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ÎÁÙÀß ÕÀÐÀÊÒÅÐÈÑÒÈÊÀ ÐÀÁÎÒÛ

Àêòóàëüíîñòü òåìû. Îáùåèçâåñòíà âàæíàÿ ïðèêëàäíàÿ ðîëü ðàçëîæåíèé
ïî êëàññè÷åñêîé ñèñòåìå ìíîãî÷ëåíîâ ßêîáè. Îäíàêî, åñëè ðàçëàãàåìàÿ
ôóíêöèÿ èìååò òî÷êè ðàçðûâîâ, ïðèìåíåíèå åå ñîîòâåòñòâóþùèõ óðåçàííûõ
ðàçëîæåíèé ìàëîýôôåêòèâíî. Òåìà àêòóàëüíà, ïîñêîëüêó äî ñèõ ïîð äëÿ
êëàññè÷åñêèõ îðòîãîíàëüíûõ ìíîãî÷ëåíîâ (â îòëè÷èå, íàïðèìåð, îò ñëó÷àÿ
ðÿäîâ Ôóðüå) íå áûëè ïðåäëîæåíû ìåòîäû óñêîðåíèÿ ñõîäèìîñòè ðàçëîæåíèé
äëÿ êóñî÷íî-ãëàäêèõ ôóíêöèé.

Öåëü è çàäà÷è äèññåðòàöèîííîé ðàáîòû. Öåëüþ äèññåðòàöèîííîé
ðàáîòû ÿâëÿåòñÿ ðàçðàáîòêà ýôôåêòèâíûõ ñõåì óñêîðåíèÿ ñõîäèìîñòè ðÿäîâ

ïî îðòîíîðìàëüíîé ñèñòåìå ïîëèíîìîâ ßêîáè {P̃ (α,β)
n (x)} äëÿ êóñî÷íî-ãëàäêîé

ôóíêöèè f(x), f : [−1, 1] → C, êîòîðàÿ èìååò òîëüêî êîíå÷íîå êîëè÷åñòâî òî÷åê
ðàçðûâîâ: {ai}, i = 1, . . . ,m, m ≥ 1.

Èçâåñòíî, ÷òî óñå÷åííûé ðÿä Ôóðüå-ßêîáè

S
(α,β)
N (f) =

N∑
n=0

f (α,β)
n P̃ (α,β)

n (x), x ∈ [−1, 1] (1)

ìàëîïðèãîäåí äëÿ âîññòàíîâëåíèèÿ çíà÷åíèé êóñî÷íî-ãëàäêîé ôóíêöèè f(x),
òàê êàê âáëèçè òî÷åê ðàçðûâîâ ïðîÿâëÿåòñÿ ÿâëåíèå Ãèááñà.

Â ðàáîòå ñòàâèëèñü ñëåäóþùèå çàäà÷è:

1. Ðàçðàáîòêà àëãîðèòìîâ óñêîðåíèÿ ñõîäèìîñòè ðÿäîâ ïî ñèñòåìå ïîëèíîìîâ
ßêîáè è, â ÷àñòíîñòè, ïî ïîëèíîìàì Ãåãåíáàóýðà è Ëåæàíäðà1.

2. Ïîñòðîåíèå ïðîãðàììíûõ ïàêåòîâ â ñèñòåìå ïðîãðàììèðîâàíèÿ MATHE-
MATICA 7 è ïðîâåäåíèå ÷èñëåííûõ ýêñïåðèìåíòîâ.

3. Îöåíêà ýôôåêòèâíîñòè àëãîðèòìîâ íà îñíîâå ÷èñëåííûõ ðåçóëüòàòîâ.

Îáúåêò èññëåäîâàíèÿ. Ðàçëîæåíèÿ êóñî÷íî-ãëàäêèõ ôóíêöèé ïî ïîëèíî-
ìàì ßêîáè.

Ìåòîäû èññëåäîâàíèÿ. Â äèññåðòàöèîííîé ðàáîòå èñïîëüçîâàëèñü ìåòîäû
ìàòåìàòè÷åñêîãî àíàëèçà, äèôôåðåíöèàëüíûõ óðàâíåíèé è âû÷èñëèòåëüíûå
ìåòîäû.

Íàó÷íàÿ íîâèçíà. Âñå ïîëó÷åííûå ðåçóëüòàòû íîâûå.

1Ðàçëîæåíèÿ ïî ìíîãî÷ëåíàì ×åáûøåâà íå ðàññìàòðèâàþòñÿ, òàê êàê îíè ñâîäÿòñÿ, -
çàìåíîé ïåðåìåííîé, - ê êëàññè÷åñêèì ðÿäàì Ôóðüå è ïîýòîìó íà ýòîò ñëó÷àé àâòîìàòè÷åñêè
ïåðåíîñÿòñÿ óæå èçâåñòíûå ìåòîäû óñêîðåíèé.
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Ïðàêòè÷åñêàÿ çíà÷èìîñòü. Ïîëèíîìû ßêîáè (â ÷àñòíîñòè, Ãåãåíáàóýðà
è Ëåæàíäðà) øèðîêî èñïîëüçóþòñÿ â ïðàêòè÷åñêîé, íàó÷íîé è òåõíè÷åñêîé
îáëàñòÿõ.

Àïðîáàöèÿ ïîëó÷åííûõ ðåçóëüòàòîâ. Ðåçóëüòàòû äèññåðòàöèîííîé
ðàáîòû äîêëàäûâàëèñü íà ñåìèíàðàõ îòäåëà äèôôåðåíöèàëüíûõ è èíòåãðàëüíûõ
óðàâíåíèé èíñòèòóòà ìàòåìàòèêè ÍÀÍÀðìåíèè, íà îáùåì ñåìèíàðå ôàêóëüòåòà
èíôîðìàòèêè è ïðèêëàäíîé ìàòåìàòèêè ÅÃÓ è íà ñåìèíàðå ôàêóëüòåòà
ïðèêëàäíîé ìàòåìàòèêè è èíôîðìàòèêè ÐÀÓ.

Ïóáëèêàöèè.Îñíîâíûå ðåçóëüòàòû äèññåðòàöèîííîé ðàáîòû îïóáëèêîâàíû
â 4-õ íàó÷íûõ ñòàòüÿõ, ñïèñîê êîòîðûõ ïðèâåäåí â êîíöå àâòîðåôåðàòà.

Ñòðóêòóðà è îáúåì ðàáîòû. Äèññåðòàöèÿ ñîñòîèò èç ââåäåíèÿ, òðåõ ãëàâ,
çàêëþ÷åíèÿ è ñïèñêà öèòèðóåìîé ëèòåðàòóðû (37 íàèìåíîâàíèé). Îáúåì ðàáîòû
- 109 ñòð.

ÑÎÄÅÐÆÀÍÈÅ ÐÀÁÎÒÛ

Âî Ââåäåíèè ïðèâîäèòñÿ îáçîð ïðîáëåìàòèêè è êðàòêîå îïèñàíèå ñîäåðæà-
íèÿ ðàáîòû.

Ãëàâà 1 ïîñâÿùåíà ðàçðàáîòêå ñõåìû óñêîðåíèÿ ñõîäèìîñòè ðàçëîæåíèé
ïî îðòîíîðìàëüíîé ñèñòåìå ïîëèíîìîâ ßêîáè äëÿ êóñî÷íî-ãëàäêîé ôóíêöèè f ,
êîòîðàÿ èìååò êîíå÷íîå êîëè÷åñòâî òî÷åê ðàçðûâîâ: {ai}, i = 1, . . . ,m, m ≥
1 è èçâåñòíû òîëüêî êîýôôèöèåíòû Ôóðüå-ßêîáè {f (α,β)

n }Nn=0, N >> 1, α >
−1, β > −1 è òî÷êè ðàçðûâîâ {ai}, i = 1, . . . ,m. Çäåñü, â ñõåìå óñêîðåíèÿ,
ïðèáëèçèòåëüíî íàõîäÿòñÿ è èñïîëüçóþòñÿ ñêà÷êè A0i = f(ai + 0) − f(ai − 0)
ðàçëàãàåìîé ôóíêöèè f â òî÷êàõ ðàçðûâîâ {ai}, i = 1, . . . m, m ≥ 1. Ñêà÷êè
ïðîèçâîäíîé ôóíêöèè f â òî÷êàõ ðàçðûâîâ {ai} îáîçíà÷àþòñÿ ÷åðåç A1i =
f ′(ai + 0)− f ′(ai − 0).

Â ðàçäåëå 1.1 ïðèâîäÿòñÿ èçâåñòíûå ôîðìóëû è ôàêòû äëÿ îðòîíîðìàëüíûõ

ïîëèíîìîâ ßêîáè P̃
(α,β)
n (x), α > −1, β > −1, n ≥ 0, x ∈ [−1, 1], èñïîëüçóåìûå

â äàëüíåéøåì. Îïèñàíèå ñõåìû óñêîðåíèÿ ñõîäèìîñòè ðàçëîæåíèé ïî îðòî-
íîðìàëüíûì ïîëèíîìàì ßêîáè äëÿ êóñî÷íî-ãëàäêîé ôóíêöèè f(x) íà÷èíàåòñÿ
(ïîäðàçäåë 1.2.1) ñî ñëó÷àÿ, êîãäà ôóíêöèÿ f(x) èìååò îäíó òî÷êó ðàçðûâà:
−1 < a1 < 1 è f(x) ∈ C2[−1, a1] è f(x) ∈ C2[a1, 1]. Äàëåå ïðèâîäèòñÿ ñõåìà
óñêîðåíèÿ â ñëó÷àå äâóõ òî÷åê ðàçðûâà. Îáùèé ñëó÷àé, êîãäà ôóíêöèÿ f èìååò
m ≥ 1 òî÷åê ðàçðûâà, ïðèâîäèòñÿ â ïîäðàçäåëå 1.2.3.

Îïèøåì ñõåìó óñêîðåíèÿ áîëåå ïîäðîáíî. Êàê èçâåñòíî2, îðòîíîðìàëüíûå

ïîëèíîìû ßêîáè {P̃ (α,β)
n (x)} îðòîãîíàëüíû â âåñîâîì ïðîñòðàíñòâå L2

w[−1, 1],
ñ âåñîì w(x) = (1 − x)α(1 + x)β , n ≥ 0, α > −1, β > −1 è óäîâëåòâîðÿþò

2Áåéòìåí Ã., Ýðäåéè À. Âûñøèå òðàíñöåíäåíòíûå ôóíêöèè. Ò. 2. Ì.: Íàóêà, 1971. - 296ñ.
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äèôôåðåíöèàëüíîìó óðàâíåíèþ:

(1− x2)y′′(x) + (β − α− (α+ β + 2)x)y′(x) = −ln y(x), ln = n(n+ α+ β + 1). (2)

Èíòåðâàë [−1, 1] â ôîðìóëå äëÿ êîýôôèöèåíòîâ Ôóðüå-ßêîáè

f (α,β)
n = (f (α,β)

n , P̃ (α,β)
n (x)) =

∫ 1

−1

f(x)P̃ (α,β)
n (x)w(x)dx

ðàçoáüåì íà ÷àñòè ñëåäóþùèì îáðàçîì: −1 = a0 < a1 < ... < am < am+1 = 1.
Òîãäà

f (α,β)
n =

∫ a1

a0

f(x)P̃α,β
n (x)w(x)dx+ · · ·+

∫ am+1

am

f(x)P̃α,β
n (x)w(x)dx. (3)

Ïîñëå âûïîëíåíèÿ èíòåãðèðîâàíèÿ ïî ÷àñòÿì (ïðåäïîëàãàåòñÿ, ÷òî f(x) ∈
C2[aj , aj+1], j = 0, ...,m), ïîëó÷èì (ó÷èòûâàÿ ñâîéñòâî ïðîèçâîäíîé ïîëèíîìîâ
ßêîáè)

f (α,β)
n =

∫ 1

−1

f(x) P̃ (α,β)
n (x) (1− x)α (1 + x)βdx = Ωn

0 +Ωn
1 + Im,

Ωn
0 = l−1/2

n

m∑
i=1

A0i (1− ai)
α+1 (1 + ai)

β+1 P̃
(α+1,β+1)
n−1 (ai),

Ωn
1 = −l−1

n

m∑
j=1

A1j (1− aj)
α+1 (1 + aj)

β+1 P̃ (α,β)
n (aj),

Im = −l−1
n

m∑
k=0

∫ ak+1

ak

P̃ (α,β)
n (x)(((1− x)α+1 (1 + x)β+1 f(x))′′ −

−(f(x) (1− x)α (1 + x)β (β − α− (α+ β + 2)x))′)dx. (4)

Â ñõåìå óñêîðåíèÿ èñïîëüçóþòñÿ ñëåäóþùèå êóñî÷íî-ïîñòîÿííûå ôóíêöèè (i =
1, . . . ,m):

Φ0i(x) =

{
1, ai ≤ x ≤ ai+1

0, â îñò. ñëó÷.
(5)

ßâíûå âûðàæåíèÿ êîýôôèöèåíòîâ Ôóðüå-ßêîáè ϕ0k
n , k = 1, . . . ,m, n = 0, . . . , N

ôóíêöèé Φ0k(x), k = 1, . . . ,m, n = 0, . . . , N ïîëó÷àþòñÿ ñ èñïîëüçîâàíèåì
èçâåñòíîé ôîðìóëû äëÿ íåîïðåäåëåííîãî èíòåãðàëà:

I1 =

∫
P̃ (α,β)
n (x)w(x)dx = −(h(α,β)

n )−1(1− x)α+1(x+ 1)β+1P
(α+1,β+1)
n−1 (x)/(2n). (6)
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Ïðè çàäàííûõ ñêà÷êàõ {A0k}, k = 1, . . . ,m, ñõåìà óñêîðåíèÿ ñõîäèìîñòè ïî

îðòîíîðìàëüíîé ñèñòåìå ïîëèíîìîâ ßêîáè {P̃ (α,β)
n (x)} îïðåäåëÿåòñÿ ñëåäóþùèì

îáðàçîì:

f(x) =
∞∑

n=0

(f (α,β)
n −

m∑
k=1

(ϕ0k
n

k∑
i=1

A0i)) P̃
(α,β)
n (x) +

m∑
k=1

(Φ0k(x)
k∑

i=1

A0i) ≃

FN (x) =
N∑

n=0

(fn −
m∑

k=1

(ϕ0k
n

k∑
i=1

A0i)) P̃
(α,β)
n (x) +

m∑
k=1

(Φ0k(x)
k∑

i=1

A0i). (7)

Îòìåòèì, ÷òî çäåñü ðàâåíñòâî ñëåâà ÿâëÿåòÿ î÷åâèäíûì òîæäåñòâîì. Â ýòîé
ñõåìå èñïîëüçîâàíà èäåÿ À.Í. Êðûëîâà3(îòíîñÿùàÿñÿ ê ñëó÷àþ êëàññè÷åñêîãî
ðÿäà Ôóðüå), è, êàê âèäèì, äëÿ âîññòàíîâëåíèÿ çíà÷åíèé ðàçëàãàåìîé ôóíêöèè
f(x) èñïîëüçóåòñÿ óñå÷åííûé ðÿä ôóíêöèè

g(x) = f(x)−
m∑

k=1

(Φ0k(x)
k∑

i=1

A0i), (8)

êîòîðàÿ óæå íåïðåðûâíà â èíòåðâàëå [−1, 1], ÷òî è îáåñïå÷èâàåò áîëåå âûñîêóþ
ñêîðîñòü ñõîäèìîñòè ïî ñðàâíåíèþ ñ óñå÷åííûì ðÿäîì Ôóðüå-ßêîáè (1).

Â äàííîé ñõåìå ïðåäïîëàãàåòñÿ, ÷òî èçâåñòíû òî÷íûå âåëè÷èíû ñêà÷êîâ
ðàçëàãàåìîé ôóíêöèè. Îäíàêî âàæíî, ÷òî ñ ïðàêòè÷åñêîé òî÷êè çðåíèÿ
ìîæíî îãðàíè÷èòüñÿ çíàíèåì òîëüêî òî÷åê ðàñïîëîæåíèÿ ñêà÷êîâ ðàçëàãàåìîé
ôóíêöèè f (àíàëîãè÷íî ïîäõîäó Ê. Ýêãîôà4 â ñëó÷àå êëàññè÷åñêèõ ðÿäîâ
Ôóðüå). Â íàøåì ñëó÷àå ìîæíî ïîëó÷èòü ïðèáëèçèòåëüíûå âåëè÷èíû ñêà÷êîâ
ôóíêöèè f , îòáðàñûâàÿ èç (4) ñëàãàåìûå Ωn

1 è Im (ýòè ÷ëåíû ìîæåì ïðîèãíîðè-
ðîâàòü, êîãäà n >> 1), ïîýòîìó

f (α,β)
n ≃ Ωn

0 = l−1/2
n

m∑
i=1

A0i (1− ai)
α+1 (1 + ai)

β+1 P̃
(α+1,β+1)
n−1 (ai). (∗)

Òàêèì îáðàçîì, èñïîëüçóÿ ïðèáëèæåííîå óðàâíåíèå:

f (α,β)
n = l−1/2

n

m∑
i=1

Ã0i (1− ai)
α+1 (1 + ai)

β+1 P̃
(α+1,β+1)
n−1 (ai) (∗∗)

è, çàôèêñèðîâàâ çíà÷åíèÿ n = N − m + 1, N − m + 2, ..., N , ãäå (N + 1) -
êîëè÷åñòâî çàäàííûõ êîýôôèöèåíòîâ Ôóðüå-ßêîáè (ïðåäïîëàãàåì, ÷òîN >> 1)
ïîëó÷àåì ñèñòåìó ëèíåéíûõ óðàâíåíèé îòíîñèòåëüíî ïðèáëèçèòåëüíûõ ñêà÷êîâ

3Êðûëîâ À.Í. Ëåêöèè î ïðèáëèæåííûõ âû÷èñëåíèÿõ. Ë: Èçä. ÀÍ ÑÑÑÐ, 1933. - 541ñ.
4Eckho� K.S. Math. Comp, 1995, V. 64, � 210, P. 671-690.
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{Ã0k}, k = 1, . . . ,m5. Âûáîð çíà÷åíèé n âûøåïðèâèäåííûì ñïîñîáîì îáîñíîâàí
òåì, ÷òî ÷åì áîëüøå ýòî çíà÷åíèå, òåì ìåíüøå âåëè÷èíà îøèáêè ïðè ïåðåõîäå îò
ñîîòíîøåíèÿ (∗) ê óðàâíåíèþ (**). Ñèñòåìà ïîëó÷åííûõ ëèíåéíûõ óðàâíåíèé
â âåêòîðíîì âèäå âûãëÿäèò òàê: Fm

P = M0mP A0mP , ãäå

M0mP =

 YN−m+1(α, β, a1) . . . YN−m+1(α, β, am)
...

...
...

YN (α, β, a1) . . . YN (α, β, am)

 ,

A0mP =

 A01

...
A0m

 , Fm
P =


l
1/2
N−m+1 f

(α,β)
N−m+1

...

l
1/2
N f

(α,β)
N

 ,

Yn(α, β, a) = (1− a)α+1(1 + a)β+1P̃
(α+1,β+1)
n−1 (a). (9)

Ðåøàÿ ýòó ñèñòåìó, íàéäåì (ïðè óñëîâèè îáðàòèìîñòè ñîîòâåòñòâóþùåé
ìàòðèöû6) ïðèáëèçèòåëüíûå çíà÷åíèÿ âåëè÷èí A0k, k = 1, . . . ,m.

Îïèñàííûé àëãîðèòì íàçîâåì àëãîðèòìîì Ïåðâîãî Òèïà. Òàêèì îáðàçîì,
èìåÿ òîëüêî òî÷êè ðàçðûâà êóñî÷íî-ãëàäêîé ôóíêöèè f(x) è êîíå÷íîå êîëè-
÷åñòâî åå êîýôôèöèåíòîâ ïî ñèñòåìå ßêîáè (è äàæå íå èìåÿ íèêàêîé äðóãîé
èíôîðìàöèè î ðàçëàãàåìîé ôóíêöèè), ìîæåì óñêîðÿòü ñõîäèìîñòü ðàçëîæåíèÿ
ýòîé ôóíêöèè (ò.å. îïðåäåëÿòü çíà÷åíèÿ f(x) áîëåå òî÷íî, ÷åì ïîñðåäñòâîì (1)).

Ïðèâåäåì íåêîòîðûå òåîðåòè÷åñêèå îöåíêè äëÿ ñõåìû (7), ëåæàùåé â îñíîâå
àëãîðèòìà óñêîðåíèÿ ïåðâîãî òèïà.

Ëåììà. Ïóñòü f(x) ∈ C2[aj , aj+1], j = 0, ...,m, è q = max(α, β). Òîãäà, åñëè
ñêà÷êè {A0i} è {A1i} â ôîðìóëå (4) îïðåäåëåíû òî÷íî, ñïðàâåäëèâû îöåíêè

{
|Ωn

0 | ≤ C0, |Ωn
1 | ≤ C1n

−2, êîãäà − 1 < q < −1/2

|Ωn
0 | ≤ C0n

q+1/2, |Ωn
1 | ≤ C1n

q−3/2, êîãäà− 1/2 ≤ q,
(10)

ãäå ïîñòîÿííûe C0 > 0 è C1 > 0 çàâèñÿò ñîîòâåòñòâåííî òîëüêî îò âåëè÷èí
ñêà÷êîâ {A0i} è {A1i} (è íå çàâèñÿò îò èõ ëîêàëèçàöèè).

Óêàæåì òåïåðü îäíî äîñòàòî÷íîå óñëîâèå ðàâíîìåðíîé ñõîäèìîñòè.

5Â äàëüíåéøåì, ðàäè ïðîñòîòû, âìåñòî Ã0k áûäåì èñïîëüçîâàòü çàïèñü A0k.
6Â äèññåðòàöèè ïðèâåäåí àíàëèç íåêîòîðûõ ñëó÷àåâ íåîáðàòèìîñòè âîçíèêàþùèõ â

óðàâíåíèÿõ ìàòðèö, à òàêæå êîððåêöèè àëãîðèòìîâ â ýòîì ñëó÷àå (ñì. òàêæå íèæå ñòð. 9
è 12).
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Òåîðåìà 1 (î ðàâíîìåðíîé ñõîäèìîñòè). Ïóñòü f(x) ∈ C2[aj , aj+1], j =
0, ...,m, q = max(α, β) < 0 è

F 0
N (x) =

N∑
n=0

(f (α,β)
n − Ωn

0 ) P̃
α,β
n (x) +G(x), G(x) =

∞∑
n=0

Ωn
0 P̃

(α,β)
n (x).

Òîãäà, åñëè ñêà÷êè {A0i} â ôîðìóëå (4) îïðåäåëåíû òî÷íî, òî ñïðàâåäëèâû
îöåíêè {

∥f(x)− F 0
N (x)∥L∞ ≤ d1 N

2 q, −1/2 ≤ q < 0

∥f(x)− F 0
N (x)∥L∞ ≤ d2 N

−1, −1 < q < −1/2,
(11)

ãäå ïîñòîÿííûe d1 > 0 è d2 > 0 çàâèñÿò òîëüêî îò âåëè÷èí {A1i} ñêà÷êîâ
ïðîèçâîäíîé ðàçëàãàåìîé ôóíêöèè (è íå çàâèñÿò îò ëîêàëèçàöèè ýòèõ
ñêà÷êîâ).

Çàìå÷àíèå. Íà ñàìîì äåëå íå âàæíî, ÷òî â êîíöå âûðàæåíèÿ F 0
N

ôèãóðèðóåò ôóíêöèÿ G â âèäå óêàçàííîãî ðÿäà. Íåòðóäíî óáåäèòüñÿ, ÷òî
Òåîðåìà 1 ñîõðàíÿåò ñèëó, åñëè âìåñòî G(x) âçÿòü ëþáóþ êóñî÷íî-ãëàäêóþ
ôóíêöèþ G(x) ∈ C2[aj , aj+1], j = 0, . . . ,m, îáëàäàþùóþ òåìè æå ñêà÷êàìè,
÷òî è f(x), à âìåñòî Ωn

0 ïîäñòàâèòü åå êîýôôèöèåíòû Ôóðüå-ßêîáè. Ïðè ýòîì
ôèíêöèÿ G ìîæåò áûòü èñïîëüçîâàíà â îñíîâå àëãîðèòìà óñêîðåíèÿ òîëüêî
òîãäà, êîãäà (â îòëè÷èå îò G â Òåîðåìå 1 ) åå çíà÷åíèÿ ìîæíî áûñòðî âû÷èñëèòü
ñ çàäàííîé òî÷íîñòüþ, êàê è çíà÷åíèÿ åå êîýôôèöèåíòîâ Ôóðüå-ßêîáè. Èìåííî
òàêàÿ (êóñî÷íî-ïîñòîÿííàÿ) ôóíêöèÿ è èñïîëüçóåòñÿ â ïðåäëîæåííîì âûøå
àëãîðèòìå ïåðâîãî òèïà (ñì. (5)).

Òàêèì îáðàçîì, ôîðìóëà (7) îáåñïå÷èâàåò ðàâíîìåðíóþ ñõîäèìîñòü FN (x) ê
f(x) íà îòðåçêå [−1, 1].

Äàëåå, â ïîäðàçäåëå 1.2.4, ïðèâîäÿòñÿ áëîê-ñõåìû àëãîðèòìîâ óñêîðåíèÿ
ïåðâîãî òèïà â ñëó÷àÿõ, êîãäà ðàçëàãàåìàÿ ôóíêöèÿ èìååò îäíó, äâå è m ≥ 3
òî÷åê ðàçðûâa.

Â ãëàâå 2 îïèñûâàåòñÿ ìåòîä óñêîðåíèÿ ñõîäèìîñòè ðàçëîæåíèé ïî
îðòîíîðìàëüíîé ñèñòåìå ïîëèíîìîâ ßêîáè, â îñíîâå êîòîðîãî ëåæèò íàõîæäåíèå
è èñïîëüçîâàíèå ñêà÷êîâ êàê ñàìîé êóñî÷íî-ãëàäêîé ôóíêöèè f(x), òàê è åå
ïðîèçâîäíîé. Êàê è â ãëàâå 1, çäåñü ïðåäïîëàãàåòñÿ, ÷òî èçâåñòíû òîëüêî
êîýôôèöèåíòû Ôóðüå-ßêîáè è òî÷êè ðàçðûâîâ ôóíêöèè.

Â ïîäðàçäåëå 2.2.1 îïèñûâàåòñÿ ñõåìà óñêîðåíèÿ â ñëó÷àå îäíîé òî÷êè
ðàçðûâà, à â ïîäðàçäåëå 2.2.2 - ñõåìà óñêîðåíèÿ â îáùåì ñëó÷àå, êîãäà ôóíêöèÿ
f èìååò m òî÷åê ðàçðûâà: −1 < a1 < · · · < am < 1, âûïîëíåíû óñëîâèÿ
f(x) ∈ C2[ai, ai+1], i = 0, . . . ,m.

Ñêà÷êè ïåðâûõ ïðîèçâîäíûõ {A1k}, k = 1, . . . ,m è ñêà÷êè {A0k} ôóíêöèè
f(x) ìîæíî ïðèáëèçèòåëüíî âû÷èñëèòü, îòáðàñûâàÿ â (4) òîëüêî ÷ëåí Im. Â
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ýòîì ñëó÷àå ïîëó÷èì f
(α,β)
n = Ωn

0 + Ωn
1 è, ïðèïèñàâ çíà÷åíèþ n âåëè÷èíû

N − 2m + 1, . . . , N (N > 2m + 1), ïîëó÷èì 2m óðàâíåíèé äëÿ îïðåäåëåíèÿ 2m
óêàçàííûõ ñêà÷êîâ.

Òàêèì îáðàçîì, çàäà÷à ïðèâîäèòñÿ ê ðåøåíèþ ëèíåéíîé ñèñòåìû óðàâíåíèé,
èìåþùåé (â âåêòîðíîé çàïèñè) âèä: F 2m

P = M12mP A12mP , ãäå

M12mP =


YÑ+1(α, β, a1) EÑ+1(α, β, a1) . . . YÑ+1(α, β, am) EÑ+1(α, β, am)
YÑ+2(α, β, a1) EÑ+2(α, β, a1) . . . YÑ+2(α, β, am) EÑ+2(α, β, am)

. . . . . . . . . . . . . . .
YN (α, β, a1) EN (α, β, a1) . . . YN (α, β, am) EN (α, β, am)



A12mP =


A01

A11

...
A0m

A1m

 , F 2m
P =



l
1/2

Ñ+1
f
(α,β)

Ñ+1

l
1/2

Ñ+2
f
(α,β)

Ñ+2
...

l
1/2
N−1 f

(α,β)
N−1

l
1/2
N f

(α,β)
N


En(α, β, a) = −l−1/2

n (1− a)α+1(1 + a)β+1P̃ (α,β)
n (a), Ñ = N − 2m. (12)

Â äàííîì ñëó÷àå, äîïîëíèòåëüíî ê {Φ0i(x)}, èñïîëüçóþòñÿ êóñî÷íî-ëèíåéíûå
ôóíêöèè {Φ1i(x)}, i = 1, . . . ,m:

Φ1i(x) =


0, x ≤ ai

x− ai, ai ≤ x ≤ ai+1

ai+1 − ai, â îñò. ñëó÷.

. (13)

Àíàëîãè÷íî (7), ñõåìà óñêîðåíèÿ ñõîäèìîñòè çäåñü ïðèíèìàåò âèä

f(x) =

∞∑
n=0

(f (α,β)
n −

m∑
k=1

(ϕ0k
n (

k∑
i=1

A0i) + ϕ1k
n (

k∑
j=1

A1j)))P̃
(α,β)
n (x) +

+
m∑

k=1

(Φ0k(x) (
k∑

i=1

A0i) + Φ1k(x)(
k∑

j=1

A1j)) ≃
N∑

n=0

(f (α,β)
n −

m∑
k=1

(ϕ0k
n (

k∑
i=1

A0i) +

+ϕ1k
n (

k∑
j=1

A1j)))P̃
(α,β)
n (x) +

m∑
k=1

(Φ0k(x) (

k∑
i=1

A0i) + Φ1k(x)(

k∑
j=1

A1j)). (14)

Äëÿ ýôôåêòèâíîé ðåàëèçàöèè äàííîé ñõåìû íåîáõîäèìî âû÷èñëèòü êîýôôèöèåí-
òû Ôóðüå-ßêîáè ôóíêöèé (5) è (13) ïðè ïðîèçâîëüíûõ çíà÷åíèÿõ ïàðàìåòðîâ
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ßêîáè α > −1, β > −1. Îäíàêî, äëÿ ïîëó÷åíèÿ êîýôôèöèåíòîâ ôóíêöèé (13),
ñëåäóåò âû÷èñëèòü íåîïðåäåëåííûé èíòåãðàë

I2 =

∫
x P̃ (α,β)

n (x)w(x) dx, n ≥ 0, w(x) = (1− x)α(1 + x)β ,

íî äëÿ ýòîãî (â îòëè÷èå îò èíòåãðàëà I1, ñì. (6)) ìû íå èìååì ïðîñòûõ ÿâíûõ
ôîðìóë. Ïîýòîìó ïðèøëîñü âîñïîëüçîâàòüñÿ èçâåñòíûì ïðåäñòàâëåíèåì

P (α,β)
n (x) = 2−n

n∑
m=0

(
n+ α

m

)(
n+ β

n−m

)
(x− 1)n−m(x+ 1)m,

ñâîäÿùèì çàäà÷ó ê âû÷èñëåíèþ èíòåãðàëîâ

I3 =

∫
x (1− x)α+n−k (1 + x)β+k dx, k = 0, . . . , n.

Â ñëó÷àå ïîëèíîìîâ Ëåæàíäðà (÷àñòíûé ñëó÷àé ïîëèíîìîâ ßêîáè, êîãäà
α = β = 0, ò.å. w(x) = 1) èíòåãðàëû ýòè âû÷èñëÿþòñÿ ÿâíî (íî â âèäå ñóììû) è
ìû ïðèõîäèì ê àëãîðèòìàì Âòîðîãî Òèïà.

Â îáùåì æå ñëó÷àå ÿâíûå âûðàæåíèÿ èíòåãðàëîâ I3 ñîäåðæàò ñïåöèàëüíûå
ôóíêöèè, âû÷èñëåíèå êîòîðûõ ïðîèçâîäèòñÿ ìåäëåííî è ñ ñóùåñòâåííûìè
íåêîíòðîëèðóåìûìè îøèáêàìè. Ïîýòîìó â ðàáîòå èñïîëüçóåòñÿ ÷èñëåííîå
èíòåãðèðîâàíèå â ñðåäå MATEMATIKA 7, êîòîðîå, õîòü è òðåáóåò âåñüìà
çíà÷èòåëüíîãî âðåìåíè, ïîääàåòñÿ ýôôåêòèâíîìó êîíòðîëþ òî÷íîñòè. Ýòî
ïðèâîäèò ê àëãîðèòìó Òðåòüåãî Òèïà.

Äàëåå ôîðìóëèðóåòñÿ Òåîðåìà 2, ñîãëàñíî êîòîðîé, ïðè ïðèìåíåíèè
àëãîðèòìîâ âòîðîãî è òðåòüåãî òèïîâ, ñõîäèìîñòü îáåñïå÷åíà, åñëè q < 1/2
(åñëè ñêà÷êè A0i, A1i, i = 1, . . . ,m îïðåäåëåíû òî÷íî).

Òåîðåìà 2 (î ðàâíîìåðíîé ñõîäèìîñòè). Ïóñòü f(x) ∈ C 3[aj , aj+1], j =
0, ...,m , q = max(α, β) < 1/2 è

F 1
N (x) =

N∑
n=0

(f (α,β)
n −

m∑
k=1

(ϕ0k
n (

k∑
i=1

A0i) + ϕ1k
n (

k∑
j=1

A1j)))P̃
(α,β)
n (x) +G(x),

G(x) =
m∑

k=1

(Φ0k(x) (
k∑

i=1

A0i) + Φ1k(x)(
k∑

j=1

A1j)).

Òîãäà, åñëè ñêà÷êè {A0i} è {A1i} îïðåäåëåíû òî÷íî, òî ñïðàâåäëèâû îöåíêè{
∥f(x)− F 1

N (x)∥L∞ ≤ d3 N
2 q−1, −1/2 ≤ q < 1/2

∥f(x)− F 1
N (x)∥L∞ ≤ d4 N

−2, −1 < q < −1/2,
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ãäå ïîñòîÿííûe d3 > 0 è d4 > 0 çàâèñÿò òîëüêî îò âåëè÷èí {A0i}, {A1i} è
{A2i} (è íå çàâèñÿò îò ëîêàëèçàöèè ýòèõ ñêà÷êîâ).

Â ðàçäåëàõ 1.3, 2.4 ïðåäñòàâëåíû ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ.
Â ÷àñòíîñòè, ðàññìàòðèâàëèñü ñëåäóþùèå ôóíêöèè f1(x) è f2(x), èìåþùèå
ñîîòâåòñòâåííî îäíó (a1 = 3/4) è äâå (a1 = −2/3, a2 = 1/3) òî÷êè ðàçðûâà.

f1(x) =

{
sin((4 + 3i)x)/2, −1 ≤ x < 3/4

ie(2+i)x, 3/4 ≤ x ≤ 1
,

f2(x) =


3 cos(x+ 1/2), −1 ≤ x < −2/3

e2x, −2/3 ≤ x < 1/3

sin(x/2), 1/3 ≤ x ≤ 1

. (15)

Ïðèâåäåì ÷èñëåííûå ðåçóëüòàòû äëÿ ôóíêöèé (15), êîòîðûå áûëè ïîëó÷åíû
ïðèìåíåíèåì ðàçðàáîòàííûõ â ðàáîòå ïðîãðàììíûõ ïàêåòîâ óñêîðåíèÿ. Íèæå
èñïîëüçóþòñÿ îáîçíà÷åíèÿ:

• Classic - ðåàëèçàöèÿ êëàññè÷åñêîãî ïîäõîäà (1).

• JacA0, JacA0Two - ðåàëèçàöèè àëãîðèòìà ïåðâîãî òèïà â ñëó÷àÿõ, êîãäà
ðàçëàãàåìàÿ ôóíêöèÿ èìååò, ñîîòâåòñòâåííî, îäíó è äâå òî÷êè ðàçðûâa.

• LegA0A1Two - ðåàëèçàöèÿ àëãîðèòìà âòîðîãî òèïà â ñëó÷àå, êîãäà
ôóíêöèÿ èìååò äâå òî÷êè ðàçðûâa.

• JacA0A1, JacA0A1Two - ðåàëèçàöèè àëãîðèòìà òðåòüåãî òèïà â ñëó÷àÿõ
îäíîé è äâóõ òî÷åê ðàçðûâa ñîîòâåòñòâåííî.

Tàáëèöà 1.

L2
w - îøèáêè ïðè âîññòàíîâëåíèè çíà÷åíèé ôóíêöèè f1(x),
ïðè çíà÷åíèÿõ ïàðàìåòðîâ ßêîáè α = 3/2, β = 5/2

êîýôô.
Classic JacA0 JacA0A1

L2
w îø. âðåìÿ L2

w îø. âðåìÿ L2
w îø. âðåìÿ

N = 25 4.19 10−1 0.015 ñ. 4.38 10−2 0.047 ñ. 4.67 10−3 4.297 ñ.
N = 50 2.96 10−1 0.062 ñ. 1.64 10−2 0.094 ñ. 8.57 10−4 25.25 ñ.
N = 75 2.42 10−1 0.141 ñ. 2.71 10−3 0.218 ñ. 3. 10−4 101.188 ñ.
N = 100 2.11 10−1 0.329 ñ. 1.85 10−3 0.422 ñ. 1.47 10−4 296.593 ñ.
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Tàáëèöà 2.

L∞ - îøèáêè ïðè âîññòàíîâëåíèè çíà÷åíèé ôóíêöèè f2(x),
ïðè çíà÷åíèÿõ ïàðàìåòðîâ ßêîáè α = −2/9, β = −1/12

êîýôô.
Classic JacA0Two JacA0A1Two

L∞ îø. âðåìÿ L∞ îø. âðåìÿ L∞ îø. âðåìÿ
N = 25 1.35 100 0.015 ñ. 4.6 10−1 0.5 ñ. 6. 10−3 8.922 ñ.
N = 50 1.35 100 0.032 ñ. 8. 10−2 0.593 ñ. 1.2 10−3 65.485 ñ.
N = 75 1.3 100 0.14 ñ. 4.5 10−2 0.766 ñ. 5. 10−4 229.531 ñ.
N = 100 1.3 100 0.297 ñ. 1.5 10−2 1.032 ñ. 2.5 10−4 701.468 ñ.

Tàáëèöà 3.

L2
w - îøèáêè ïðè âîññòàíîâëåíèè çíà÷åíèé ôóíêöèè f2(x),
óñêîðÿþòñÿ ðÿäû ïî ïîëèíîìàì Ëåæàíäðà: α = β = 0

êîýôô.
Classic JacA0Two LegA0A1Two

L2
w îø. âðåìÿ L2

w îø. âðåìÿ L2
w îø. âðåìÿ

N = 25 3.1 10−1 0.031 ñ. 8.5 10−2 0.047 ñ. 8.7 10−4 0.328 ñ.
N = 50 2.3 10−1 0.188 ñ. 1.7 10−2 0.234 ñ. 1.1 10−4 0.625 ñ.
N = 75 1.8 10−1 0.656 ñ. 4.3 10−3 0.703 ñ. 4.1 10−5 1.204 ñ.
N = 100 1.6 10−1 1.562 ñ. 1.8 10−3 1.656 ñ. 2. 10−5 2.266 ñ.

Â ðàçäåëå 2.5 äèññåðòàöèîííîé ðàáîòû ïðèâîäÿòñÿ ÷èñëà îáóñëîâëåííîñòè
k∞ èñïîëüçóåìûõ ìàòðèö M0mP è M12mP ïðè ðàçíûõ çíà÷åíèÿõ ïàðàìåòðîâ.
Ïðèâåäåì ÷èñëà îáóñëîâëåííîñòè ñîîòâåòñòâóþùèõ ìàòðèö, êîãäà ðàññìàòðè-
âàåòñÿ ôóíêöèÿ f2(x) (m = 2).

Tàáëèöà 4.

×èñëà îáóñëîâëåííîñòè ìàòðèö M02P è M14P äëÿ ôóíêöèè f2(x)

êîýôô.
α = −2/9, β = −1/12 α = 1, β = 2
k∞(M02P ) k∞(M14P ) k∞(M02P ) k∞(M14P )

N = 25 12.0531 88.8834 3.65792 184.135
N = 50 3.72837 215.831 23.311 301.065
N = 75 3.98312 312.584 8.31943 471.439
N = 100 1.66762 394.537 5.19982 776.945

Çàìåòèì, ÷òî, â ïðèíöèïå, ïðè îïðåäåëåííûõ ðàñïîëîæåíèÿõ òî÷åê ðàçðûâà
f(x) ñîîòâåòñòâóþùàÿ ìàòðèöà ìîæåò áûòü íåîáðàòèìà è ïîýòîìó â áëîê-ñõåìå
àëãîðèòìîâ ïðåäóñìîòðåíà îïðåäåëåííàÿ êîððåêòèðîâêà, ÷òîáû ýòîãî èçáåæàòü.
Îäíàêî â íàøèõ ìíîãî÷èñëåííûõ ýêñïåðèìåíòàõ òàêîãî ñëó÷àÿ íå áûëî.
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Â ãëàâå 3 àíàëèçèðóþòñÿ ñâîéñòâà àëãîðèòìîâ óñêîðåíèÿ. Â ãëàâíîì ÷ëåíå
ñëîæíîñòü àëãîðèòìîâ ïðåäñòàâëåíà â ñëåäóþùåé òàáëèöå.

Tàáëèöà 5.

Ñëîæíîñòü àëãîðèòìîâ óñêîðåíèÿ ñõîäèìîñòè

òèï àëãîðèòìà ñëîæåíèÿ óìíîæåíèÿ êîë. ÷èñë. èíòåãðèðîâàíèé
ïåðâûé mN (m+ 1)N 0
âòîðîé m(N − 1)N/2 mN2 0
òðåòèé m(N − 1)N/2 mN2 mN(N + 1)/2

Â òàáëèöå ïÿòü m− êîëè÷åñòâî òî÷åê ðàçðûâà, à N − êîëè÷åñòâî çàäàííûõ
êîýôôèöèåíòîâ Ôóðüå-ßêîáè ðàçëàãàåìîé ôóíêöèè.

Â ðàçäåëå 3.1 èññëåäóþòñÿ îñîáåííîñòè èñïîëüçóåìîé ñðåäû ïðîãðàììèðî-
âàíèÿ MATHEMATICA 7. Â êîíöå ãëàâû 3 ïðåäñòàâëåíû òåêñòû ïðîãðàìì
óñêîðåíèÿ ñõîäèìîñòè (â êîäå MATHEMATICA 7).

Â çàêëþ÷åíèè, ïðèâîäÿòñÿ îñíîâíûå ðåçóëüòàòû äèññåðòàöèîííîé ðàáîòû.

ÎÑÍÎÂÍÛÅ ÐÅÇÓËÜÒÀÒÛ ÐÀÁÎÒÛ

1. Ðàçðàáîòàíû àëãîðèòìû óñêîðåíèÿ ñõîäèìîñòè ðàçëîæåíèé ïî ïîëèíîìàì
ßêîáè, êîãäà èçâåñòíû òîëüêî êîíå÷íîå ÷èñëî êîýôôèöèåíòîâ Ôóðüå-
ßêîáè è òî÷êè ðàçðûâîâ ðàçëàãàåìîé êóñî÷íî-ãëàäêîé ôóíêöèè.

2. Íà îñíîâå ìåòîäîâ óñêîðåíèÿ ñõîäèìîñòè ðåàëèçîâàí ïàêåò ïðîãðàìì â
ñðåäå MATHEMATICA 7.

3. Ïîëó÷åíû äâå òåîðåìû î ðàâíîìåðíîé ñõîäèìîñòè.

4. Ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû, êîòîðûå õàðàêòåðèçèðóþò ñâîéñòâà
àëãîðèòìîâ óñêîðåíèÿ ñõîäèìîñòè.
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A M � O � U M

Arman Haru�yuni Gasparyan

YAKOBII BAZMANDAMNEROV VERLUU�YUNNERI

ZUGAMITU�YAN ARAGACMAN ALGORI�MNER

A�xatanq� nvirva� � ktor a� ktor o�ork funkcianeri, �st Yakobii
�r�onormal bazmandamnerov verlu�u�yunneri zugamitu�yan aragacman
me�odneri m�akman  hetazotman harcerin, erb haytni en miayn verlu�vo�
f(x), f : [−1, 1] → C funkciayi verjavor �vov Furie-Yakobi gor�akicner�  
xzman keter�` {ai}, i = 1, . . . ,m, m ≥ 1:

Haytni �, or ktor a� ktor o�ork f(x) funkciayi ar�eqneri verakangnum�,
erb �gtagor�vum � nra, Furie-Yakobii masnaki gumar�`

S
(α,β)
N (f) =

N∑
n=0

f (α,β)
n P̃ (α,β)

n (x), x ∈ [−1, 1],

orte� {f (α,β)
n }, n = 0, . . . , N me�u�yun� xzman keter parunako� f(x)

funkciayi Furie-Yakobi gor�akicnern en, P̃
(α,β)
n (x) − Yakobii �r�onormal

bazmandamnern en, ardyunavet ��, qani or xzman keteri �rjakayqerum
i hayt � galis Gibsi er uy�: Ayste�, i tarberu�yun Furieyi dasakan
verlu�u�yunneri, [−1, 1] hatva�i �ayraketerum Gibsi er uy� �i ditarkvum:
A�xatanqum m�akva� me�odnern u��va� en n�va� er uy�i ha��aharman�:

�eman ardiakan �, qani or min� ay�m ktor a� ktor o�ork funkcianeri
�st dasakan �r�onormal bazmandamneri verlu�u�yunneri zugamitu�yan
aragacman algori�mner a�ajarkva� �en e�el:

A�xatanqum m�akva� en Yakobii �r�onormal bazmandamnerov verlu�u{
�yunneri zugamitu�yan aragacman ereq tipi algori�mner: Algori�mner�
tarbervum en in�pes bardu�yunnerov, aynpes �l zugamitu�yan aragacman
kargov, in�� het um � �vayin ardyunqneric:

Stacvel en oro� tesakan gnahatakanner Yakobii �r�onormal bazmandam{
nerov verlu�u�yunneri zugamitu�yan aragacman algori�mneri hamar:
Dranq het yaln en`

�eorem 1. Dicuq, f(x) ∈ C2[aj , aj+1], j = 0, ...,m, q = max(α, β) < 0  

F 0
N (x) =

N∑
n=0

(f (α,β)
n − Ωn

0 ) P̃
α,β
n (x) +G(x), G(x) =

∞∑
n=0

Ωn
0 P̃

(α,β)
n (x) :
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E�e verlu�vo� funkciayi {A0i} ��i�qner� (4) bana� um ��grit en oro�va�,
apa te�i unen het yal gnahatakanner�`{

∥f(x)− F 0
N (x)∥L∞ ≤ d1 N

2 q, −1/2 ≤ q < 0

∥f(x)− F 0
N (x)∥L∞ ≤ d2 N

−1, −1 < q < −1/2,

orte� d1 > 0  d2 > 0 hastatunner� kaxva� en miayn verlu�vo� funkciayi
a�ancyali {A1i} ��i�qneric ( kaxva� �en xzman keteri dasavoru�yunic):

�eorem 2. Dicuq, f(x) ∈ C 3[aj , aj+1], j = 0, ...,m, q = max(α, β) < 1/2  

F 1
N (x) =

N∑
n=0

(f (α,β)
n −

m∑
k=1

(ϕ0k
n (

k∑
i=1

A0i) + ϕ1k
n (

k∑
j=1

A1j)))P̃
(α,β)
n (x) +G(x),

G(x) =

m∑
k=1

(Φ0k(x) (

k∑
i=1

A0i) + Φ1k(x)(

k∑
j=1

A1j)) :

E�e funkciayi  nra a�ancyali {A0i}  {A1i} ��i�qner� oro�va� en ��grit,
apa �i�t en het yal gnahatakanner�`{

∥f(x)− F 1
N (x)∥L∞ ≤ d3 N

2 q−1, −1/2 ≤ q < 1/2

∥f(x)− F 1
N (x)∥L∞ ≤ d4 N

−2, −1 < q < −1/2,

orte� d3 > 0  d4 > 0 hastatunner� kaxva� en miayn {A0i}, {A1i}  {A2i}
me�u�yunneric ( kaxvac �en xzman keteri dasavoru�yunic):

Layna�aval �vayin ha�varkner� bacahaytel en ka�ucva� algori�mneri
hatku�yunner�:

A�xatanqum stacvel en het yal himnakan ardyunqner�:

1. M�akvel en Yakobii �r�onormal bazmandamnerov verlu�u�yunneri
zugamitu�yan aragacman me�odner, erb haytni en miayn verlu�vo�
funkciayi xzman keter�  verjavor �vov Furie-Yakobi gor�akicner�:

2. M�akva� zugamitu�yan aragacman me�odneri himan vra m�akvel �
�ragrayin �a�e� MATHEMATICA 7 hamakargum:

3. � akerpvel  apacucvel � 2 �eorem havasara�a� zugamitu�yan
masin:

4. Katarvel en �vayin �or�arkumner, oronq bnu�agrum en m�akva�
algori�mneri hatku�yunner�:
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ABSTRACT

Arman Gasparyan

ON CONVERGENCE ACCELERATION ALGORITHMS FOR
EXPANSIONS BY JACOBI POLYNOMIALS

In this work the problem of convergence acceleration for series by Jacobi's or-
thonormal polynomials is being discussed in the case when the function f(x), f :
[−1, 1] → C is piecewise continuous and only the limited number of Fourier−Jacobi
coe�cients and discontinuity points: {ai}, i = 1, . . . ,m, m ≥ 1 are known.

It is known that the restoral of the values of piecewise continuous function f(x)
is not e�cient when Fourier−Jacobi partial sum

S
(α,β)
N (f) =

N∑
n=0

f (α,β)
n P̃ (α,β)

n (x), x ∈ [−1, 1],

is used, where {f (α,β)
n }, n = 0, . . . , N quantities are the Fourier−Jacobi coe�cients

of the function f(x) which contains discontinuity points, P̃
(α,β)
n (x) − are the Ja-

cobi orthonormal polynomials, as in the surrounding of discontinuity points Gibb's
phenomenon appears. Here, unlike Fourier's classical expansions, in the �nish points
of the [-1,1] section Gibb's phenomenon is not observed. The elaborated methods
of the work aim to surmount the mentioned phenomenon. The subject is actual,
as convergence acceleration algorithms of expansions by Jacobi orthonormal poly-
nomials for piecewise continuous functions haven't been suggested so far. In this
work three types of algorithms of convergence acceleration for series by Jacobi's or-
thonormal polynomials have been developed. The algorithms di�er not only in their
complexities, but also in the order of convergence acceleration, which is obvious from
numerical results. Some theoretical results have been obtained for the convergence
acceleration algorithms. They are the following:

Theorem 1. Let, f(x) ∈ C2[aj , aj+1], j = 0, ...,m, q = max(α, β) < 0 and

F 0
N (x) =

N∑
n=0

(f (α,β)
n − Ωn

0 ) P̃
α,β
n (x) +G(x), G(x) =

∞∑
n=0

Ωn
0 P̃

(α,β)
n (x).

If the {A0i} jumps of the expanded function are properly determined in formula
(4), then the following results are true.{

∥f(x)− F 0
N (x)∥L∞ ≤ d1 N

2 q, −1/2 ≤ q < 0

∥f(x)− F 0
N (x)∥L∞ ≤ d2 N

−1, −1 < q < −1/2,

17



Where d1 > 0 and d4 > 0 constants depend only on the {A1i} jumps of the
derivative of the expanded function (and do not depend on the arrangement of the
discontinuity points).

Theorem 2. Let, f(x) ∈ C 3[aj , aj+1], j = 0, ...,m, q = max(α, β) < 1/2 and

F 1
N (x) =

N∑
n=0

(f (α,β)
n −

m∑
k=1

(ϕ0k
n (

k∑
i=1

A0i) + ϕ1k
n (

k∑
j=1

A1j)))P̃
(α,β)
n (x) +G(x),

G(x) =

m∑
k=1

(Φ0k(x) (

k∑
i=1

A0i) + Φ1k(x)(

k∑
j=1

A1j)).

If the {A0i} and {A1i} jumps of the function and its derivative are properly
determined, then the following results are true.{

∥f(x)− F 1
N (x)∥L∞ ≤ d3 N

2 q−1, −1/2 ≤ q < 1/2

∥f(x)− F 1
N (x)∥L∞ ≤ d4 N

−2, −1 < q < −1/2,

where d3 > 0 and d4 > 0 constants depend only on the {A0i}, {A1i} and {A2i} quan-
tities (and do not depend on the arrangement of the discontinuity points). A great
number of numerical calculations have discovered the properties of the constructed
algorithms. The following results have been obtained:

1. The methods of the convergence acceleration for series by Jacobi's orthonormal
polynomials have been developed, when only �nal number discontinuity points
of the expanded function and Fourier−Jacobi coe�cients are known.

2. On the basis of the elaborated methods of convergence acceleration the package
of programs has been developed using MATHEMATICA 7 application system.

3. Two theorems on uniform convergence have been compiled and proved.

4. Numerical experiments have been carried out which describe the properties of
the elaborated algorithms.
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