, On a degenerate differential-operator equation of higher order,
Izvestiya Natsionalnoi Akademii Nauk Armenii. Matematika, vol. 34(5),
1999, pp. 48-56.

L. Tepoyan, On the spectrum of a degenerate operator, lzvestiya
Natsionalnoi Akademii Nauk Armenii. Matematika, vol. 38, no. 5, 2003,
pp- 53-57.

L. Tepoyan, The mized problem for a degenerate operator equation, Bulletin
of TICMI (Thilisi International Centre of Mathematics and Informatics),
vol. 12, 2008, pp. 15-29.

L. Tepoyan, Degenerate differential-operator equations of higher order and
arbitrary weight WEIGHT, Asian-European Journal of Mathematics, vol.
05, no. 02, 2012, pp. 1250030-1 - 1250030-8.

F. Tricomi, On linear partial differential equations of second order
equations of mized type, M., Gostexizdat, 1947 (Russian).

M.I. Visik, Boundary-value problems for elliptic equations degenerate on
the boundary of a region, Mat. Sb., 35(77), 1954, pp. 513-568; English
transl. in Amer. Math. Soc. Transl., vol. 35, no. 2, 1964.

11



29

30.

31.

. J. Weidmann, Lineare Operatoren in Hilbertrdumen, Teil 1, Grundlagen,
Teubner Verlag, Stuttgart, 2000.

V.K. Zakharov, Embedding theorems for spaces with a metric, degenerate
in a straightline part of the boundary, Dokl. AN SSSR, vol. 114, no. 3, 1957,
pp. 468-471.

V.K. Zakharov, The first boundary value problem for elliptic equations
fourth order degenerate on the boundary, Dokl. AN SSSR, vol. 114, no.
4, 1957, pp. 694-697.

List of publications of the author

. Esmaeil Yousefi, L. Tepoyan, Mized problem for the degenerate
differential-operator equations of the fourth order, Vestnik RAU, Physical-
Mathematical and Natural Sciences, no. 2, 2010, pp. 26-33 (Russian).

. Esmaeil Yousefi, A mized problem for the fourth order degenerate ordinary
differential equation, Proceedings of the Yerevan State University, Physical
and Mathematical Sciences, no. 2, 2010, pp. 16-19.

. Esmaeil Yousefi, Mized problem for non-self-adjoint degenerate differential
equations of fourth order, International Conference Harmonic Analysis and
approzimations, V, 10-17 September, Armenia, 2011, pp. 112-114.

. Esmaeil Yousefi, L. Tepoyan, J. Rashidinia, Ezistence and uniqueness of the
solution of the self-adjoint fourth order boundary value problem, Proceeding
of 9th Seminar on Differential Equations and Dynamical Systems, 11-13
July, Iran, 2012, pp. 137-140.

. Esmaeil Yousefi, Daryush Kalvand, L. Tepoyan, Numerical solution of
fourth order ordinary differential equation by Quintic Spline in the
Neumann problem, The 43th Annual Iranian Mathematics Conference,
University of Tabriz, 27-30 August, Iran, 2012.

12



UuonNenNru
EUUUSPL SNhUTGHP

Munp Jutinhpp snppnpn Yupgh JEpuubpynn ghptpkughuy-
oy kpunnpuyhtt hwjuuwpmudnkph hwdwp

Uwnbktwpnunipmniin ihpdws b jpwep jpingph ntunidtwuhpnipiup
snppnpr - Jupgh  Jbpwubpinn - ghdbpkughw)-owkpunnpuyht
hwjwuwpnidutph dp quup hwdwp: Uyg quup puduljui juy £ b pp
Uke ubpwnnud £ hiyybiu nuuwlwb, wjbybu b ny pquuwljut dwutulh
wéwugyuutpny nhdbpkughw) hwjwuwpnidubp: Uhwdwdwbul
htwpwynpnipnit t unbndynud tuygkp unynpuliui b dwubtwlh
wéwugyuutpny ghdbptughw] hwjwuwpnidubphtt Jpu Jhuwubwlu
nkuwlniihg:

Ukpyuyugynn wnbktwpununipjut ke nhunwplyl) t pwnp unghpp
snppnpr  Jupgh  Jbpuwubpion  ghdlpkughw)-owkpunnpuyht
hwjuwuwpdwb hwdwp
Lu=(t*u") +Au=f(t), t € (0,b), @ =0, f € L,((0,b), H), (1)

npubny  A:H > H gdwyht owkpwuwnpp (puphwipuwbu wuws
winwhdwiwthwl)) qopémid  E npbk  H ubwwpuwpl]  hhphpunyut
nwpwdnipjul dkg: Gupwnpyniwd k, np H-nud gnynipjnit nith Chup
rughu’ {@r}i—1, wyuyhuht np @y, k € N $nibjghwtkpp hwighuwinid
Elu 4 oybkpwinnph hwdwp ukthwljwt $nruljghwbp Ag, = ap @i, k € N:

Uwnkuwjununipjui dke twju nhnnwupyynid E dhwswih nhwpp, wjuhpt
Epp A owkpwwnpp a pYny puquuuuunlywb oybkpwwnp £ Au =
au, a € C: Ujunthtwnl oqunybtny

u(t) =X we®er, () =X il (Opk
ubpyuyugnidubiphg (1) phdbpkughwi-oybpwnnpuyhtt hwjwuwpnidp
pEipymud E unynpuljwit phdtpkughwy; hwjwuwpnidubph  hbwnbyjug

wliflipg pnpuyht
Lkuk = (t“uk) +a,u, = fk(t),t € (0, b),a = O,fk € Lz(o, b),k EN: (2)

Lwju uwwhdwidnud G (2) wbuph unynpulub  nhdpkughug
hwjuwuwpdwt hwdwp juwep juungph pughwipugdus nwsnidubpp
Unpnith W2(0) b W2(b) Yopuyht tnwpusnipinibtpnid: Ujinthbnl
uwhdwiynud Lt (1) phdbpkughwi-oybpwnnpuyhtt  hwduwuwpdw
hwdwp hwdwywwnwupwb hwep jpunph punhwbipugdus pisnudp:
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Uwmnugyky ki hEwnlyuy hpltwlw i wpyniphkpp.

e 8nyg t wpyk, np vhwywth  Bu= (t%u’) +u, D(B) € W2(0)
ogwhpwwnpp npuliuit E b huptwhwdwms, tpp 0<a <4 huly
hwlwnupd owbkpwinnpp  B~1:L,(0,b) - Ly(0,h) gnjmpnitt nith nu
wipiphun E0<a<4: 0<a <4 phypnd ghypmd wywgnigyly &
hwljwnwupd oybkpwwnnnph Yndyuwlnnipniup:

e Unyup gnyg b wpdly dhwswth Su=(t*u")", D(S) c Wi(b)
owhkpwwnph hwdwp, puy a =4 npbhypnd gnyg k wpdk, np S
owhkpwuinph uyblunpp hwdpujunud E wipighwn wybluoph htn b
0.(8) = [z, +o0):

e Uhwywth  Mu=(t%u’) +pu”, D(M) cW2(0) ny hiphwhw-
dunis  owhkpwwnph  hwdwp hknwgnunygt k npnodwt wihpnypenp b
unwgyt] b puwduwpup wuydwt hwdwywunwupwt  hwjuuupdwi
nuskhnipjutt hwdwnp:

e Uwwgllk] bt pwupup wwydwbbbkp, npntg wnbknh nibkbwno

nthwypnd fuwnp juunhpp nphdtpkughw-oypwinnpuyhtt hwjwuwpdwi
hwdwp dhwpdbp niskh b

e A owhkpwwunph hiptwhwdwnis (hubnt nhypmd gnyg L wpyby, np
L:L,((0,b), %) - L,((0,b), %)
owhpwunph uwhlwupp hwdpuyumd b o(L) = 0(4 - Iy) + 0(B),
A—Lp:H >H b B:Ly(0,b) > Ly(0,b) (W(0) nhwph hwdwp) m
o(L) =c(A) +a(S) , S:L,(0,b) > L,(0,b) (W2(h) ntwph hwwp)

uyklunpubph ninhn gnudwph thwfdwb htwn, npnby I -p dhwynp
owhkpwuinpt £t # wiwpwdnipjui dbke:
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3AKJIIOYEHUE
ECMAWWJI IOCE®U

CMmemaHHasi 3a1a4a J1Js BeIpokaaomuxcs 1uddepeHuuaibHoO-
ONepaTOPHBIX YPaBHEHUI YeTBEPTOro MOPsSIAKA

Juccepranus MOCBAIIEHa K HCCIEI0BAaHUIO CMEMIAHHOW 3afadu IUIsl OJHOTO
KJacca BBIpOXIAIOIMXCS  IuQepeHInanbHO-0epaTOPHBIX ypaBHEHHI
YEeTBEPTOro MOpsAKA. DTO AOBOJIBHO IIMPOKHH Kiacc, KOTOPBIA COMCPIKUT Kak
KIIaCCHYeCKHe, TaKk W HeKIaccuueckne auddepeHnnanbuple ypaBHEHHS B
YaCTHBIX IPOU3BOIHBIX.

B mpepncraBreHHOM guccepTanuy pacCMAaTPHBAeTCA CMeIIaHHAs 3ajada Uit
BBIpOXatonerocs TudQGpepeHualIbHO-0NepaTOPHOrO YPaBHEHHsI UYETBEPTOrO
TopsAIKa

Lu= (") +Au=f(t), te(0,b), a=0, felLy((0,b)3), (1)

rae A:H - H sBusiercs  JuHEHHBIM  omepatopoM  (BooOiie roBoOps
HEOTrpaHUYEHHEIIT), TeHCTBYIOIMM B HEKOTOPOM CelapadeIbHOM IHILOEPTOBOM
npocrpanctee H. Ilpeamomaraercs, yro B H  cyuiecTByer 06asuc
Pucca {@; )1, Taxkoit uro pyHKumm @i,k € N saBusorcs COOGCTBEHHBIMH
¢byskuusamu A@y, = a @y, k € N nms oneparopa A.

B nuccepranuoHHO# paboTe cliepBa M3y4aeTCs OZHOMEPHBIH CIydaif, T.e.
caydaii, korga A sABafeTcs omeparopoM ymHOXxeHus Au =au, a € C Ha
YHCIIO . 3aTeM HCIIOJIb3y s IIPeCTaBIeHUA

u(®) = Y= uk @, f(8) = Xiza fu (O

mudbdepeHITaIbHO-OIIEPATOPHOE ypaBuenue (1) mpuBozuTCE K
GeCKOHEYHOH IleIl0OuYKe OOBIKHOBEHHBIX JAuddepeHINaNbHbIX yPaBHEHUH

Lkuk = (t“u,’c')" + arUr = fk(t), t e (0, b),(l > O'fk € Lz(o, b), k € N. (2)

Buavame mia 06GbIKHOBeHHOTrO AuddepeHIaIbHOTO ypaBHeHU Buja (2)

ompenenAloTCs O0OOIeHHble pelIeHNs CMEIIaHHOM 3aJaYdl B BECOBBIX
mpocrpanctsax Co6omesa  W2(0) u W2(b). 3arem ompegensercs
COOTBeTCTByIOLlee OCOOIEHHOe pelleHWe CMeUIaHHOM 33Za4yu  [Jis
nuddepeHIIaIPHO-0IIEPaTOPHOTO ypaBHeHu (1).
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Honyuersr crexyiomie ocHOBHEIE pe3yabTaTEn

® JloxkasaHo, yro opHOMepHbli omepatop Bu = (t“u')" +u, D(B)
W,?(0) sBnserca momoKuTENbHBIM 1 camoconpsakeHHeIMTIpH 0 <@ < 4,2
obparubtit oneparop B~1: L,(0,b) - Ly (0, b) cymecrayer u HEMpepsIBeH nNpH
0 < @ < 4 uasnserca KoMnakTHLIM onepatopoM aia 0 < a < 4.

® AHZIOrHYHBI K TMepBOMY MyHKTY (JaKT JOKA3aHO AN OAHOMEPHOrO
oneparopa Su = (t“u")", D(S)c WZ(b). a npu @ =4 mnokazano, uto
CMEKTP Oneparopa § ABJAAETCH YNCTO HENPEPHIBHLIM W COBMAJAET C JyuoM
0, (8) =[5z, +%).

® [lns oJHOMEPHOro HecaMoCOnpsKeHHOro onepatopa Mu = (t%u")" +
pu', D(M) € W7(0) wuccregosana obnacts onpefeneHus u noayueHo
AOCTaTOYHOE YCAOBHE JISt Pa3PeliMOCTH COOTBETCTBYIONEr0 YpaBHeH .

L4 HDJIY‘!EHI:I AOCTATOYHBIE YCNIOBHA, NpH BRINOAHEHHH KOTOpBIX CMellaHHas
safiava  ana  gudepeHuHaTLHO-ONEPATOPHOTO YPaBHEHMS OAHO3HAYHO
paspentitma.

e Korga onepatop A  sBaseTcA caMOCONMpPAKEHHBIM, TOAA CHEKTP

oneparopa
L:L5((0,b),3) = L,((0,b),3)

conapaer o(L) = a(A — Iy) + a(B) ¢ 3aMbIKaHHEM NPAMOIt CyMMBI

CNEKTPOB ONEepaTopoB A—Le:H —=H n B:Ly(0,b) — Ly(0,b)
(ans cnyvas WZ2(0) ), n o(L) =o(A) +0(S), S:Ly(0,b) = L,(0,b) (ans

cayuas W2(b)), rae I OMepaTop & NPOCTPAHCTRE.
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