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A
XATANQI �NDHANOWR BNOW�AGIR�

�emayi hratapow�yown�: Grafneri nerkman  grafowm amename�
ankax bazmow�yown gtnelow xndirner� diskret ma�ematikayi amena�at
owsowmnasirva� xndirneric en: Sa paymanavorva� � nranc sert kapov
bazma�iv kira�akan xndirneri het: Masnavorapes` kargavorowmneri
tesow�yan mej trva� a�xatanqner� nvazagowyn qanaki a�xato�nerov
katarelow kam trva� qanaki a�xato�nerov trva� a�xatanqneric
a�avelagowyn qanakov a�xatanqner� katarelow xndirner�, germe�
integralayin sxemaneri fizikakan naxag�man mej trva� ���anern
ow�eg�elow hamar anhra�e�t amena�oqr tara�q� gtnelow kam trva�
tara�qowm trva� ���aneric hnaravorins amena�atn ow�eg�elow xndirner�,
�ragri ardyownavet a�xatanqi hamar procesori �egistrneri anhra�e�t
nvazagowyn qanak� gtnelow kam �egistrneri trva� qanak� hnaravorins
ardyownavet �gtagor�elow xndirner� bervowm en nerkman xndirnerin:

Grafi minimal nerkowm  grafowm amename� ankax bazmow�yown gtnelow
xndirner� haytni  bavakana�a� lav owsowmnasirva� NP-d�var xndirner
en: Ays xndirneri hamar na owsowmnasirva� � nranc hamar lav motavor
algori�mneri goyow�yan harc�  apacowcva� �, or nranc hamar kamayakan
fiqsva� �e�man gnahatakan owneco� motavor algori�mner gtnel� nowynpes
NP-d�var �:

Grafi amename� q-nerkeli en�agraf gtnelow xndrowm pahanjvowm � ayd
grafowm gtnel a�avelagowyn qanakov gaga�ner parownako� en�agraf, or�
q-nerkeli �: Ays xndir� handisanowm � grafi amename� ankax bazmow�yown
(q = 1)  minimal nerkowm (q = χ(G), orte� χ(G)-n G grafi nerkman �ivn
�) gtnelow xndirneri �ndhanracowm�: OWsti ayn q = 1  q = χ(G) depqerowm
NP-d�var �: L isi  Yanakakisi ko�mic apacowcva� �, or ayn NP-d�var � na 
q-i bolor q = 1, 2, . . . , χ(G) ar�eqneri hamar: Haytni �, or amename� q-nerkeli
en�agraf gtnelow xndir� he�tow�yamb bervowm � amename� ankax bazmow�yown
gtnelow xndrin  haka�ak�:

Amename� q-nerkeli en�agrafi q gowyneric yowraqan�yowrov nerkva�
gaga�ner� kazmowm en ankax bazmow�yown, ayd pat�a�ov amename�
q-nerkeli en�agraf gtnelow xndir� na anvanowm en q-amename� ankax
bazmow�yownner (q-MIS, q-maximum independent sets) gtnelow xndir: E�e
ditarkenq G-i lracowm G graf�, apa G-owm amename� q-nerkeli en�agraf
gtnel� hamar�eq � G-owm aynpisi K1, K2, . . . , Kq lriv en�agrafner gtnelown,
or |

S
1≤j≤q Kj |-n lini hnaravorin �a�ov me� (qani or G-i cankaca� ankax

bazmow�yan gaga�nerov G-owm �nvowm � lriv en�agraf): Ays xndir� amename�
q lriv en�agrafner gtnelow xndirn �: �rinak, e�e G-n te�adrow�yan
graf �, apa G-owm amename� q-nerkeli en�agraf gtnelow hamar aveli
npatakaharmar � G grafowm (or� hamematow�yownneri graf �) low�el
amename� q lriv en�agrafner gtnelow xndir�: Qani or hamematow�yownneri
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grafowm ayn low�vowm � aveli parz algori�mi mijocov:
A�ajin angam amename� q-nerkeli en�agraf gtnelow xndir� � akerpvel

 �fektivoren low�vel � intervalneri grafneri hamar: Hetagayowm m�akvel
en algori�mner ayd xndri low�man hamar e�ankyownacva� (fiqsva� q-i
depqowm), hamematow�yownneri  kohamematow�yownneri grafneri daseri
hamar: Kataryal grafneri dasi hamar ays xndiri low�owm� kamayakan q-i
depqowm NP-d�var �, isk e�e q-n hamarenq fiqsva� parametr, apa de� s
haytni �� ayd xndri NP-d�var linel�: Kataryal grafner� yowrahatowk en
nranov, or nranc hamar haytni en amename� ankax bazmow�yown  nvazagowyn
qanaki gowynerov nerkowm gtno� bazmandamayin algori�mner: 
rjanag�i
a�e�neri grafi hamar goyow�yown ownen amename� ankax bazmow�yown gtno�
algori�mner, bayc minimal nerkowm gtnelow xndir� NP-d�var �: Het abar qi�
havanakan �, or kamayakan q-i depqowm amename� q-nerkeli en�agraf gtnelow
xndri hamar goyow�yown ownena bazmandamayin algori�m �rjanag�i a�e�neri
grafneri hamar: Min� ay�m haytni en bazmandamayin algori�mner q = 1
 q = 2 depqeri hamar, aysinqn amename� ankax bazmow�yown  amename�
erkko�mani en�agraf gtno� algori�mner:

Tranzitiv ko�mnoro�va� grafnerowm amename� q-nerkeli en�agraf
gtnelow xndir� handisanowm � q hat anti���aneri amename� miavorowm�
gtnelow xndir�: 
��aneri  anti���aneri amename� miavorowm� gtnelow
xndirneri owsowmnasirman mej kentronakan te� � gravowm Grin-Kleytmani
�eorem�  nra erkaki �eorem�: Aynowhet Fomin�  Frank� �ndhanracrel en
Grin-Kleytmani �eorem�  nra erkaki �eoremn aciklik ko�mnoro�va� grafneri
hamar, nranc ko�mic trva� apacowyc� himnva� � grafowm potenciali
ga�a�ari  grafowm nvazagowyn ar�eqov �rjana�ow�yown  hosq gtnelow
vra: Ayd konstrowktiv apacowycner� �owyl en talis ka�owcel trva� qanakov
���aneri  anti���aneri a�avelagowyn miavorowmner� gtno� bazmandamayin
algori�mner:

�ptimal (amename�) q-nerkeli en�agrafi oro� hatkow�yownner` kapva�
minimax haraberow�yownneri het owsowmnasirva� en Ber�i  Kameroni
a�xatanqnerowm:

A�xatanqi npatakn ow xndirner�: A�xatanqi npatakn � hetazotel
grafowm amename� q-nerkeli en�agraf gtnelow xndir�, nra hamar gtnel
aveli ardyownavet ow aveli parz ��grit algori�mner  aveli �oqr �e�man
gnahatakan owneco� motavor algori�mner: A�xatanqowm owsowmnasirva�
� na hamematow�yownneri grafneri amename� ankax bazmow�yownneri
amena�oqr transversali hzorow�yan  ayd transversal� gtnelow harc�:

Hetazotman �byekt�: A�xatanqi hetazotman �byekt en handisanowm
q-nerkeli en�agrafner�  �hatvo� amename� ankax bazmow�yownneri
bazmow�yownner�:

Hetazotman me�odner�: A�xatanqowm laynoren �gtagor�va� en
grafneri tesow�yan me�odner�, hatkapes, grafowm maqsimal hosq, nvazagowyn
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ar�eqov �rjana�ow�yown gtnelow, graf� nvazagowyn qanakov ���aneri
ba�anelow me�odner�:

Ardyownqneri gitakan norow�yown�: A�xatanqi himnakan ardyownqnern
en.

• Maqsimal hosq gtnelow algori�mi vra himnva�  het abar` goyow�yown
owneco� algori�mic aveli ardyownavet algori�mi ka�owcowm�` q = ω − 2
depqowm (orte� ω-n grafi amename� lriv en�agrafi gaga�neri qanakn
�) amename� q-nerkeli en�agraf gtnelow hamar,

• amename� q-nerkeli en�agraf gtnelow hamar �ndhanracva� agah
algori�mi ka�owcowm�  nra hamar �e�man gnahatakani gtnel�,
or� lavacnowm � sovorakan agah algori�mi hamar haytni �e�man
gnahatakan�,

• hamematow�yownneri grafneri amename� ankax bazmow�yownneri
transversalayin �vi  nranc ankaxow�yan �vi havasarow�yan
apacowyc�, amena�oqr transversal gtno� algori�mi ka�owcowm�:

Atenaxosow�yan bolor ardyownqner� nor en  stacva� en he�inaki ko�mic
a�ajin angam:

Stacva� ardyownqneri kira�akan n�anakow�yown�: A�xatanqowm
stacva� ardyownqner� ownen kar or tesakan  gor�nakan n�anakow�yown:
Arden n�el enq amename� q-nerkeli en�agraf gtnelow xndri mi qani
kira�ow�yownner, isk hamematow�yownneri grafneri amename� ankax
bazmow�yownneri transversalayin �vi hamar stacva� ardyownq� diskret
ma�ematikayi` goyow�yan minimax tipi ardyownqneri dasin patkano�
hetaqrqir ardyownq �:

Stacva� ardyownqneri aprobacian: Atenaxosow�yownowm stacva�
ardyownqner� zekowcvel en Er ani petakan hamalsarani diskret
ma�ematikayi ambioni, informatikayi  kira�akan ma�ematikayi
fakowlteti seminarnerowm:

Hratarakow�yownner�: A�xatanqi �emayov hratarakvel � ereq
a�xatanq, oronc cowcak� berva� � se�magri verjowm:

Atenaxosow�yan ka�owcva�q�  �aval�: A�xatanq� ba�kaca� � cankic,
nera�ow�yownic, �ors glowxneric, am�o�owmic  �gtagor�va� grakanow�yan
cankic: A�xatanqi �avaln � 113 �j` nera�yal 163 anvanowm parownako�
�gtagor�va� grakanow�yan cank�:

A
XATANQI BOVANDAKOW�YOWN�

Nera�ow�yan mej himnavorva� � atenaxosow�yan hratapow�yown�  
hakir� nerkayacva� � atenaxosow�yan amen mi glxi parownakow�yown�:

A�ajin glxowm trva� � amename� q-nerkeli en�agraf gtnelow xndri
formal sahmanowm�, apa berva� en nra NP-d�varow�yan  amename� ankax
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bazmow�yown gtnelow xndrin hamar�eq linelow apacowycner�: Aynowhet berva�
en amename� q-nerkeli en�agraf gtnelow xndri mi qani kira�ow�yownner.
yowraqan�yowr kira�ow�yan hamar cowyc � trva�, �e in�pes kareli ayd xndri
low�owm� hangecnel amename� q-nerkeli en�agraf gtnelow xndrin:

Ays glxowm sahmanva� en atenaxosow�yan mej �gtagor�vo� grafneri`
intervalneri, te�adrow�yan, hamematow�yownneri, kohamematow�yownneri,
e�ankyownacva�, �rjanag�i a�e�neri  kataryal grafneri daser�:

Sahmanowm 1. G = (V, E) sovorakan o� ko�mnoro�va� graf� kanvanenq

hamematow�yownneri (comparability) graf, e�e nra gaga�ner� kareli

� �oxmiar�eq hamapatasxanow�yan mej dnel or � masnaki

kargavorva� bazmow�yan �lementneri het aynpes, or nra erkow

gaga�neri mij goyow�yown ownena ko� ayn  miayn depqowm, e�e ayd

gaga�nerin hamapatasxano� masnaki kargavorva� bazmow�yan

�lementner� hamemateli en:

Yowraqan�yowr grafneri dasi hamar n�va� en ayd dasi grafner�
�ana�o� algori�mneri bardow�yownner�, in�pes na ayd dasi hamar amename�
ankax bazmow�yown, minimal nerkowm  amename� q-nerkeli en�agraf gtno�
bazmandamayin algori�mneri haytni linelow �aster�: Berva� en sahmanva�
grafneri daseri mij goyow�yown owneco� kaper�:

Nerkayacva� � intervalneri grafnerowm amename� q-nerkeli en�agraf
gtno� mi algori�m: Apa nerkayacva� en amename� q-nerkeli en�agraf
gtnelow xndri a�an�nahatkow�yownner� tranzitiv ko�mnoro�va� grafneri
hamar  �gtvelov Grin-Kleytmani �eoremi kosntrowktiv apacowycic`
ka�owcva� � hamematow�yownneri grafowm amename� q-nerkeli en�agraf gtno�
bazmandamayin algori�m:

Erkrord glxowm owsowmnasirva� � amename� q-nerkeli en�agraf gtno�
mi algori�mi �ptimalow�yan harcn ow a�ajarkva� � amename� q-nerkeli
en�agraf gtno� �ptimal algori�m` q = ω− 2 depqi hamar, orte� ω-n grafi
amename� lriv en�agrafi gaga�neri qanakn �:

A�ajin harcin patasxanelow hamar ka�owcva� � tranzitiv
ko�mnoro�va� grafneri en�adas, ori hamar ayd algori�m� �i gtnowm
amename� ω − 2-nerkeli en�agraf� (te|s patker 1):

q = ω − 2 depqowm amename� q-nerkeli en�agraf gtnelow hamar
a�ajarkva� � het yal algori�m�:
Algori�m

Dicowq trva� � G hamematow�yownneri graf�:

1. G graf� or � � ov tranzitiv ko�mnoro�el, apa stacva� ~Gω graf�
�ertavorel:
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vω 

Patker 1

2. Avelacnelov s  t nor gaga�ner` ka�owcel Nω canc�, owr masnakcowm
en �ertavorva� ~Gω grafi miayn har an �erteri gaga�ner� miacno�
a�e�ner�, isk s  t gaga�ner� miacva� en hamapatasxanabar
a�ajin  verjin �erteri bolor gaga�nerin:

3. Nω cancowm gtnel minimal s− t Yω gaga�ayin ktrva�q:

4. Ka�owcel ~Gω−1 = ~Gω − Yω tranzitiv ko�mnoro�va�  �ertavorva�
graf�:

5. ~Gω−1 �ertavorva� grafic ka�owcel Nω−1 canc� Nω canci ka�owcman�
hamanman � ov:

6. Nω−1-in avelacnel hanva� Yω gaga�ner� het yal � ov: Dicowq Nω−1

cancowm ownenqX0 = {s}, X1, . . . , Xω−1, Xω = {t} �erter�: y ∈ Yω gaga�n
avelacnenq ayn Xk  Xk+1 �erteri mij , or ~Gω − (Yω \ {y}) grafowm y-in
naxordo� bolor gaga�ner� gtnven X0, X1, · · · , Xk �erterowm, isk y-in
hajordo� bolor gaga�ner� gtnven Xk+1, · · · , Xω−1, Xω �erterowm: Parz
�, or ∀y ∈ Yω gaga�i hamar goyow�yown owni miak k �iv aynpisin, or y
gaga�� kareli � avelacnel Xk  Xk+1 �erteri mij :
Xk  Xk+1 �erteri mij avelacva� amen mi y ∈ Yω gaga�i het
avelacnel ~Gω grafi ayn a�e�ner�, oronq y gaga�� kapowm en Xk  Xk+1

�erteri gaga�neri het: Stacva� canc� n�anakel N+
ω−1:

7. N+
ω−1 cancin amen yi ∈ Yω gaga�i hamar avelacnel si  ti gaga�ner�

 (s, si), {(si, u)
.

u ∈ Γyi}, (ti, t), {(v, ti)
.

v ∈ Γ−1yi} a�e�ner�:

Stacva� canc� n�anakel N++
ω−1:

8. N++
ω−1-owm gtnel minimal s− t Yω−1 gaga�ayin ktrva�q:
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9. Yω−1-� trohel erkow masi. Yω−1 = Y ′
ω−1 ∪ Yst, orte�

Yst = Yω−1 ∩ {si, ti

.
yi ∈ Yω}, Y ′

ω−1 = Yω−1 \ Yst

Aynowhet ka�owcel Y = Y ′
ω−1 ∪ Y ′

ω bazmow�yown�, orte�

Y ′
ω = {yi ∈ Yω

.
{si, ti} ∩ Yst 6= ∅}

Atenaxosow�yownowm cowyc � trva�, or Yω ∩ Yω−1 = ∅,  or, e�e Yst ∩
{si, ti} 6= ∅, apa |Yst ∩ {si, ti}| = 1 : Het abar |Y ′

ω| = Yst, het abar
|Y | = |Yω−1| :
~Gω−2 = ~Gω − Y -� klini amename� ω − 2 -nerkeli en�agraf�:

Apacowcva� � ays algori�mi �ptimalow�yown�  berva� en nra a�xatanq�
parzabano� �rinakner:

Algori�mi �ptimalow�yan apacowycowm �akan der en xa�owm algori�mi
�n�acqowm ka�owcvo� N+

ω−1  N++
ω−1 canceri hamar apacowcva� het yal

hatkow�yownner�:

1. E�e N++
ω−1 cancowm goyow�yown owni y ∈ Yω gaga�, or Γ−1y = {s} kam

Γy = {t}, apa y ∈ Y :

2. N+
ω−1-owm goyow�yown ownen |Yω| hat gaga�nerov �hatvo� ω erkarow�yan

���aner, oroncic yowraqan�yowrn ancnowm Yω-i �i�t mek gaga�ov:

3. N+
ω−1-owm goyow�yown �owni yi-ic yj ���a, orte� yi, yj ∈ Yω ow yi 6= yj :

4. N++
ω−1 cancowm s-ic t gnaco� cankaca� ���a karo� � ancnel amena�at�

mek si kam tj gaga�ov, aysinqn N++
ω−1 cancowm s-ic t gnaco� cankaca�

���a karo� � ownenal amena�at� mek ��i�q:

5. Yω ∩ Yω−1 = ∅
6. E�e Yst ∩ {si, ti} 6= ∅, apa |Yst ∩ {si, ti}| = 1 :

7. E�e yi ∈ Yω \ Y , apa s-ic yi gnaco� cankaca� ���a, in�pes na yi-ic
t gnaco� cankaca� ���a, parownakowm en gone mek gaga� Y -ic:

8. E�e yi ∈ Y ∩ Yω , apa ka|m s-ic yi gnaco� cankaca� ���a, ka|m yi-ic t
gnaco� cankaca� ���a parownakowm � gone mek gaga� Y \ {yi}-ic,

Atenaxosow�yownowm a�ajarkva� algori�mi ardyownavetow�yown�
hamematva� � Grin-Kleytmani �eoremi apacowycic stacvo� �ndhanowr
algori�mi ardyownavetow�yan het. cowyc � trva�, or a�ajarkva� algori�mi
bardow�yown� �st kargi log n angam (orte� n-� grafi gaga�neri qanakn �)
�oqr � �ndhanowr algori�mi bardow�yownic, sa paymanavorva� � nranov, or
mer algori�m� himnva� � grafowm maqsimal hosq gtnelow algori�mi vra, isk
�ndhanowr algori�m�` nvazagowyn ar�eqov �rjana�ow�yown gtnelow algori�mi
vra:
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Errord glxowm a�ajarkva� � amename� q-nerkeli en�agraf gtno�
motavor algori�m  gtnva� � nra a�avelagowyn hnaravor �e�owmn �ptimal
algori�mic:

Min� motavor algori�mi nkaragrowm� ays glxowm sahmanva� en motavor
algori�mneri himnakan tesakner�, yowraqan�yowr tesaki hamar berva�
en �rinakner, ow n�va� � ayd tesaki motavor algori�mneri goyow�yan
hnaravorow�yownn amename� q-nerkeli en�agraf gtnelow xndri masnavor depq
handisaco� amename� ankax bazmow�yown  minimal nerkowm gtnelow xndirneri
hamar: Aynowhet nerkayacva� � bazmandamayin �amanakowm ha�varkvo� mi
me�ow�yown (Lovasi �eta fownkcian), or� handisanowm � ver ic gnahatakan
grafi xtow�yan hamar  nerq ic gnahatakan` nerkman �vi hamar, isk
heto ditarkva� � ayd me�ow�yan mi �ndhanracowm, or� handisanowm � ver ic
gnahatakan amename� q-nerkeli en�agrafi gaga�neri qanaki hamar:

Amename� q-nerkeli en�agraf gtnelow hamar a�ajarkva� motavor
algori�mn owni motavor bnowy�. ayn ir yowraqan�yowr qaylowm (iteraciayi
�n�acqowm) gtnowm � �n�acik grafi a�avelagowyn �vov irar het �hatvo�
amename� ankax bazmow�yownner: Ays algori�mn anvanel enq �ndhanracva�
agah algori�m, i tarberow�yown ayn algori�mi, orn ir yowraqan�yowr qaylowm
gtnowm � �n�acik grafi miayn mek amename� ankax bazmow�yown, or�  anvanel
enq sovorakan agah algori�m: Sovorakan agah algori�m� kareli � kira�el
aynpisi grafneri dasi vra, oronc hamar gaga�neri amename� ankax
bazmow�yown gtnelow xndirn owni �fektiv low�owm: Aydpisin en, �rinak, kataryal
 �rjanag�i a�e�neri grafneri daser�: Isk �ndhanracva� agah algori�mi
hamar anhra�e�t �, or a�avelagowyn �vov amename� ankax bazmow�yownner
gtnelow xndirn ownena �fektiv low�owm: �rinak` hamematow�yownneri  
kohamematow�yownneri grafneri daseri hamar gtnva� en a�avelagowyn �vov
amename� ankax bazmow�yownner gtno� algori�mner:

�ndhanracva� agah algori�mi nkaragrow�yown� het yaln �:
�ndhanracva� agah algori�m

Dicowq trva� � G sovorakan graf�  q bnakan �iv�:

1. Vercnel G1 = G, p = 1:

2. Gp grafowm gtnel maqsimal qanakov zowyg a� zowyg irar het �hatvo�
amename� ankax bazmow�yownner Ip1, Ip2, . . . , Ipkp :

3. E�e
Pp

i=1 ki ≥ q, apa orpes q-nerkeli en�agraf vercnel

G′ = G

"
p−1[
i=1

ki[
j=1

Iij +

m[
j=1

Ipj

#

graf�, orte�
Pp−1

i=1 ki + m = q,  avartel algori�mi a�xatanq�,
haka�ak depqowm ka�owcel Gp+1 = Gp−

Skp

j=1 Ipj graf�, vercnel p = p+1
 ancnel 2-rd qaylin:
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Ays algori�mi hamar gtnva� � nra a�avelagowyn hnaravor �e�owmn
�ptimal algori�mic: Stacva� gnahatakani iskow�yan apacowycic het owm
�, or ayd gnahatakan� �i�t � na sovorakan agah algori�mi hamar, owsti
ays ardyownq� lavacnowm � sovorakan agah algori�mi hamar Nara�imhani
ko�mic stacva� �e�man gnahatakan�:

�eorem 1. �ndhanracva� agah algori�mov stacva� en�agrafi

gaga�neri qanaki �e�owmn amename� en�agrafi gaga�neri qanakic �i

gerazancowm 1+1/(e−1), aysinqn ayn handisanowm � 1+1/(e−1)-algori�m:

Ays �eoremi apacowycic anmijapes stacvowm � het yal het anq�, or� �owyl
� talis stanal aveli lav �e�man gnahatakan, e�e haytni �, �e qani qayl �
katarel �ndhanracva� agah algori�m�:

Het anq 1. E�e �ndhanracva� agah algori�mi a�xatanqi �n�acqowm

algori�mi 2-rd qayl� katarvel � �ndamen� p angam (aysinqn algori�mn

avartel � ir a�xatanq�` katarelov �ndamen� p iteracia), apa

stacva� q-nerkeli en�agrafi gaga�neri qanak� �oqr � amename�

q-nerkeli en�agrafi gaga�neri qanakic amena�at� 1
1−(1−1/p)p angam:

�ndhanracva� agah algori�mi �e�man gnahatakani masin �eoremi
apacowycic �gtvelov` ka�owcva� � grafneri das, oronc hamar �ndhanracva�
agah algori�mi �e�owmn in�qan ases mot � stacva� �e�man gnahatakanin,
orte�ic het owm �, or stacva� �e�man gnahatakan� hnaravor �� lavacnel:

Ays glxi verjowm owsowmnasirva� � amename� q-nerkeli en�agraf gtnelow
xndri` amename� ankax bazmow�yown gtnelow xndrin hamar�eq linelow �asti
�gtagor�man hnaravorow�yownn amename� q-nerkeli en�agraf gtnelow xndri
hamar ��grit ow motavor algori�mner ka�owcelow hamar:

�orrord glxowm owsowmnasirva� � hamematow�yownneri grafowm
amename� ankax bazmow�yownneri transversalayin  ankaxow�yan �veri
havasarow�yan harc�. apacowcva� �, or nranq havasar en,  ka�owcva�
� hamematow�yowneri grafi amename� ankax bazmow�yownneri amena�oqr
transversal� ka�owco� algori�m ow gnahatva� � nra bardow�yown�:

Glxi skzbowm trva� en bazmow�yownneri �ntaniqi transversali  nra het
a�n�vo� ga�a�arneri sahmanowmner�:

Sahmanowm 2. Dicowq A = (A1, A2, . . . , An)-n X bazmow�yan

en�abazmow�yownneri �ntaniq �: Kasenq, or T ⊆ X bazmow�yown�

handisanowm � (A1, A2, . . . , An) bazmow�yownneri �ntaniqi transversal,

e�e Ai ∩ T 6= ∅, i = 1, . . . , n: Amena�oqr transversali hzorow�yann

anvanowm en transversalayin �iv:
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Oro� a�xatanqnerowm, transversal aselov, haskanowm en tarber
nerkayacowci�neri hamakarg: Bayc ays se�magrowm transversal� khaskananq
ver owm sahmanva� imastov:

Ays glxowm himnavorva� � amena�oqr transversal� gtnelow xndri
NP-d�varow�yown�, apa trva� � transversalayin hipergrafi sahmanowm�  
berva� en nra himnakan kira�ow�yownner�:

Aynowhet nerkayacva� � Markosyani ko�mic a�ajarkva�
hamematow�yownneri grafowm a�avelagowyn qanakov zowyg a� zowyg irar
het �hatvo� amename� ankax bazmow�yownner gtno� het yal algori�m�
(ays  myows algori�mneri nkaragrow�yan mej grafi amename� ankax
bazmow�yownnerin kanvanenq α-bazmow�yownner):

Algori�m
Dicowq trva� � G hamematow�yownneri graf�:

1. G graf� tranzitiv ko�mnoro�el:

2. G-n ba�anel minimal qanakov irar het �hatvo� lriv en�agrafneri
Q1, Q2, . . . , Qα, Qi = {xi

1, x
i
2, . . . , x

i
ki
}, i = 1, 2, . . . , α:

3. Vercnel S = {x1
1, x

2
1, . . . , x

α
1 }:

4. E�e �n�acik S = {x1
p1 , x2

p2 , . . . , xα
pα
} bazmow�yan gaga�neri mij 

goyow�yown owni a�e�, apa ancnel 5-rd qaylin, haka�ak depqowm ancnel
6-rd qaylin

5. Dicowq (xi
pi

, xj
pj

) a�e� � S-i gaga�neri mij : E�e pi+1 ≤ ki, apa vercnel
S = (S \{xi

pi
})∪{xi

pi+1}  ancnel 4-rd qaylin, haka�ak depqowm avartel
algori�mi a�xatanq�:

6. S = {x1
p1 , x2

p2 , . . . , xα
pα
} bazmow�yown� vercnel orpes her�akan

α-bazmow�yown: E�e pi + 1 ≤ ki, i = 1, 2, . . . , α, apa vercnel S =
{x1

p1+1, x
2
p2+1, . . . , x

α
pα+1}  ancnel 4-rd qaylin, haka�ak depqowm avartel

algori�mi a�xatanq�:

Manramasnoren apacowcva� � ays algori�mi ko�ektow�yownn ow
�ptimalow�yown�,  gnahatva� � nra bardow�yown�: Ays algori�m� nkaragrva�
� ays glxowm, qani or ayn kentronakan der � xa�owm hamematow�yownneri
grafi amename� ankax bazmow�yownneri transversalayin �vi gnahatman
mej  amena�oqr transversal� ka�owco� algori�mowm:

Bazmow�yownneri �ntaniqi transversalayin  ankaxow�yan �veri
havasrow�yan xndir� (harc�) diskret ma�ematikayi himnarar xndirneric
�: Nowyn tipi harci en patasxanowm, �rinak, Mengeri, Dilvorti, Qyonigi
haytni �eoremner�:

�eorem 2. Hamematow�yownneri grafi hamar amename� ankax

bazmow�yownneri �ntaniqi amena�oqr transversali gaga�neri
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qanak� havasar � zowyg a� zowyg �hatvo� amename� ankax

bazmow�yownneri a�avelagowyn qanakin:

Ays �eoremi apacowycn owni konstrowktiv bnowy�, or� �owyl � talis ka�owcel
O(n + mn1/2) kargi` amena�oqr transversal gtno� algori�m, orte� n-�
grafi gaga�neri qanakn �, isk m-�` ko�eri:

Algori�m
Dicowq trva� � G hamematow�yownneri graf�:

1. G graf� tranzitiv ko�mnoro�el:

2. G-n ba�anel minimal qanakov irar het zowyg a� zowyg �hatvo� lriv
en�agrafneri Q1, Q2, . . . , Qα, Qi = {xi

1, x
i
2, . . . , x

i
ki
}, i = 1, 2, . . . , α:

3. Hamematow�yownneri grafowm a�avelagowyn qanakov zowyg a� zowyg
irar het �hatvo� α-bazmow�yownner gtno� algori�mi mijocov gtnel
Y1, Y2, . . . , Ym a�avelagowyn qanakov zowyz a� zowyg irar het �hatvo�
α-bazmow�yownner: Ayd algori�mi 1-in  2-rd qayler� petq �� katarel,
qani or ays algori�mi 1-in  2-rd qaylerowm da arden arvel �:

4. 
rjel G grafi bolor a�e�neri ow��ow�yownner�: Ardyownqowm noric
kownenanq tranzitiv ko�mnoro�va� graf:

5. Vercnel k = m  S = {x1
k1 , x2

k2 , . . . , xα
kα
}:

6. Katarel a�avelagowyn qanakov α-bazmow�yownner gtno� algori�mi 4-ic
5-rd qayler� min� S = {x1

p1 , x2
p2 , . . . , xα

pα
}-� da�na ankax bazmow�yown:

7. Vercnel Yk ∩ S-ic or � v gaga� (�st �eorem 2-i Yk ∩ S 6= ∅), en�adrenq`
v = xj

pj
:

8. v gaga�n avelacnel ka�owcvo� transversalin:

9. E�e k = 1, apa avartel algori�mi a�xatanq�, haka�ak depqowm
vercnel k = k − 1, S = {x1

p1 , . . . , xj
pj−1, . . . , x

α
pα
}  ancnel 6-rd qaylin:

Ankaxow�yan  transversalayin �veri havasarow�yan masin apacowcva�
�eoremic het owm �, or hamematow�yownneri grafi amename� ankax
bazmow�yownneri hatowmneri grafn owni α-�a�kowy�, aysinqn ayn kareli � �a�kel
α hat lriv en�agrafnerov, orte� α-n ayd hatowmneri grafi amename� ankax
bazmow�yan �a�n �:

�naya�, or α-bazmow�yownneri hatowmneri grafn owni α-�a�kowy�, ayn
kataryal ��: Qani or, e�e vercnenq patker 2-i hamematow�yownneri graf�,
apa S1 = {v1, v4, v8}, S2 = {v2, v4, v7}, S3 = {v2, v5, v9}, S4 = {v3, v5, v9}, S5 =
{v3, v6, v8} ankax bazmow�yownnerov hatowmneri grafowm �nva� en�agraf� 5
erkarow�yamb cikl �:

Glxi verjowm berva� � mengeryan hipergrafi sahmanowm�  apacowcva� �
hetyal �eorem�:
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1
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2
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3
v  

4
v  

5
v  

6
v  

8
v  

9
v  

7
v  

Patker 2

Sahmanowm 3. H = (V, E) hipergraf� kanvanenq mengeryan, e�e

H-i cankaca� H ′ zowgahe�acman ankax ko�eri a�avelagowyn qanak�

havasar � gaga�neri minimal qanakin, oronq �a�kowm en bolor ko�er�:

�eorem 3. Dicowq G = (V, E)-n hamematow�yownneri graf �: H = (V, E)

hipergraf�, orte� E-n G grafi α-bazmow�yownneri bazmow�yownn �,

mengeryan hipergraf �:

Himnakan drowy�nern ow ezrahangowmner�

A�xatanqowm owsowmnasirva� � grafowm amename� q-nerkeli en�agraf
gtnelow xndir�, nra hamar aveli ardyownavet ow ��grit algori�mneri
ka�owcman harc�,  hamematow�yownneri grafi amename� ankax
bazmow�yownneri amena�oqr transversali hzorow�yan harc�:

A�xatanqi himnakan ardyownqnern en.

1. Hamematow�yownneri grafneri hamar q = ω − 2 depqowm amename�
q-nerkeli en�agraf gtno� aveli ardyownavet algori�mi ka�owcowm�,

2. Amename� q-nerkeli en�agraf gtnelow hamar �ndhanracva� agah
algori�mi a�ajarkowm�  nra �e�man gnahatowm�,

3. Sovorakan agah algori�mi hamar haytni �e�man gnahatakani
lavacowm�,

4. Hamematow�yownneri grafi amename� ankax bazmow�yownneri
transversalayin  ankaxow�yan �veri havasarow�yan apacowyc�,
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5. Hamematow�yownneri grafi amename� ankax bazmow�yownneri
amena�oqr transversal gtno� algori�mi ka�owcowm�:

Atenaxosow�yan �emayi �rjanaknerowm hratarakva� a�xatow�yownneri
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Àäàìÿí Ðóáåí Îãàíîâè÷

Èññëåäîâàíèå çàäà÷ è ðàçðàáîòêà àëãîðèòìîâ ðàñêðàñêè ãðàôîâ

ñðàâíåíèÿ

Ðåçþìå

Äèññåðòàöèîííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ çàäà÷ q-ðàñêðàñêè ãðàôîâ
ñðàâíåíèÿ è ïîñòðîåíèþ òî÷íûõ è ïðèáëèæåííûõ àëãîðèòìîâ äëÿ
íàõîæäåíèÿ ìàêñèìàëüíîãî q-õðîìàòè÷åñêîãî ïîäãðàôà. Çàäà÷è ðàñêðàñêè
ãðàôîâ îäíè èç ñàìûõ èçó÷åííûõ çàäà÷ äèñêðåòíîé ìàòåìàòèêè.

Â çàäà÷å íàõîæäåíèÿ ìàêñèìàëüíîãî q-õðîìàòè÷åñêîãî ïîäãðàôà
òðåáóåòñÿ íàéòè q-ðàñêðàøèâàåìûé ïîäãðàô, ñîäåðæàùèé íàèáîëüøåå
âîçìîæíîå êîëè÷åñòâî âåðøèí. Ýòà çàäà÷à ÿâëÿåòñÿ îáîáùåíèåì çàäà÷
íàõîæäåíèÿ íàèáîëüøåãî íåçàâèñèìîãî ìíîæåñòâà è ìèíèìàëüíîé ðàñêðàñêè
ãðàôà.

Â äèññåðòàöèè òàêæå èçó÷åíà ïðîáëåìà ìîùíîñòè ìèíèìàëüíîãî
òðàíñâåðñàëÿ ìíîæåñòâà íàèáîëüøèõ íåçàâèñèìûõ ìíîæåñòâ ãðàôà
ñðàâíåíèÿ.

Â ðàáîòå ïîëó÷åíû ñëåäóþùèå îñíîâíûå ðåçóëüòàòû

1. Ïîñòðîåí áîëåå ýôôåêòèâíûé àëãîðèòì äëÿ íàõîæäåíèÿ
ìàêñèìàëüíîãî q-õðîìàòè÷åñêîãî ïîäãðàôà â ãðàôå ñðàâíåíèÿ ïðè
q = ω − 2, ãäå ω - ÷èñëî âåðøèí íàèáîëüøåãî ïîëíîãî ïîäãðàôà.

2. Ïîñòðîåí îáîáùåííûé æàäíûé àëãîðèòì äëÿ íàõîæäåíèÿ
ìàêñèìàëüíîãî q-õðîìàòè÷åñêîãî ïîäãðàôà è íàéäåíî åãî îòêëîíåíèå
îò îïòèìàëüíîãî àëãîðèòìà.

3. Óëó÷øåíà îöåíêà îòêëîíåíèÿ îáû÷íîãî æàäíîãî àëãîðèòìà äëÿ òîé æå
çàäà÷è q-ðàñêðàñêè.

4. Äîêàçàíî ðàâåíñòâî ÷èñåë òðàíñâåðñàëüíîñòè è íåçàâèñèìîñòè
ìíîæåñòâà íàèáîëüøèõ íåçàâèñèìûõ ìíîæåñòâ ãðàôà ñðàâíåíèÿ.

5. Ïðåäëîæåí àëãîðèòì äëÿ íàõîæäåíèÿ ìèíèìàëüíîãî òðàíñâåðñàëÿ
ìíîæåñòâà íàèáîëüøèõ íåçàâèñèìûõ ìíîæåñòâ ãðàôà ñðàâíåíèÿ.

Ruben Adamyan

Study and construction of coloring algorithms for comparability

graphs
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