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Abstract

In this thesis first of all we present the holomorphic factorization for-
malism. This formalism allows to describe generalizations of Coulomb
and oscillator models via introduction of complex variables. First of
all we discuss this scheme on well known examples of TTW and PW
systems. Then we do this for higher dimensional cases. We do the so
called oscillator-Coulomb reduction procedure using the holomorphic fac-
torization formalism. Moreover we discuss also curved spaces namely the
spherical and pseudospherical generalizations. Finally we describe some
examples of superintegrable models using this formalism.

After this we concentrate on the complex analogue of the Smorodinsky-
Winternitz system interacting with an external magnetic field. Firstly
we discuss the usual real N -dimensional Smorodinsky-Winternitz system.
The main result we have obtained for the real case is the convenient form
of the symmetry algebra. Then we introduce the complex analogue of this
system, and write down the its hidden symmetries. We also obtain im-
portant result for this model, namely the symmetry algebra and quantum
solutions. Eventually we compute the symmetry algebra for the general-
ized MICZ-Kepler system using the results we have obtained before for
the C2-Smorodinsky-Winternitz system.

Moreover we introduce the complex projective analogue of the Rosochatius
system in an external magnetic field. Here again we see that it is super-
integrable, since it has hidden constants of motion. We write have found
also its symmetry algebra, classical and quantum solutions. Namely we
find solutions for the classical equations of motion, wavefunctions and the
energy spectrum.

Finally we formulate the Supersymmetric generalizations of CN - Smorodin-
sky -Winternitz and CPN -Rosochatius models. For this purpose we have
introduced SU(2|1) supersymmetrization which allows to construct weak
N = 4 superextensions of systems on Kähler manifolds interacting with an
external magnetic field. We introduce SU(2|1)-Supersymmetric mechan-
ics. Using this formalism one can find supersymmetric models on Kähler
manifolds using the fact that all these systems can be viewed as SU(2|1)-
Kähler oscillator with different Kähler potentials. Then we have shown
Kähler potentials which give rise to SU(2|1)-Supersymmetric extensions
of CN -Smorodinsky-Winternitz and CPN -Rosochatius systems.
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Relevance and motivation

Integrable models are crucial for modern theoretical and mathemati-
cal physics. Due to the fact that different physical phenomena can have
similar mathematical description, exactly solvable models can be used in
many different areas. One can see that using these models huge amount
of (both macroscopic and microscopic) physical phenomena can be de-
scribed. Moreover integrable models can have applications even in other
disciplines, due to the fact that system of integrable differential equa-
tions arise in other subjects e.g. mathematics, computer science, biology
etc. The thesis is devoted to superintegrable extensions of oscillator and
Coulomb models with an inverse square potential. Integrable models with
inverse square potential are studied for few decades. Due to this fact they
are well studied and there are many important results about these sys-
tems. Namely the Calogero-model has unique properties and due to that
nowadays this is an important system in mathematical physics. On the
other hand projective spaces have also interesting properties . Due to the
fact that they are maximally symmetric spaces it is important to consider
physical systems on these spaces. Unfortunately these two branches of
mathematical physics are disconnected now. Complex analogs of Calogero
model are not studied well and attempts to construct complexification of
Calogero-like models haven’t succeeded yet.

Aim of the dissertation

Main goal of this thesis is to construct superintegrable generalizations
of oscillator and Coulomb with an inverse square potential. Develop new
formalism and study the properties of constructed models. We also focus
on generalizations on Kähler manifolds (CN and CPN ) of oscillator with
an inverse square potential.

• Develop a holomorphic factorization formalism, which is a conve-
nient framework for constructing and working with oscillator and
Coulomb like models namely with generalizations with an inverse
square potential.

• Introduce complex generalization of Smorodinsky-Winternitz sys-
tem. This is a generalization of oscillator with an inverse square
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potential. We also study the properties of this system. Also our is
to find its constants of motion and solve it.

• Introduce a non-trivial superintegrable model on a complex-projective
space, namely the analogue of Rosochatius model on complex pro-
jective space, find its conserved quantities, and explicit solutions

• Via presenting the technique of SU(2|1)-Supersymmetric mechanics
we show that supersymmetric extensions of these systems can be
constructed.

Novelty of the works

Formalism of holomorphic factorization is developed. Holomorphic fac-
torization is done for TTW and PW systems. We also showed the rela-
tionship of constants of motion found via this formalism and the result
known before. Several results for oscillator and Coulomb like models are
rewritten using this formalism.Using this formalism isospectral models of
Calogero model are found here.

Many crucial results are found here also for Smorodinsky-Winternitz
model. As we know even for real case symmetry algebra of Smorodinsky
Winternitz model was not written in a convenient form. Introduction
of complex version in presence of an external magnetic field is also nov-
elty. Moreover symmetry algebra and quantum solutions for the complex
Smorodinsky model is also done here. Another important result is the
derivation of the symmetry algebra of generalized MICZ-Kepler system.

Another important novelty is the introduction of superintegrable model
with an inverse square potential on complex projective space (CPN -Rosochatius
system). Conserved quantities of this model and the algebra they form is
also an important result for us. Needless to say that classical and quantum
solutions of this model is another important result.

Although formalism of Kähler superoscillator was introduced before,
we gave explicit expressions of the Kähler potential, which give rise to
the supersymmetric generalization of complex Smorodinsky and complex
projective Rosochatius models.
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Practical value

• Holomorphic factorization formalism can be used to investigate oscillator-
like and Coulomb-like models, namely the generalization related to
the Calogero model.

• In condensed matter physics models on complex projective spaces
are strongly related with the quantum Hall effect. Particularly four-
dimensional Hall effect can be related with the systems in CP3.

• In High energy physics their role cannot be overestimated. These
systems can be viewed as simplified toy models for field theoretical
complicated models in high energy research. Our particular exam-
ple of Calogero model is an example of conformal mechanics. It
is well known that conformal symmetry has a crucial role in mod-
ern high energy research. In this context supersymmetrization of
these systems is also important. Moreover Calogero-like models are
strongly related with AdS2/CFT1 correspondence. For this purpose
supersymmetric extensions also have a crucial practical value.

• C1-Smorodinsky-Winternitz system is a popular model for the qual-
itative study of the so-called quantum ring , and the study of its
behaviour in external magnetic field is quite a natural task. Respec-
tively, CN -Smorodinsky-Winternitz could be viewed as an ensemble
of N quantum rings interacting with external magnetic field. So
investigation of its symmetry algebra is of the physical importance.

• CPN -Rosochatius system does not split into a set of N two-dimensional
decoupled systems. Instead, it can be interpreted as describing
interacting particles with a position-dependent mass in the two-
dimensional quantum rings.
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Content

CHAPTER 1

This chapter is an introduction and we introduce some general con-
cepts are discussed. We give a brief discussion of Hamiltonian mechanics.
We discuss well known examples of maximally superintegrable models,
namely the oscillator and Coulomb systems. We discuss mechanical mod-
els interacting with an external magnetic field, and introduce action angle
variables. Moreover we give a short review on Kähler manifolds and dis-
cuss maximally symmetric examples of it, namely complex Euclidean and
complex projective spaces. Also a short description of supersymmetric
mechanics is given.

CHAPTER 2

The goal of this chapter is to present ”holomorphic factorization” to
the superintegrable generalizations of oscillator and Coulomb systems on
N -dimensional Euclidean space, sphere and two-sheet hyperboloid (pseu-
dosphere). For this purpose we parameterize the phase spaces of that
system by the complex variable Z = pr + ı

√
2I/r identifying the radial

phase subspace with the Klein model of Lobachevsky plane, and by the
complex variables ua =

√
IaeıΦa unifying action-angle variables of the

angular part of the systems.
Analyzing these deformations in terms of action-angle variables, it was
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found that they are superintagrable iff the spherical part has the form

I =
1

2

(
N−1∑
a=1

kaIa + c0

)2

(1)

with c0 be arbitrary constant and ka be rational numbers . So different
angular parts give different oscillator-like and Coulomb-like models. We
formulate, in these terms, the constants of motion of the systems under
consideration and calculate their algebra. Besides, we extend to these
systems the known oscillator-Coulomb duality transformation.

The Trembley-Turbiner-Wintenitz (TTW) system, invented a few years
ago, is a particular case of the Calogero-oscillator system. It is defined
by the Hamiltonian of two-dimensional oscillator, with the angular part
replaced by a Pöschl-Teller system on circle: Although the TTW and PW
systems are particular cases of the Calogero-type models, they continue
to attract enough interest due to their simplicity. In particular, a couple
of years ago, it was suggested a specific representation for the constants
of motion of the TTW and PW systems (including those on sphere and
hyperboloid) , called a ”holomorphic factorization”. conserved quantities
are presented and the symmetry algebra can also be computed.

So now we will briefly present some results we have found using this
formalism. Holomorphic variables obey the following Poisson brackets:

{Z, Z̄} = − ı(Z − Z̄)2

2
√
2I

, {ua, ūb} = −ıδab, (2)

{Z, ua} = −uaΩa
ı(Z̄ − Z)

2
√
2I

, {Z, ūa} = ūaΩa
ı(Z̄ − Z)

2
√
2I

, (3)

where Ωa = Ωa(I) =
∂
√
2I

∂Ia
.For conformal mechanics H0 =

p2r
2
+ I

r2
we can

write conserved quantities

{ZeıΛ,H0} = 0 iff {Λ,
√
2I} = −1. (4)

where Λ is the angle-like variable, conjugate with
√
2I .

Evidently, its real part is the ratio of Hamiltonian and its angular part
and does not contain any new constant of motion. Nevertheless, such a
complex representation seems to be useful not only from an aesthetical
viewpoint, but also for the construction of supersymmetric extensions.
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Note that we can write down the hidden symmetry generators for the
conformal mechanics, modified by the oscillator and Coulomb potentials
as well. The Hamiltonian of the N -dimensional oscillator and its hidden
symmetry generators look as follows:

Hosc = H0 +
ω2r2

2
, Mosc

a =

(
Z2 − 2ω2I

(Z̄ − Z)2

)na

u2ma
a , (5)

The Hamiltonian and hidden symmetry of the Coulomb problem are de-
fined by

HCoul = H0 −
γ√
r
, MCoul

a =

(
Z − ıγ

2
√
I

)na

uma
a . (6)

where

ka =
na

ma
, ma, na ∈ N . (7)

So, we extended the method of ”holomorphic factorization” initially
developed for the two-dimensional oscillator and Coulomb system, to the
superintegrable generalizations of Coulomb and oscillator systems in any
dimension. For this purpose we parameterized the angular parts of these
systems by action-angle variables. To our surprise, we were able to get, in
these general terms, the symmetry algebra of these systems. Notice, that
above formulae hold not only on the Euclidean spaces, but for the more
general one, if we choose I be the system with a phase space different
from T∗S

N−1.
We describe oscillator Coulomb correspondence in terms complex vari-

ables introduced here. We will use ”untilded” notation for the description
of oscillator, and the ”tilded” notation for the description of Coulomb
system.

Z̃ =
ı(Z̄ − Z)

λ
√
I

Z, Ĩ =
I
4
, Λ̃ = 2Λ

Moreover we have considered spherical and pseudospherical deformations
of these systems and found conserved quantities for above mentioned mod-
els on these curved spaces using the so called κ-deformation formalism.
Holomorphic variable has the following form

Z =
√

|κ| pχ√
2
+

ı
√
I

Tκ
, (8)
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Moreover deformed symmetry algebra is also found.
Examples of the spherical parts are also discussed, namely for

I ≡ 1

2
jN , ja = p2a−1 +

ja−1

sin2 ka−1θa−1
, a = 1, . . . N − 1 (9)

and
I =

1

2
Fn−1, Fa = P 2

θa +
g2a+1

cos2 θa
+

Fa−1

sin2 θa
(10)

We have found ua for these systems, so the holomorphic description can
be easily used.

CHAPTER 3

The one-dimensional singular oscillator is a textbook example of a sys-
tem which is exactly solvable both on classical and quantum levels.The
sum of its N copies, i.e. N -dimensional singular isotropic oscillator is,
obviously, exactly solvable as well. It is given by the Hamiltonian

H =

N∑
i=1

Ii, Ii =
p2i
2

+
g2i
2x2

i

+
ω2x2

i

2
, (11)

It is not obvious that in addition to Liouville Integrals Ii this system pos-
sesses supplementary series of constants of motion, and is respectively,
maximally superintegrable, i.e. possesses 2N − 1 functionally indepen-
dent constants of motion. All these constants of motion are of the second
order on momenta. It seems that this was first noticed by Smorodin-
sky and Winternitz. For this reason this model is sometimes called
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Smorodinsky-Winternitz system and we will use this name as well. No-
tice also that Smorodinsky-Winternitz system is a simplest case of the
generalized Calogero model(with oscillator potential) associated with an
arbitrary Coxeter root system. Thus, one hopes that observations done
in this simple model could be somehow extended to the Calogero models.
There is a well-known superintegrable generalization of the oscillator to
sphere, which is known as Higgs oscillator.

About fifty years ago it was noticed that this system possesses addi-
tional set of constants of motion given by the expressions

Iij = LijLji −
g2i x

2
j

x2
i

−
g2jx

2
i

x2
j

, {Iij , H} = 0, (12)

where Lij are the generators of SO(N) algebra.
The generators Iij provides additional N −1 functionally independent

constants of motions and so this system is maximally superintegrable.
These generators define highly nonlinear symmetry algebra,

{Ii, Ijk} = δijSik−δikSij , {Iij , Ikl} = δjkTijl+δikTjkl−δjlTikl−δilTijk

(13)
where

S2
ij = −16(IiIjIij + I2i g

2
j − I2j g

2
i +

ω2

4
I2ij − g2i g

2
jω

2) (14)

T 2
ijk = −16(IijIjkIik + g2kI

2
ij + g2j I

2
ik + g2i I

2
jk − 4g2i g

2
j g

2
k). (15)

The generators S2
ij and T 2

ijk are of the sixth-order in momenta and an-
tisymmetric over i, j, k indices. The above symmetry algebra could be
written in a compact form if we redefine the generators. Quantum-
mechanically the maximal superintegrability is reflected in the dependence
of its energy spectrum on the single,“principal” quantum number only.

Moreover we consider simple generalization of the Smorodinsky-Winternitz
system interacting with constant magnetic field. It is defined on the N -
dimensional complex Euclidian space parameterized by the coordinates
za by the Hamiltonian

H =

N∑
a=1

(
πaπ̄a +

g2a
zaz̄a

+ ω2zaz̄a
)
, {πa, z

b} = δab, {πa, π̄b} = ıBδab

(16)
The (complex) momenta πa have nonzero Poisson brackets due to the
presence of magnetic field with magnitude B. We will refer this model as
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CN -Smorodinsky-Winternitz system.It can be interpreted as a sum of N
two-dimensional singular oscillators interacting with constant magnetic
field perpendicular to the plane. For sure, in the absence of magnetic
field this model could be easily reduced to the conventional Smorodinsky-
Winternitz model, but the presence of magnetic field could have nontrivial
impact which is studied in this chapter. So, our main goal is to inves-
tigate the whole symmetry algebra of this system. Set of hidden con-
stants of motion defined in complete analogy with those of conventional
Smorodinsky-Winternitz system:

Iab = Lab̄Lbā +
(g2azbz̄b

zaz̄a
+

g2bz
az̄a

zbz̄b

)
, {Iab,H} = 0, a ̸= b (17)

with Lab̄ being generators of SU(N) algebra. Also symmetry algebra is
computed in this chapter, which has more complicated form, but after
redefinition it will have the similar form to the symmetry algebra of the
real Smorodinsky-Winternitz model with redefined symmetry generators.

Let us briefly discuss the number of conserved quantities. We have N
real functionally independent constants of motion (Ia). Moreover let us
mention that Iab is also real, and although it has N(N−1)/2 components,
the number of functionally independent constants of motion is N − 1.

In addition to this, the complex system has N real conserved quantities
(Laā). So the total number of constants of motion is 3N − 1 and it is
superintegrable (but not maximally superintegrable). Especially if N = 1
the system is integrable. For N = 2 the system is superintegrable, but it
has only one additional constant of motion (minimally superintegrable).

Quantization will be done using the fact that CN -Smorodinsky-Winternitz
system is a sum of two dimensional singular oscillators. This allows to
write the wave function as a product of N wave functions and total energy
of the system as a sum of the energies of its subsystems. So the initial
problem reduces to two-dimensional one. After solving the Schrödinger
equation one can find the energy spectrum and wavefunction of this sys-
tem. The wavefunction contains a hypergeometric function. As it was
mentioned in contrast to the real case it depends on N + 1 quantum
numbers, namely n and ma .

Etot =

N∑
a=1

Ena,ma = ~
√

ω2 +
B2

4

(
2n+N+

N∑
a=1

√
m2

a +
4g2a
~2
)
+
B~
2

N∑
a=1

ma,

(18)
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Since CN -Smorodinsky-Winternitz system has manifest U(1) invari-
ance, we could apply its respective reduction procedure related with first
Hopf map S3/S1 = S2, which is known as Kustaanheimo-Stiefel transfor-
mation, for the particular case of N = 2. Such a reduction was performed
decade ago and was found to be resulted in the so-called “generalized
MICZ-Kepler problem” suggested by Mardoyan a bit earlier. However
the initial system was considered, it was not specified by the presence of
constant magnetic field, furthermore, the symmetry algebra of the reduced
system was not obtained there. Hence, it is at least deductive to perform
Kustaanheimo-Stiefel transformation to the C2-Smorodinsky-Winternitz
system with constant magnetic field in order to find its impact (appearing
in the initial system) in the resulting one. Furthermore, it is natural way
to find the constants of motion of the “generalized MICZ-Kepler system”
and construct their algebra.

For this purpose we have to choose six independent functions of initial
phase space variables which commute with that generators,

qk = zσkz̄, pk =
zσkπ + π̄σkz̄

2zz̄
, k = 1, 2, 3 (19)

where σk are standard 2 × 2 Pauli matrices. Matrix indices are dropped
here. This transformation is called Kustaanheimo-Stiefel transforma-
tion.To get the Coulomb-like system we fix the energy surface or re-
duced Hamiltonian, HSW − ESW = 0 and divide it on 2|q|. Then we
get the expression, which defines the Hamiltonian of “generalized MICZ-
Kepler problem”. Hence, we transformed the energy surface of the reduced
C2-Smorodinsky-Winternitz Hamiltonian to those of (three-dimensional)
“Generalized MICZ-Kepler system”. Additionally it has an inverse square
potential and this system has an interaction with a Dirac monopole mag-
netic field which affects the symplectic structure.

HgMICZ =
p2

2
+

s2

2|q|2 +
g21

|q|(|q|+ q3)
+

g22
|q|(|q| − q3)

− γ

|q| (20)

Surprisingly, the reduced system contains interaction with Dirac monopole
field only, i.e. the constant magnetic field in the original system does not
contribute in the reduced one. All dependence on B is hidden in s and γ,
which are fixed, so the reduced system does not depend on B explicitly.
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One can also perform the reduction for conserved quantities and we can
find that

I =
I1 − I2

2
+

B

4
(L22 − L11), L =

1

2
(L22 − L11), J = I12, (21)

where non-calligraphic letters are the symmetry generators of the initial
C2-Smorodinsky-Winternitz model. Using this relationship we also found
the symmetry algebra of the generalized-MICZ-Kepler system. The only
non-zero commutator is the following one

{I,J } = S (22)

where

S2 = 2HgMICZ

[
4
(
J +

1

2

(
L2−s2

))2
−
(
4g22 +(L+s)2

)(
4g21 +(L−s)2

)]
−
(
4g22 + (L+ s)2

)(
I + γ

)2
−
(
4g21 + (L − s)2

)(
I − γ

)2
− 4
(
J +

1

2
(L2 − s2)

)(
I − γ

)(
I + γ

)
(23)

CHAPTER 4

The maximally superintegrable spherical counterpart of the Smorodinsky-
Winternitz system is defined by the Hamiltonian suggested by Rosochatius
in 1877. It is a particular case of the integrable systems obtained by re-
stricting the free particle and oscillator systems to a sphere. It was studied
by many authors from different viewpoints, including its re-invention as a
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superintegrable spherical generalization of Smorodinsky-Winternitz sys-
tem. Rosochatius model, as well as its hybrid with the Neumann model,
attract a stable interest for years due to their relevance to a wide cir-
cle of physical and mathematical problems. Recently, the Rosochatius-
Neumann system was encountered, while studying strings, extreme black
hole geodesics and Klein-Gordon equation in curved backgrounds.
In this chapter we propose a superintegrable generalization of Rosochatius
(and Smorodinsky-Winternitz) system on the complex projective space
CPN . It is defined by the Hamiltonian

HRos = (1+ zz̄)
(ππ̄) + (zπ)(z̄π̄)

r20
+ r20(1+ zz̄)(ω2

0 +

N∑
a=1

ω2
a

zaz̄a
)− r20

N∑
i=0

ω2
i ,

(24)
and by the Poisson brackets providing the interaction with a constant
magnetic field of the magnitude B

{πa, z
b} = δba, {π̄a, z̄

b} = δb̄ā, {πa, π̄b} = ıBr20

(
δab̄

1 + zz̄
− z̄azb

(1 + zz̄)2

)
.

(25)
We will call it CPN -Rosochatius system. Rescaling the coordinates and
momenta as r0z

a → za, πa/r0 → πa and taking the limit r0 → ∞, ωa → 0
with r20ωa = ga kept finite, we arrive at the CN -Smorodinsky-Winternitz
system discussed in the previous chapter. The model has N manifest
(kinematical) U(1) symmetries with the generators and hidden symme-
tries with the second-order generators Iij = (I0a, Iab) defined as

I0a = J0aJ̄0ā + ω2
0z

az̄a +
ω2
a

z̄aza
, Iab = Jab̄Jbā + ω2

a
zbz̄b

zaz̄a
+ ω2

b
zaz̄a

zbz̄b
.

(26)
For sure, the symmetry algebra written above can be found by a di-

rect calculation of the Poisson brackets between the symmetry genera-
tors. However, there is a more elegant and simple way to construct it.
Namely, one has to consider the symmetry algebra of CN+1-Smorodinsky-
Winternitz system (Part III) with vanishing magnetic field, and to reduce
it, by action of the generators ı(piui−p̄iū

i), uiūi , to the symmetry algebra
of CPN -Rosochatius system.

As was already noticed, the SN -Rosochatius system is maximally su-
perintegrable, i.e. it has 2N−1 functionally independent constants of mo-
tion. On the other hand the CPN -Rosochatius system has 2N − 1 +N =
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3N − 1 functionally independent integrals. Hence, it lacks N integrals
needed for the maximal superintegrability. This situation is similar to
the Smorodinsky-Winternitz system, which is not surprising since it is
the flat limit of the Rosochatius model. We present the Hamiltonian in
these coordinates and the angular part has the form of the Pöschl-Teller
potential. Now we have the spherical coordinates and in this coordinate
system separations of variables can be done. After this we write classi-
cal solutions and wavefunction and the energy spectrum. It is worth to
mention that the wavefunction is written in terms of the hypergeometric
function, like for the Smorodinsky-Winternitz system. As was expected
the energy spectrum depends on N + 1 quantum numbers.

CHAPTER 5

Now we want to construct N = 4 supersymmetric generalizations of
CN -Smorodinsky-Winternitz and CPN -Rosochatius systems. As was men-
tioned U(1) invariant structure of these models allowed us to introduce
an external constant magnetic field without violating the symmetries of
the initial system. So for supersymmetric extensions of these models we
want to keep this interaction.

We define the supercharges and the symplectic structure of the SU(2|1)-
Superoscillator in the following form

Qα = eiν/2 cosλΘα + e−iν/2 sinλϵαγΘγ (27)
{πa, z

b} = δba, {πa, η
b
α} = −Γb

acη
cα,

{πa, π̄b} = i(Bgab̄ + iRab̄cd̄η
cαη̄d

α), {ηaα, η̄b
β} = gab̄δαβ . (28)
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where
Θα = πaη

aα + ıω̄∂̄aKϵαβ η̄a
β (29)

cos 2λ =
B√

4|ω|2 +B2
, sin 2λ = − 2|ω|√

4|ω|2 +B2
, ω = |ω|eiν (30)

Now we can present the supersymmetic algebra SU(2|1)

{Qα, Qβ} = 0, {Qα, Qβ} = 0, (31)

{Qα, Qβ} = δαβHosc+
√

4|ω|2 +B2 Rα
β {Qα,Rβ

γ} = −ıδαγQ
β+

ı

2
δβγQ

α

(32)

{Qα,Hosc} = ı

√
|ω|2 + B2

4
Qα {Rα

β ,Hosc} = 0 (33)

{Rα
β ,Rγ

δ } = ıδγβR
α
δ − ıδαδ Rγ

β . (34)
where R-charges and the Hamiltonian are as follows

Rα
β = ıgab̄η

aαη̄b
β − ı

2
δαβ gab̄η

aγ η̄b
γ (35)

Hosc = gab̄(πaπ̄b + |ω|2∂aK∂b̄K)− 1

2
Rab̄cd̄η

aαη̄b
αη

cβ η̄d
β

+
ı

2
ωKa;bη

aαηb
α +

ı

2
ω̄Kā;b̄η̄

a
αη̄

bα +
B

2
ıgab̄η

aαη̄b
α, (36)

Let us remind that Kähler potential is defined up to (anti-)holomorphic
function, so that the above superesymmetrization involves, not a single
Hamiltonian, but a family of Hamiltonians parameterized by arbitrary
holomorphic function. Now we present Kähler superoscillator for the CN -
Smorodinsky-Winternitz system. We define it by the Kähler potential

K = zz̄ +
ga
ω

log za +
ḡa
ω̄

log z̄a. (37)

In that case the Hamiltonian decouples to the sum of N weak supersym-
metric C1-Smorodinsky-Winternitz systems. On the other hand Kähler
potential

K = log(1+ zz̄)− 1

|ω|

N∑
a=1

(ωa log za + ω̄a log z̄a), ω = ω0 +

N∑
a=1

ωa, (38)
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generates supersymmetric extension for the CPN .

In Conclusion the main results are discussed.

Complete Bibliography is presented in the thesis.
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Ամփոփʡմ

• Ներկայացված է հոլոմորֆֆակտորիզացիայիֆորմալիզմը: Այսֆորմալիզմը
թʡյլ էտալիս նկարագրելԿʡլոնև օսցիլյատորհամակարգերըկոմպլեքս
փոփոխականների ներմʡծմանմիջոցով:

• Սկզբʡմմենքքննարկել ենքայս սխեմանTTWևPWհամակարգերի
համար,այնʡհետևընդհանրացրել բարձր չափողականʡթյʡնʡնեցող
համակարգերի համար:

• Կատարվել է օսցիլյատոր-Կʡլոն ռեդʡկցիանօգտագործելով հոլոմորֆ
ֆակտորիզացիայի ֆորմալիզմը:

• Քննարկվել են այս համակարգերի ընդհանրացʡմները կորացած
տարածʡթյʡններիհամար, մասնավորապեսսֆերիկևփսևդոսֆերիկ
դեպքերը:

• Դիտարկվել են որոշ սʡպերինտեգրվողհամակարգերի օրինակներ
օգտագործելով այս ֆորմալիզմը:

• Քննարկվել է բազմաչափիրականՍմորոդինկսի-Վինտերնից համակարգը
և ստացվել է սիմետրիայի հանրահաշիվըայս համակարգի համար:

• Ներմʡծվել էՍմորոդնիկսի-Վինտերնից համակարգիկոմպլեքս համարժեք
համակարգ , ներկայացվել պահպանվող մեծʡթյʡնները, ինչպես
նաև նրանց կազմած սիմետրիայի հանրահաշիվը:

• Քննարկվել էայս համակարգի քվանտացʡմը, ստացվել ենալիքային
ֆʡնկցիան և էներգիայի սպեկտրը:

• Ստացվածարդյʡնքների օգնʡթյամբհաշվվել է ընդհանրացվածՄԻԿՑ-
Կեպլեր համակարգի սիմտրիայի հանրահաշիվը:

• Ներմʡծվել է Ռոսոխատիʡս համակարգը կոմպլեքս պրոյեկտիվ
տարածʡթյʡններիվրա, ներկայացվել են շարժմանինտեգրալները,
սիմետրիայի հանրահաշիվը:

• Լʡծելով Համոլտոն-Յակոբիիհավասարʡմներըստացվել են դասական
լʡծʡմները:
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• Քննարկվել է կոմպլեքսպրոյեկտիվՌոսոխատիʡսհամակարգի քվանտացʡմը,
գրվել է Շրոդինգերիհավասարʡմըևստացվելենալիքայինֆʡնկցիաները
ʡ էներգիայի սպեկտրը:

• Նկարագրված է N=4 թʡյլ ՍʡպերսիմետրիկմեխանիկանԿելերյան
տարածʡթյʡնների վրա:

• Քննարկվել է SU(2|1) ԼանդաʡիխնդիրըայնʡհետևՍʡպերսիմետրիկ
SU(2|1) Կելերյան օսցիլյատորը:

• Այս մոտեցմանմիջոցովկառʡցվել են կոմպլեքսՍմորոդինսկի-Վինտերնից
ևկոմպլեքսպրոյոկտիվՌոսոխատիʡսհամակարգերիսʡպերսիմետրիկ
ընդհանրացʡմներ:
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Резюме

• Представлен формализм голоморфной факторизации. Этот формализм
позволяет нам описывать системы Кулона и осциллятора посредством
введения комплексных переменных.

• Сначала мы обсуждали эту схему для систем TTW и PW, а затем
обобщали для многомерных систем.

• Редукция осциллятора-Кулона была выполнена с использованием
формализма голоморфной факторизации.

• Обсуждались обобщения этих систем для искривленных пространств,
в частности, сферические и псевдосфорические случаи .

• Рассматривались некоторые примеры суперинтегрируемых систем
с использованием формализма голоморфной факторизации.

• Обсуждалась вещественная многомерная система Смородинского-
Винтерсница и была получена алгебра симметрии для этой системы.

• Был введенц комплексый аналог системы Смородинского-Винтерница,
введены сохраняющийся виличины и образующийся алгебра симметрии.

• Обсуждаено квантование этой системы, получены волновая функция
и энергетический спектр.

• Былa вычислена алгебра симетрии обобщенной системы МИКЦ-
Kеплер.

• Система Росохатиус была введена в комплексном проективном
пространстве, били представлены интегралы движения, алгебра
симметрии.

• Решая уравнения Гамолтона-Якоби были получены классические
решения.

• Обсуждалось квантование системы, получены решения уравнения
Шредингера, волновые функции и энергетический спектр.

• Описана слабая N = 4 суперсимметричная механика в Келлеровых
пространствах.
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• Сначала обсуждалась SU (2|1) задача Ландау, а затем суперсимметричный
SU (2|1) осциллятор Келлера.

• Благодаря такому подходу были построены суперсимметричные
обобщения комплексаной системы Смородинского-Винтернца и комплексной
прокективной системы Росохатиуса.

22


