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𝐹𝑞
𝑛

𝐹𝑞
𝑛

𝐹𝑞
𝑛 × 𝐹𝑞

𝑚

𝐹2



3 
 



4 
 



5 
 

𝑛

𝑛

𝐹2𝑛
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• 

• 

• 

• �̇�𝑞
𝑛 𝐹𝑞

𝑛

�̇�𝑞
𝑛 × �̇�𝑞

𝑚

𝑛 𝑚 2
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𝑚log2 3
𝑛

𝑚
(𝑞 − 1)2

 �̇�𝑞
𝑛 × �̇�𝑞

𝑚

𝑛(𝑞 − 1)(𝑞 −
1

𝑞𝑚−1
)

• 𝐹2 𝑥1𝑥2⋯𝑥𝑛 + 𝑥𝑛+1𝑥𝑛+2⋯𝑥2𝑛 +

𝑥2𝑛+1𝑥2𝑛+2⋯𝑥3𝑛 = 1

𝑛2

9𝑛𝑙𝑜𝑔2
3
+ 4

• 𝐹𝑞 𝑛 × 𝑛

𝑞𝑛−1

𝑞−1

• 𝐹𝑞 𝑛 × 𝑛

(𝑞𝑛 − 1)(𝑞𝑛−1 − 1)⋯(𝑞 − 1)
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• 𝑥𝐴 + 𝑏 𝐴 𝑛 × 𝑛

𝐹𝑞  𝑏 𝐹𝑞
𝑛

𝐹𝑞
𝑛

2𝑞
𝑛

𝐴𝑛
𝐴𝑛 ≈

𝑞𝑛
2+𝑛

𝐴𝑛 

• 𝐹𝑞
𝑛

𝑁 ⊆ 𝐹𝑞
𝑛

𝐶𝑅(𝐺) × #𝑜𝑟𝑏𝐺(𝑁) 𝑆𝑡𝑎𝑏(𝑁) 𝐺

𝐶𝑅(𝐺) 𝐺

𝑆𝑡𝑎𝑏(𝑁) 𝑁 #𝑜𝑟𝑏𝐺(𝑁)
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6
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{

𝑓1(𝑥1, ⋯ , 𝑥𝑛) = 𝛼1
𝑓1(𝑥1, ⋯ , 𝑥𝑛) = 𝛼2

⋮
𝑓𝑚(𝑥1, ⋯ , 𝑥𝑛) = 𝛼𝑚

,                                                     (1.1)

𝑓𝑖

𝛼𝑖 ∈ {0,1} 𝑖 = 1,⋯ ,𝑚
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(1.1)

𝑁𝑃 𝑓𝑖

2 2 (1.1) 𝑁𝑃

(1.1)

{

𝑓1(𝑥1, ⋯ , 𝑥𝑛) = 1

𝑓2(𝑥1, ⋯ , 𝑥𝑛) = 1
⋮

𝑓𝑚(𝑥1, ⋯ , 𝑥𝑛) = 1

,                                                     (1.2)

𝑓𝑖 𝑖 = 1,⋯ ,𝑚 (1.1)
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(1.2)

𝑓 ≡∏𝑓𝑖(𝑥1,⋯ , 𝑥𝑛)
𝑚

𝑖=1

= 1

𝑓𝑖(𝑥1,⋯ , 𝑥𝑛)

𝐷𝑖 = 𝐾𝑖1⋁⋯⋁ 𝐾𝑖𝑠

𝐷1𝐷2⋯𝐷𝑚 𝑓 𝐷

∏ 𝐾𝑖1⋁⋯⋁ 𝐾𝑖𝑠
𝑚
𝑖=1

 𝐷 = 𝐾1 ⋁𝐾2⋁⋯⋁𝐾𝑡, (1.2)

(𝑥1,⋯, 𝑥𝑛)

𝐾𝑖 1  𝑖 = 1,⋯ 𝑠

𝑠 𝐾𝑖 = 1

𝐷 𝑁𝑃

𝐷𝑖

𝑓

𝐷1𝐷2⋯𝐷𝑚
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𝐾𝑖 = 1

𝐷

𝐾 𝐾 = 1

𝐾 = 1

𝐹2

𝐺1⋁⋯⋁𝐺𝑠 𝐺𝑖 𝐹2

𝑖 = 1,⋯ , 𝑠
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𝑓
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𝑥1 +

𝑥2 +⋯+ 𝑥𝑛(𝑚𝑜𝑑 2)

𝑛 2

𝑛

𝑦 = 𝑥𝐴 + 𝑏 𝐴

𝐹2 𝑏
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𝐹2

𝐹𝑞

𝐹𝑞
𝑛

𝐹𝑞
𝑛

𝐹𝑞
𝑛 𝑁 𝑙(𝑛, 𝑘, 𝑁) 𝑘

𝑁

[
𝑛
𝑘
]
𝑞
(2−𝑞

𝑘
𝑞𝑛−𝑘 − 𝑛2−𝑞

𝑘/2
𝑞(𝑛−𝑘)/2) ≤ 𝑙(𝑛, 𝑘, 𝑁) ≤ [

𝑛
𝑘
]
𝑞
(2−𝑞

𝑘
𝑞𝑛−𝑘 + 𝑛2−𝑞

𝑘/2
𝑞(𝑛−𝑘)/2)

[
𝑛
𝑘
]
𝑞

𝐹𝑞
𝑛 𝑘
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𝑘

[
𝑛
𝑘
]
𝑞

(
𝑛
𝑘
)

⌈𝑙𝑜𝑔𝑞 𝑛 + 𝑙𝑜𝑔𝑞 𝑙𝑜𝑔𝑞 𝑛⌉ + 1

⌈𝑙𝑜𝑔2 𝑛⌉

⌈𝑙𝑜𝑔2 𝑛 − 4; 𝑙𝑜𝑔2 𝑛 + 3 ⌉

 𝑙𝑜𝑔2 𝑙𝑜𝑔2 𝑛

𝑁 ⊆ 𝐹𝑞
𝑛 𝐸(𝑁)

𝑛𝑛(1−𝛽𝑛) ≤ 𝐸(𝑁) ≤ 𝑛𝑛(1+𝛼𝑛)

𝛽𝑛 = 𝛽/ 𝑙𝑜𝑔𝑞 𝑛 , 𝛼𝑛 = 𝛼/ 𝑙𝑜𝑔𝑞 𝑛 2 (2 −
1

𝑞
𝑙𝑜𝑔2 𝑞 ) < 𝛼, 𝛽 < 2 (2 −

1

𝑞
𝑙𝑜𝑔2 𝑞 ) + 휀

휀

𝑙(𝑛) ≡ max 𝑙(𝑓)
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𝛼 ∙ 𝑒−1/3𝑞(𝑛+1)
2/4 ≤ 𝑙(𝑛) ≤ 𝛼 ∙ 𝑒4/3𝑞(𝑛+1)

2/4

𝛼 = {
1,          𝑛 ≡ 1 𝑚𝑜𝑑 2

𝑞−1/4,   𝑛 ≡ 1 𝑚𝑜𝑑 2 

𝑆(𝑁)

(1 − 휀(𝑛))
𝑞𝑛

2𝑞𝑛 𝑙𝑜𝑔
𝑞
𝑛
≤ 𝑆(𝑁) ≤ (1 − 𝛿(𝑛))

3𝑞3𝑞𝑛 𝑙𝑜𝑔
𝑞
𝑛

2𝑛 𝑙𝑜𝑔
𝑞
𝑒

𝑙𝑖𝑚 𝛿(𝑛) = 𝑙𝑖𝑚 휀(𝑛) = 0 𝑛 → ∞

𝑆(𝑁) ≤
𝑞3𝑒2 (𝑙𝑛 2+1)𝑞𝑛

2𝑞𝑙𝑛2(𝑙𝑛 2) 𝑛

𝑞
(⌈
𝑛

2
⌉−1)

2
⌈
𝑛

2
⌉2
⌈
𝑛
2
⌉−1

≤ 𝑡(𝑛) ≤ 𝑞𝑞
𝑛(𝑛+1)

2

4
(1+𝜀(𝑛))
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𝑙𝑖𝑚 휀(𝑛) = 0 𝑛 → ∞

𝑛 1 𝑘

𝑇(𝑛)

1

𝑛 + 2
(
3

2
)
𝑛

≤ 𝑇(𝑛) ≤ 𝑐𝑜𝑛𝑠𝑡 (
3

2
)
𝑛
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0

𝑘

𝑥1
𝛼𝑖1⋁⋯⋁ 𝑥𝑛

𝛼𝑖𝑛 = 1, 𝑖 = 1,⋯ , 𝑘

𝑛

𝑘

𝑟

0 𝑛 − 𝑟 + ⌈2𝑟−1 − 𝑘/2⌉

𝑟 𝑘

0

1
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𝑟 ≤ 𝑙𝑜𝑔2 𝑛 − 𝜌(𝑛) 2𝑟 − 𝑘 = 𝑜(𝑛) 𝜌(𝑛)

𝑛

𝑘 ≤ 𝑛

𝑛 − 1

𝑘 ≤ 10

𝑛 + 2

10

𝑛 +𝑚(𝑘)

𝑚(𝑘)

𝑚(𝑘)

𝑚(𝑘)
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5

𝑚(𝑘)

𝑟 ≤ 𝑙𝑜𝑔2 𝑛 − 𝜌(𝑛) 2𝑟 − 𝑘 = 𝑜(𝑛)

𝑛

2
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(3
𝑛
2−1)

2

(
3

2
)
𝑛

2

 𝑭𝒒
𝒏

 

𝐹𝑞 𝑞 𝐹𝑞
𝑛 𝐹𝑞

𝑛 𝐹𝑞
𝑛

𝐹𝑞
𝑛 = {(𝛼1,⋯ , 𝛼𝑛) | 𝛼𝑖 ∈ 𝐹𝑞 , 𝑖 = 1,2, … , 𝑛}

𝐿 𝐹𝑞
𝑛 𝛼 ∈ 𝐹𝑞

𝑛

𝛼 + 𝐿 = {𝛼 + 𝑥 | 𝑥 ∈ 𝐿} 𝐿
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 𝐿

𝑑𝑖𝑚 (𝐿)

𝑁 ⊆ 𝐹𝑞
𝑛

𝑁 𝑥1, 𝑥2, ⋯ , 𝑥𝑚 𝑁

∑ 𝜆𝑖𝑥𝑖
𝑚
𝑖=1

𝜆1, 𝜆2, ⋯ , 𝜆𝑚 ∈ 𝐹𝑞 ∑ 𝜆𝑖
𝑚
𝑖=1 = 1

𝐹𝑞
𝑛 𝑘 𝐹𝑞

𝑛 𝑛 − 𝑘

𝐹𝑞

𝑛 𝑟

𝑛 −

𝑟 𝐹𝑞
𝑛

𝑁 ⊆ 𝐹𝑞
𝑛

𝐻1, 𝐻2, ⋯ , 𝐻𝑠 𝑁

𝐻1 ∪ 𝐻2 ∪⋯∪ 𝐻𝑠 = 𝑁 {𝐻1, 𝐻2, ⋯ , 𝐻𝑠}

𝑁

s
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𝑁

𝐿 ⊆ 𝑁

𝑁 𝐻 ⊆ 𝑁 𝐿 ⊆ 𝐻

𝐿 = 𝐻

𝐹𝑞
𝑛 𝑛 − 1

 𝑛

𝐹𝑞

𝐹2
4  𝑥1 + 𝑥3 = 1

{(1000), (1001), (1100), (1101), (0010), (0011), (0110), (0111)}

�̇�𝑞
𝑛 𝐹𝑞

𝑛

�̇�𝑞
𝑛 = 𝐹𝑞

𝑛\{(0,⋯ ,0)}
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 �̇�𝑞
𝑛

�̇�𝑞
𝑛

𝑆 ⊆ 𝐹𝑞
𝑛 𝒌

𝐹𝑞
𝑛 𝑘

1 𝐹2
𝑛

2𝑛 − 1 1

(𝑛 − 1)

𝐹𝑞
𝑛

𝑓(𝑥1,⋯ , 𝑥𝑛) = 𝛾

𝑓 𝐹𝑞
𝑛 𝐹𝑞 𝛾

(𝑛 − 1)

𝑒1, ⋯ , 𝑒𝑛 𝐹𝑞
𝑛 𝑆
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𝑆 = {𝜆𝑒𝑖 | 𝜆 ∈ 𝐹𝑞 , i = 1,⋯ , 𝑛} (2.2)

𝑆 (𝑛 −

1) 𝑛(𝑞 − 1) + 1

(𝑛 − 1)

𝐹𝑞
𝑛 (𝑛 − 1)

𝑛(𝑞 − 1) + 1

𝑥1, ⋯ 𝑥𝑘

𝑆 (𝑛 − 1)

𝑥 → 𝑥 − 𝑣

𝑆 (𝑛 − 1)

𝑆

𝑆 𝐹𝑞
𝑛



29 
 

𝑆 𝑆 (𝑛 − 1)

𝑆 𝐹𝑞
𝑛

𝑞 = 2

(𝑛 − 1

𝐹2
𝑛 𝑛(2 − 1) + 1 = 𝑛 + 1

𝐹𝑞
𝑛 (𝑛 − 1

�̇�𝑞
𝑛

𝑓(𝑥1, ⋯ , 𝑥𝑛) = 𝛼1𝑥1 +⋯+ 𝛼𝑛𝑥𝑛

𝑓 𝐹𝑞
𝑛 𝐹𝑞 𝐹𝑞

𝑛

𝐹𝑞
𝑛

𝑆 𝐹𝑞
𝑛

𝑆 𝑠 𝐻(𝑠) ∈ 𝐹𝑞
𝑛

𝐹𝑞
𝑛

𝐻(𝑠) = {𝑓 ∈  𝐹𝑞
𝑛
| 𝑓(𝑠) = 1}
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𝑠 𝐹𝑞
𝑛

𝐹𝑞

𝑠: 𝑓 → 𝑓(𝑠) 𝐻(𝑠) 𝐹𝑞
𝑛

𝑆

{𝑥 ∈ 𝐹𝑞
𝑛| 𝑓(𝑥) = 1} 

𝑓 𝐻(𝑠) 𝑠 𝑆

0 (2.4)

(2.1) 𝛾 ≠ 0 0

𝑆 𝑆 (𝑛 − 1

𝐹𝑞
𝑛 {𝐻(𝑠) | 𝑠 ≠ 0, 𝑠 ∈ 𝑆}

𝐹𝑞
𝑛

𝐹𝑞
𝑛 𝐹𝑞

𝑛
𝑛 𝐹𝑞

𝐹𝑞
𝑛

𝑛(𝑞 − 1)

�̇�𝑞
𝑛

𝑛(𝑞 − 1)
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�̇�𝑞
𝑛

0 < 𝑘 < 𝑛: �̇�𝑞
𝑛 𝑘

𝑞𝑛−𝑘 − 1 + 𝑘(𝑞 − 1)

�̇�𝑞
𝑛 × �̇�𝑞

𝑚

𝑎 = (𝑎1,⋯ , 𝑎𝑛) 𝐹𝑞
𝑛

𝑏 = (𝑏1, ⋯ , 𝑏𝑚) 𝐹𝑞
𝑚 𝑎 𝑏 𝑎 × 𝑏

𝐹𝑞
𝑛+𝑚 (𝑎1, ⋯ , 𝑎𝑛, 𝑏1, ⋯ , 𝑏𝑚)

𝐴 ⊆ 𝐹𝑞
𝑛 𝐵 ⊆ 𝐹𝑞

𝑚 𝐴 𝐵

𝐴 × 𝐵 𝐴 × 𝐵 =

{𝑎 × 𝑏 | 𝑎 ∈ 𝐴, 𝑏 ∈ 𝐵}

�̇�𝑞
𝑛 × �̇�𝑞

𝑚

𝐴 ⊆ �̇�𝑞
𝑛 × �̇�𝑞

𝑚 �̇�𝑞
𝑛 × �̇�𝑞

𝑚

𝐴 = 𝐴1 × 𝐴2 𝐴1 �̇�𝑞
𝑛 𝐴2 �̇�𝑞

𝑚

𝑑𝑖𝑚(𝐴1) = 𝑛 − 1, 𝑑𝑖𝑚(𝐴2) = 𝑚 − 1
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𝐴′ 𝐴 𝑛

�̇�𝑞
𝑛 𝐴′

𝐴′ 𝐴1 𝑛 − 1

𝐴2 𝐴 ⊆ 𝐴1 × 𝐴2 𝐴

𝐴 = 𝐴1 × 𝐴2

�̇�𝑞
𝑛 × �̇�𝑞

𝑚 𝑛 +𝑚 − 2

�̇�𝑞
𝑛 �̇�𝑞

𝑚

2 �̇�𝑞
𝑛

�̇�𝑞
𝑚

 (𝑥1,⋯ , 𝑥𝑛, 𝑦1, ⋯ , 𝑦𝑚) �̇�𝑞
𝑛 × �̇�𝑞

𝑚

�̇�2
2 × �̇�2

3

{
𝑥1 + 𝑥2 = 1

 𝑦1 + 𝑦2 + 𝑦3 = 1

2 +  3 −  2 =  3

{(10100), (10010), (10001), (10111), (01100), (01010), (01001), (01111)}
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𝐶𝑛,𝑚,𝑞 �̇�𝑞
𝑛 × �̇�𝑞

𝑚

𝐴 �̇�𝑞
𝑛 𝐵 �̇�𝑞

𝑚 𝐴

𝐵 �̇�𝑞
𝑛 × �̇�𝑞

𝑚

𝐴 𝑛(𝑞 − 1) 𝐵 𝑚(𝑞 − 1)

𝐶𝑛,𝑚,𝑞 ≤ 𝑛(𝑞 − 1) × 𝑚(𝑞 − 1) = 𝑛𝑚(𝑞 − 1)2

𝑛 > 1 𝑚 > 1 �̇�𝑞
𝑛 × �̇�𝑞

𝑚

𝐶𝑛,1,𝑞 = 𝑛(𝑞 − 1)2

 �̇�𝑞
𝑛 × �̇�𝑞

1  �̇�𝑞
𝑛 𝑛 − 1

�̇�𝑞
1 �̇�𝑞

1

�̇�𝑞
𝑛 × �̇�𝑞

1

�̇�𝑞
𝑛 �̇�𝑞

1 𝑞 − 1

�̇�𝑞
𝑛

(𝑞 − 1) × 𝑛(𝑞 − 1) = 𝑛(𝑞 − 1)2

𝐶2𝑛,2𝑚,𝑞 ≤ 3𝐶𝑛,𝑚,𝑞
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(𝑥1,⋯ , 𝑥𝑛, 𝑥𝑛+1, ⋯ , 𝑥2𝑛, 𝑦1, ⋯ , 𝑦𝑚, 𝑦𝑚+1, ⋯ , 𝑦2𝑚)

�̇�𝑞
2𝑛 × �̇�𝑞

2𝑚 �̇�𝑞
2𝑛 × �̇�𝑞

2𝑚 3

0

 (𝑥1, ⋯ , 𝑥𝑛) (𝑦1, ⋯ , 𝑦𝑚)

 (𝑥𝑛+1, ⋯ , 𝑥2𝑛) (𝑦𝑚+1, ⋯ , 𝑦2𝑚)

(𝑥1, ⋯ , 𝑥𝑛) (𝑦𝑚+1, ⋯ , 𝑦2𝑚) (𝑥𝑛+1, ⋯ , 𝑥2𝑛)

(𝑦1,⋯ , 𝑦𝑚)

(𝑥1, ⋯ , 𝑥𝑛) (𝑦𝑚+1, ⋯ , 𝑦2𝑚) (𝑥𝑛+1,⋯ , 𝑥2𝑛)

(𝑦1,⋯ , 𝑦𝑚)

�̇�𝑞
𝑛 × �̇�𝑞

𝑚

𝐿 �̇�𝑞
𝑛 × �̇�𝑞

𝑚

𝑢1, ⋯ , 𝑢𝑛 𝑣1, ⋯ , 𝑣𝑚

 𝑢1 = 𝑥1, ⋯ , 𝑢𝑛 = 𝑥𝑛 𝑣1 =

𝑦1, ⋯ , 𝑣𝑚 = 𝑦𝑚

�̇�𝑞
2𝑛 × �̇�𝑞

2𝑚
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 𝑢1 = 𝑥𝑛+1,⋯ , 𝑢𝑛 = 𝑥2𝑛 𝑣1 =

𝑦𝑚+1, ⋯ , 𝑣𝑚 = 𝑦2𝑚

�̇�𝑞
2𝑛 × �̇�𝑞

2𝑚

 𝑢1 = 𝑥1 + 𝑥𝑛+1, ⋯ , 𝑢𝑛 = 𝑥𝑛 + 𝑥2𝑛

𝑣1 = 𝑦1 + 𝑦𝑚+1, ⋯ , 𝑣𝑚 = 𝑦𝑚 + 𝑦2𝑚

�̇�𝑞
2𝑛 × �̇�𝑞

2𝑚

𝐶𝑛,𝑚,𝑞

3𝐶𝑛,𝑚,𝑞

𝑛 ≥ 𝑚 2 𝐶𝑛,𝑚,𝑞 ≤

𝑚𝑙𝑜𝑔2 3
𝑛

𝑚
(𝑞 − 1)2

𝑛 = 2𝑘 𝑚 = 2𝑡 𝑡

𝐶𝑛,𝑚,𝑞 = 𝐶2𝑘,2𝑡,𝑞 ≤ 3
𝑡2𝑘−𝑡(𝑞 − 1)2 = 3𝑙𝑜𝑔2𝑚2𝑙𝑜𝑔2 𝑛−𝑙𝑜𝑔2𝑚(𝑞 − 1)2 =

𝑚𝑙𝑜𝑔2 3
𝑛

𝑚
(𝑞 − 1)2

𝑛 = 𝑚 𝐶𝑛,𝑛,𝑞 ≤ 𝑛𝑙𝑜𝑔2 3(𝑞 − 1)2

𝐶𝑛,𝑚,𝑞 ≥ 𝑛(𝑞 − 1)(𝑞 −
1

𝑞𝑚−1
)
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𝐴 �̇�𝑞
𝑛 × �̇�𝑞

𝑚 𝐴

{
𝛼1𝑥1 +⋯+ 𝛼𝑛𝑥𝑛 = 𝛼0
𝛽1𝑦1 +⋯+ 𝛽𝑚𝑦𝑚 = 𝛽0

𝐹𝑞

𝑛 𝑚 0

𝛼0 ≠ 0 𝛽0 ≠ 0

{
𝛼1𝑥1 +⋯+ 𝛼𝑛𝑥𝑛 = 1
𝛽1𝑦1 +⋯+ 𝛽𝑚𝑦𝑚 = 1

𝑏 = (𝑏1, ⋯ , 𝑏𝑚) �̇�𝑞
𝑚 𝛽1𝑦1 +⋯+ 𝛽𝑚𝑦𝑚 = 1

𝛽1𝑏1 +⋯+ 𝛽𝑚𝑏𝑚 = 1

𝑏 𝛽1𝑏1 +⋯+ 𝛽𝑚𝑏𝑚 = 1

(𝛽1, ⋯ , 𝛽𝑚) 𝑚 − 1

𝑞𝑚−1

�̇�𝑞
𝑚

𝐴𝑏 𝐴

(𝑏1,⋯ , 𝑏𝑚) 𝑞𝑚−1

�̇�𝑞
𝑛 𝐴𝑏
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�̇�𝑞
𝑛

(𝑎1,⋯ , 𝑎𝑛) (𝑎1,⋯ , 𝑎𝑛, 𝑏1, ⋯ , 𝑏𝑚)

𝐴 �̇�𝑞
𝑛 𝑛(𝑞 − 1) |𝐴𝑏| ≥

𝑛(𝑞 − 1)

𝑏 ∈ �̇�𝑞
𝑚

∑ |𝐴𝑏|

𝑏∈�̇�𝑞
𝑚

≥ 𝑛(𝑞 − 1)(𝑞𝑚 − 1)

𝐴

𝑞𝑚−1 �̇�𝑞
𝑚

∑ |𝐴𝑏|

𝑏∈�̇�𝑞
𝑚

= 𝑞𝑚−1|𝐴|

|𝐴| ≥ 𝑛(𝑞 − 1)
𝑞𝑚−1

𝑞𝑚−1
 𝑛(𝑞 − 1)(𝑞 −

1

𝑞𝑚−1
)

𝑚 = 1

𝐶𝑛,1,𝑞 = 𝑛(𝑞 − 1)2

𝐶𝑛,2,𝑞 ≤ 3 ⌈
𝑛

2
⌉ (𝑞 − 1)2

�̇�𝑞
𝑛 × �̇�𝑞

2 (𝑥1,⋯ , 𝑥𝑛, 𝑦1, 𝑦2)
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𝐶2,2,𝑞 ≤ 3(𝑞 − 1)2

�̇�𝑞
2 × �̇�𝑞

2

𝑎, 𝑏 ∈ �̇�𝑞

(1) {
𝑥1 = 𝑎
𝑦1 = 𝑏

                  (2) {
𝑥2 = 𝑎
𝑦2 = 𝑏

                   (3) {
𝑥1 + 𝑥2 = 𝑎
𝑦1 + 𝑦2 = 𝑏

(𝑞 − 1)2

�̇�𝑞
2 × �̇�𝑞

2 𝑣 = (𝑎1, 𝑎2, 𝑏1, 𝑏2) 𝑎1 𝑏1 𝑣

(1) 𝑎2 𝑏2 𝑣

(2) 𝑎1 𝑎2 0

𝑏1 𝑏2 0 𝑣 (3)

3(𝑞 − 1)2 �̇�𝑞
2 × �̇�𝑞

2

𝑛 = 2𝑘 �̇�𝑞
𝑛 × �̇�𝑞

2

𝑖 = 1,3,⋯ ,2𝑘 − 1 և 𝑎, 𝑏 ∈ �̇�𝑞

(1𝑖) {
𝑥𝑖 = 𝑎
𝑦1 = 𝑏

                  (2𝑖) {
𝑥𝑖 = 𝑎
𝑦2 = 𝑏

                   (3𝑖) {
𝑥𝑖 + 𝑥𝑖+1 = 𝑎
𝑦1 + 𝑦2 = 𝑏

𝑣 = (𝑎1, 𝑎2⋯ , 𝑎𝑛, 𝑏1, 𝑏2) ∈ �̇�𝑞
𝑛 × �̇�𝑞

2 𝑖 𝑖 ∈

{1,3,⋯ ,2𝑘 − 1} (𝑎𝑖, 𝑎𝑖+1) 𝑣 (1𝑖) (2𝑖)

(3𝑖)
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𝑛

𝑛 3 ⌈
𝑛

2
⌉ (𝑞 − 1)2

𝑞 = 2

𝐶𝑛,2,2 = 3 ⌈
𝑛

2
⌉

𝑛 = 𝑚 = 2 2(𝑞 − 1)2
𝑞+1

𝑞
≤ 𝐶2,2,𝑞 ≤ 3(𝑞 − 1)

2 𝐶𝑛,2,2 =

3 11 ≤ 𝐶2,2,3 ≤ 12

 𝐶2,2,3 = 12

�̇�3
2 × �̇�3

2 =

(

 
 
 
 
 
 

0,1
0,2
1,0
1,1
2,2
2,0
2,1
2,2
)

 
 
 
 
 
 

×

(

 
 
 
 
 
 

0,1
0,2
1,0
1,1
2,2
2,0
2,1
2,2
)

 
 
 
 
 
 

𝐴 �̇�3
2 × �̇�3

2 𝐴

{
𝛼1𝑥1 + 𝛼2𝑥2 = 1
𝛽1𝑥1 + 𝛽2𝑥2 = 1

𝛼1, 𝛼2  𝛽1  𝛽2 ∈ 𝐹3 𝛼1, 𝛼2  𝛽1  𝛽2
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𝑡𝑖𝑗 𝐴

𝑖𝑦1 + 𝑗𝑦2 = 1 𝐴

𝑡𝑖𝑗 0 ≤ 𝑖 ≤ 2 0 ≤ 𝑗 ≤ 2 𝑡00 = 0

(0,1) 𝑦2 = 1, 𝑦1 + 𝑦2 =

1 2𝑦1 + 𝑦2 = 1

𝑡01 + 𝑡11 + 𝑡21 ≥ 4 �̇�3
2

{
 
 
 

 
 
 
𝑡01 + 𝑡11 + 𝑡21 ≥ 4
𝑡02 + 𝑡12 + 𝑡22 ≥ 4
𝑡10 + 𝑡11 + 𝑡12 ≥ 4
𝑡10 + 𝑡01 + 𝑡22 ≥ 4
𝑡10 + 𝑡02 + 𝑡21 ≥ 4
𝑡20 + 𝑡21 + 𝑡22 ≥ 4
𝑡20 + 𝑡01 + 𝑡12 ≥ 4
𝑡20 + 𝑡02 + 𝑡11 ≥ 4

 8 𝑡𝑖𝑗 ≥ 0, 0 ≤ 𝑖 ≤ 2, 0 ≤ 𝑗 ≤ 2, 𝑡00

𝑡𝑖𝑗

𝑡𝑖𝑗 2 3

≥ 13

𝑡02 = 2
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𝑡01 = 0 𝑡10 + 𝑡22 ≥ 4 𝑡11 + 𝑡21 ≥ 4 𝑡12 + 𝑡20 ≥ 4

𝑡𝑖𝑗 ≥ 2 + 0 + 4 +  4 + 4 =  14

𝑡01 = 1 𝑡10 + 𝑡22 ≥ 3 𝑡11 + 𝑡21 ≥ 3 𝑡12 + 𝑡20 ≥ 3

𝑡𝑖𝑗 ≥ 2 + 1 + 3 + 3 + 3 = 12

𝑡01 = 2 𝑡10 + 𝑡11 + 𝑡12 ≥ 4 𝑡20 + 𝑡21 + 𝑡12 ≥ 4 𝑡𝑖𝑗

≥ 2 + 2 + 4 + 4 = 12

𝑡𝑖𝑗 ≥ 12

�̇�3
2 × �̇�3

2 12

𝐹2

3𝑛 𝐹2

𝑥1𝑥2⋯𝑥𝑛 + 𝑥𝑛+1𝑥𝑛+2⋯𝑥2𝑛 + 𝑥2𝑛+1𝑥2𝑛+2⋯𝑥3𝑛 = 1

𝐹2
3𝑛
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{

 𝑥𝑖 = 1,     𝑖 = 1,2,⋯ , 𝑛
𝑥𝑛+1 = 0                        
𝑥2𝑛+1 = 0                     

3 𝑥1, 𝑥2, ⋯ , 𝑥𝑛

𝑥𝑛+1, 𝑥𝑛+2,⋯ , 𝑥2𝑛, 𝑥2𝑛+1, 𝑥2𝑛+2, ⋯ 𝑥3𝑛

2

0 1

3𝑛2

(1,1,⋯ ,1) 1

3𝑛2 + 1

𝑒1, ⋯ , 𝑒𝑛 𝐹2
𝑛 𝐵

𝐵 = {0, 𝑒1, ⋯ , 𝑒𝑛} ∪ {𝑒𝑖 + 𝑒𝑗  | 1 ≤ 𝑖 < 𝑗 ≤ 𝑛}
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𝐵 (𝑛 − 2) 𝐹2
𝑛

𝐵 𝑛 − 2

𝐿 𝑛 − 2

𝐵 𝐵

𝐹2  

{
 𝛼1𝑥1 + 𝛼2𝑥2 +⋯+ 𝛼𝑛𝑥𝑛 = 1
𝛽1𝑥1 + 𝛽2𝑥2 +⋯+ 𝛽𝑛𝑥𝑛 = 1

𝛼𝑖 = 𝛽𝑖 = 1 𝑖 𝑒𝑖 ∈

𝐿 𝑖 ≠ 𝑗 𝛼𝑖 = 1, 𝛽𝑖 = 0, 𝛼𝑗 =

0, 𝛽𝑗 = 1 𝑒𝑖 + 𝑒𝑗 ∈ 𝐿 𝐵 (𝑛 − 2)

1 + 𝑛 +
𝑛(𝑛−1)

2
=

𝑛(𝑛+1)

2
+ 1 = 𝑂(𝑛2)

�̇�2
𝑛 (𝑛 − 2)

3𝑛𝑙𝑜𝑔2 3

3𝑛𝑙𝑜𝑔2 3 (𝑛 − 2)

�̇�2
𝑛 𝐹(𝑛) 𝐹(𝑛) (𝑛 −

2) �̇�2
𝑛 𝐹(𝑛)

𝑛 − 2
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             𝐹(2) = {(0,1), (1,0), (1,1)}

𝐹(𝑛) 𝐹(2𝑛)

(𝛼1, ⋯ , 𝛼𝑛) ∈ 𝐹(𝑛) 3 𝐹(2𝑛)

(𝛼1, ⋯ , 𝛼𝑛, 𝛼1, ⋯ , 𝛼𝑛) (0,⋯ ,0, 𝛼1, ⋯ , 𝛼𝑛)  (𝛼1,⋯ , 𝛼𝑛, 0⋯ ,0) |𝐹(2𝑛)| =

3|𝐹(𝑛)| 𝐹(2𝑛) (2𝑛 − 2) �̇�2
2𝑛

𝐿 2𝑛 − 2 �̇�2
2𝑛 𝐿

      {
 𝛼1𝑥1 + 𝛼2𝑥2 +⋯+ 𝛼𝑛𝑥𝑛 + 𝛼𝑛+1𝑥𝑛+1 +⋯+𝛼2𝑛𝑥2𝑛 = 1
𝛽1𝑥1 + 𝛽2𝑥2 +⋯+ 𝛽𝑛𝑥𝑛+ 𝛽𝑛+1𝑥𝑛+1 +⋯+𝛽2𝑛𝑥2𝑛 = 1

𝐴1 = (𝛼1,⋯ , 𝛼𝑛) 𝐴2 = (𝛼𝑛+1, ⋯ , 𝛼2𝑛)  𝐵1 = (𝛽1, ⋯ , 𝛽𝑛) 𝐵2 =

(𝛽𝑛+1, ⋯ , 𝛽2𝑛) 𝐴1 𝐴2 𝐵1 𝐵2

3 

 𝐴1 𝐵1

 𝐴2 𝐵2

𝐴1 𝐵2 𝐵1 𝐴2

𝐴1 𝐵2 𝐵1 𝐴2

{
 𝛼1𝑥1 +⋯+ 𝛼𝑛𝑥𝑛 = 1
𝛽1𝑥1 +⋯+ 𝛽𝑛𝑥𝑛 = 1
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𝑛 − 2 �̇�2
𝑛

(𝑥1
0, ⋯ , 𝑥𝑛

0) 𝐹(𝑛)  (𝑥1
0, ⋯ , 𝑥𝑛

0, 0,⋯ ,0) (2.6)

𝐹(2𝑛)

{
 𝛼𝑛+1𝑥1 +⋯+ 𝛼2𝑛𝑥𝑛 = 1
𝛽𝑛+1𝑥1 +⋯+ 𝛽2𝑛𝑥𝑛 = 1

𝑛 − 2 �̇�2
𝑛

(𝑥1
0, ⋯ , 𝑥𝑛

0) 𝐹(𝑛)  (0,⋯ ,0, 𝑥1
0, ⋯ , 𝑥𝑛

0) (2.6)

𝐹(2𝑛)

{
 𝛼1𝑥1 +⋯+ 𝛼𝑛𝑥𝑛 = 1
𝛽𝑛+1𝑥1 +⋯+ 𝛽2𝑛𝑥𝑛 = 1

𝑛 − 2 �̇�2
𝑛

(𝑥1
0, ⋯ , 𝑥𝑛

0) 𝐹(𝑛)  (𝑥1
0, ⋯ , 𝑥𝑛

0, 𝑥1
0, ⋯ , 𝑥𝑛

0) (2.6)

𝐹(2𝑛)

{
 𝛼𝑛+1𝑥1 +⋯+ 𝛼2𝑛𝑥𝑛 = 1
𝛽1𝑥1 +⋯+ 𝛽𝑛𝑥𝑛 = 1
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𝑛 − 2 �̇�2
𝑛

(𝑥1
0, ⋯ , 𝑥𝑛

0) 𝐹(𝑛)  (𝑥1
0, ⋯ , 𝑥𝑛

0, 𝑥1
0, ⋯ , 𝑥𝑛

0) (2.6)

𝐹(2𝑛)

𝐹(2𝑛) (2𝑛 − 2) �̇�2
𝑛

|𝐹(2)| = 3 𝐹(2𝑛)| = 3|𝐹(𝑛)| 𝑛 = 2𝑘 |𝐹(𝑛)| =

3𝑘 = 3𝑙𝑜𝑔2 𝑛 = 𝑛𝑙𝑜𝑔2 3

𝑛 �̇�2
𝑛 (𝑛 − 2)

𝑛

(𝑛 − 2)

(𝑛 − 3)  �̇�2
𝑛−1 2𝑘 <

𝑛 ≤ 2𝑘+1 �̇�2
𝑛 (𝑛 − 2)

 �̇�2
2𝑘+1 (2𝑘+1 − 2)

3𝑘+1 𝑘 < 𝑙𝑜𝑔2 𝑛 3𝑘+1 <

3 × 3𝑙𝑜𝑔2 𝑛 = 3𝑛𝑙𝑜𝑔2 3

 𝐹2
𝑛 (𝑛 − 2)

3𝑙𝑜𝑔2 𝑛 + 1
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𝐴 𝐵

𝐹2
𝑛 𝐹2

𝑚 𝐴 × 𝐵

𝐹2
𝑛+𝑚 𝑑𝑖𝑚(𝐴 × 𝐵) = 𝑑𝑖𝑚(𝐴) + 𝑑𝑖𝑚(𝐵)

𝐿1, ⋯ , 𝐿𝑘 𝐹2
𝑛

𝑥1𝑥2⋯𝑥𝑛 = 0

𝐿1 × 𝐿1, 𝐿2 × 𝐿2, ⋯ , 𝐿𝑘 × 𝐿𝑘 𝐹2
2𝑛 𝑥1𝑥2⋯𝑥𝑛 + 𝑥𝑛+1𝑥𝑛+2⋯𝑥2𝑛 =

0 (1,1,⋯ ,1)

𝐹2
𝑛/{(1,1,⋯ ,1)} 2

(1,1,⋯ ,1)

𝐹2
𝑛/{(1,1,⋯ ,1)}

2

𝐹2
𝑛/{(0,0,⋯ ,0)}

(1,1,⋯ ,1) 𝐹2
𝑛/{(1,1,⋯ ,1)} 𝐹2

𝑛/{(0,0,⋯ ,0)}
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(1,1,⋯ ,1) (0,0,⋯ ,0)

(𝑛 − 2)

�̇�2
𝑛 𝑘

2

�̇�2
𝑛 𝑘 (𝑛 − 2)

𝐻1, ⋯ , 𝐻𝑘 �̇�2
𝑛

2

𝐻𝑖

𝛼1
𝑖𝑥1 +⋯+ 𝛼𝑛

𝑖 𝑥𝑛 = 1, 𝑖 = 1,2,⋯ , 𝑘 𝐻 = {(𝛼1
𝑖 , ⋯ , 𝛼𝑛

𝑖 )|𝑖 = 1,2,⋯ , 𝑘}

𝐻 = {(𝛼1
𝑖 , ⋯ , 𝛼𝑛

𝑖 )|𝑖 = 1,2,⋯ , 𝑘} 𝐻 (𝑛 − 2)

�̇�2
𝑛 𝑛 − 2 �̇�2

𝑛

                                                    {
𝛽1𝑥1 +⋯+𝛽𝑛𝑥𝑛 = 1
 𝛾1𝑥1 +⋯+ 𝛾𝑛𝑥𝑛 = 1

                                                                            (2.7)

(𝛽1, ⋯ , 𝛽𝑛) ( 𝛾1,⋯ , 𝛾𝑛)

𝑖 𝛼1
𝑖𝛽1 +⋯+
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𝛼𝑛
𝑖 𝛽𝑛 = 1 𝛼1

𝑖𝛾1 +⋯+ 𝛼𝑛
𝑖 𝛾𝑛 = 1 (𝛼1

𝑖 , ⋯ , 𝛼𝑛
𝑖 ) 𝐻

𝐻 = {(𝛼1
𝑖 ,⋯ , 𝛼𝑛

𝑖 )|𝑖 = 1,2,⋯ , 𝑘} (𝑛 − 2)

�̇�2
𝑛 𝐻𝑖 𝛼1

𝑖𝑥1 +⋯+ 𝛼𝑛
𝑖 𝑥𝑛 = 1, 𝑖 = 1,2,⋯ , 𝑘

𝐻1, ⋯ , 𝐻𝑘 �̇�2
𝑛

2

(𝛽1, ⋯ , 𝛽𝑛) ( 𝛾1,⋯ , 𝛾𝑛)

�̇�2
𝑛 (2.7)

𝑛 − 2 𝐻

𝑖 𝛼1
𝑖𝛽1 +⋯+ 𝛼𝑛

𝑖 𝛽𝑛 = 1 𝛼1
𝑖𝛾1 +⋯+ 𝛼𝑛

𝑖 𝛾𝑛 = 1

(𝛽1,⋯ , 𝛽𝑛) (𝛾1, ⋯ , 𝛾𝑛) 𝐻𝑖

 9𝑛𝑙𝑜𝑔2
3
+ 4:

4

𝐴 = {(𝛼1, ⋯ , 𝛼3𝑛) | 𝛼1, ⋯ , 𝛼𝑛 = 1, 𝛼𝑛+1,⋯ , 𝛼2𝑛 = 0, 𝛼2𝑛+1, ⋯ , 𝛼3𝑛 = 0}

𝐵 = {(𝛼1, ⋯ , 𝛼3𝑛) | 𝛼1, ⋯ , 𝛼𝑛 = 0, 𝛼𝑛+1,⋯ , 𝛼2𝑛 = 1, 𝛼2𝑛+1, ⋯ , 𝛼3𝑛 = 0}
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𝐶 = {(𝛼1, ⋯ , 𝛼3𝑛) | 𝛼1, ⋯ , 𝛼𝑛 = 0, 𝛼𝑛+1, ⋯ , 𝛼2𝑛 = 0, 𝛼2𝑛+1, ⋯ , 𝛼3𝑛 = 1}

𝐷 = {(1,⋯ ,1)}

𝑥1𝑥2⋯𝑥𝑛 + 𝑥𝑛+1𝑥𝑛+2⋯𝑥2𝑛 = 0                                                   (2.7)

𝑔(𝑛) (2.5)

𝐴 (2.7)

2𝑛

(1,⋯ ,1) 𝐵 𝐶 (1,⋯ ,1)

𝐷 0

3𝑛 (1,⋯ ,1)

3𝑔(𝑛) + 1:

2.4.1 (𝑛 − 2) �̇�2
𝑛

3𝑛𝑙𝑜𝑔2 3

�̇�2
𝑛 2

𝐹2
𝑛/{(1,1,⋯ ,1)} 2

2.4.3
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3𝑛𝑙𝑜𝑔2 3 + 1 𝑥1𝑥2⋯𝑥𝑛 + 𝑥𝑛+1𝑥𝑛+2⋯𝑥2𝑛 = 0

𝑔(𝑛) ≤ 3𝑛𝑙𝑜𝑔2 𝑛 + 1 (2.5)

3𝑔(𝑛) + 1

(2.5) 3𝑔(𝑛) + 1 ≤

9𝑛𝑙𝑜𝑔2 𝑛 + 4

 

 

𝐹𝑞 𝑛 × 𝑛

𝑴𝒏(𝑭𝒒) 𝑛2 𝐹𝑞

𝑀𝑛(𝐹𝑞)

𝑚 ∈ 𝑀𝑛(𝐹𝑞)

𝑑𝑒𝑡(𝑚) = 0

𝑚 ∈ 𝑀𝑛(𝐹𝑞)

𝑑𝑒𝑡(𝑚) ≠ 0
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𝑀𝑛(𝐹𝑞)

𝐺𝐿𝑛(𝐹𝑞)

𝐹𝑞
𝑛 𝑘

(0 < 𝑘 ≤ 𝑛)

[
𝑛
𝑘
]
𝑞
=
(𝑞𝑛 − 1)(𝑞𝑛−1 − 1)⋯(𝑞𝑛−𝑘+1 − 1)

(𝑞𝑘 − 1)(𝑞𝑘−1 − 1)⋯ (𝑞 − 1)

[
𝑛
𝑘
]
𝑞

[
𝑛
0
]
𝑞
= 1, [

𝑛
𝑘
]
𝑞
= [

𝑛
𝑛 − 𝑘

]
𝑞

𝑀𝑛(𝐹𝑞)\𝐺𝐿𝑛(𝐹𝑞)

𝑑𝑒𝑡 (

𝑥11 𝑥12 ⋯ 𝑥1𝑛
𝑥21 𝑥22 ⋯ 𝑥2𝑛
⋮
𝑥𝑛1

⋮
𝑥𝑛2

 
⋯

⋮
𝑥𝑛𝑛

) = 0 (3.1)

(3.1)  𝐹𝑞 𝑛2
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𝑛2 − 𝑛 𝑀𝑛(𝐹𝑞)\

𝐺𝐿𝑛(𝐹𝑞)

 

 

𝑊 𝑀𝑛(𝐹𝑞) 𝑟

𝑑𝑖𝑚(𝑊) > 𝑟𝑛 𝑊

𝑟

𝑟 = 𝑛 − 1 𝑊

𝑛2 − 𝑛

𝑛 − 1 𝑛 − 1

𝑛2 −

𝑛
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𝑥 𝑦 𝐹𝑞
𝑛 𝑥⨂𝑦 ∈ 𝑀𝑛(𝐹𝑞)

𝑥 𝑦

𝑥 = (𝑥1, ⋯ , 𝑥𝑛), 𝑦 = (𝑦1,⋯ , 𝑦𝑛)

𝑥⨂𝑦 = (

𝑥1𝑦1 𝑥1𝑦2 ⋯ 𝑥1𝑦𝑛
𝑥2𝑦1 𝑥2𝑦2 ⋯ 𝑥2𝑦𝑛
⋮

𝑥𝑛𝑦1

⋮
𝑥𝑛𝑦2

 
⋯

⋮
𝑥𝑛𝑦𝑛

)

𝐴, 𝐵 ⊆ 𝐹𝑞
𝑛 𝐴⨂𝐵

{𝑥⨂𝑦|𝑥 ∈ 𝐴, 𝑦 ∈ 𝐵}

𝑀𝑛(𝐹𝑞)\𝐺𝐿𝑛(𝐹𝑞)

𝑊 ⊆ 𝑀𝑛(𝐹𝑞)

𝑚 ∈ 𝑀𝑛(𝐹𝑞) 𝑑𝑒𝑡(𝑚) = 0 𝑑𝑖𝑚(𝑊) ≤ 𝑛(𝑛 − 1)

𝑑𝑖𝑚(𝑊) = 𝑛(𝑛 − 1) 𝑊 = 𝐸⨂𝐹𝑞
𝑛 𝑊 = 𝐹𝑞

𝑛⨂𝐸 𝐸

𝑛 − 1 𝐹𝑞
𝑛

𝐹𝑞
𝑛 𝑛 − 1

𝑀𝑛(𝐹𝑞)\𝐺𝐿𝑛(𝐹𝑞) 𝐹𝑞
𝑛

𝑛 − 1

𝛼1𝑥1 +⋯+ 𝛼𝑛𝑥𝑛 = 0 𝛼1, ⋯ 𝛼𝑛 ∈ 𝐹𝑞
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𝑛 = 3, 𝑞 = 3 𝑥1 + 2𝑥3 = 0

0

{

𝑥11 + 2𝑥31 = 0

𝑥12 + 2𝑥32 = 0

𝑥13 + 2𝑥33 = 0
 

0

{

𝑥11 + 2𝑥13 = 0

𝑥21 + 2𝑥23 = 0

𝑥31 + 2𝑥33 = 0

𝐹𝑞
𝑛 𝑛 − 1

[
𝑛

𝑛 − 1
]
𝑞
=

𝑞𝑛−1

𝑞−1

𝑞𝑛−1

𝑞−1

𝑞𝑛−1

𝑞−1
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𝑀𝑛(𝐹𝑞)\𝐺𝐿𝑛(𝐹𝑞)

𝑀𝑛(𝐹𝑞)\𝐺𝐿𝑛(𝐹𝑞)

𝑀𝑛(𝐹𝑞)

𝐿 𝑀𝑛(𝐹𝑞)\𝐺𝐿𝑛(𝐹𝑞)

𝑅

𝐶

𝐿

𝑅

𝑅

𝐶



57 
 

• 𝑟1 = 𝛼2𝑟2 +⋯+ 𝛼𝑛𝑟𝑛

• 𝑐1 = 𝛽2𝑐2 +⋯+ 𝛽𝑛𝑐𝑛

𝑟1, ⋯ , 𝑟𝑛 𝑐1, ⋯ , 𝑐𝑛 𝑚

𝑚 = (

  𝛽2𝛼2 +⋯+ 𝛽𝑛𝛼𝑛 𝛼2 ⋯ 𝛼𝑛
𝛽2                              1 ⋯ 0
⋮
𝛽𝑛

                             
⋮
0

 
⋯

⋮
1

)

(𝑛 − 1) × (𝑛 − 1)

𝑚

• 𝑚 ∈ 𝑅

• 𝑚 ∈ 𝐶

• 𝑚

• 𝑚
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𝑚

𝑚

𝐿 𝑅 𝐶 𝑚

𝑀𝑛(𝐹𝑞)\𝐺𝐿𝑛(𝐹𝑞)

3.2.4

𝑀𝑛(𝐹𝑞)\𝐺𝐿𝑛(𝐹𝑞)

𝑞𝑛−1

𝑞−1
= 1 + 𝑞 + 𝑞2 +⋯+ 𝑞𝑛−1

𝐺𝐿𝑛(𝐹𝑞)

𝐺𝐿𝑛(𝐹𝑞) 𝑉 ⊆

𝐺𝐿𝑛(𝐹𝑞) 𝑝 ∈ 𝑉 𝑝−1𝑉 𝐺𝐿𝑛(𝐹𝑞)

𝐼𝑛 𝑉

𝐻

𝐼𝑛 − 𝜆𝑚 ∈ 𝐺𝐿𝑛(𝐹𝑞) (3.2)
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𝜆 ∈ 𝐹𝑞 𝑚 ∈ 𝐻 𝐻

0 𝜆 ≠ 0 𝑚

𝑑𝑒𝑡(𝑚 − 𝜆𝐼𝑛) = 0 −
1

𝜆
det(𝐼𝑛 − 𝜆𝑚) =

0 (3.2)

𝑚 ∈ 𝑀𝑛(𝐹𝑞)

𝑆𝑝(𝑚):

𝑀𝑛(𝐹𝑞) 𝐻

𝑚 ∈ 𝐻 𝑆𝑝(𝑚) ⊆ {0}

𝐻 0

𝐻 ⊆ 𝑀𝑛(𝐹𝑞)

𝐼𝑛 + 𝐻 𝐺𝐿𝑛(𝐹𝑞)

𝑁𝑇𝑛(𝐹𝑞) 𝑀𝑛(𝐹𝑞)

 𝐼𝑛 + 𝑁𝑇𝑛(𝐹𝑞)

(𝑛
2
)

𝐺𝐿𝑛(𝐹𝑞)

𝑀𝑛(𝐹𝑞)

𝐺𝐿𝑛(𝐹𝑞)
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𝑉 ⊆ 𝑀𝑛(𝐹𝑞)

𝑑𝑖𝑚 (𝑉) ≤ (𝑛
2
)

𝐺𝐿𝑛(𝐹𝑞) (𝑛
2
)

𝐺𝐿𝑛(𝐹𝑞)

𝐺𝐿𝑛(𝐹𝑞)

(𝑞𝑛 − 1)(𝑞𝑛−1 − 1)⋯(𝑞 − 1)

𝐼𝑛 + 𝑁𝑇𝑛(𝐹𝑞)

𝐼𝑛 + 𝑁𝑇𝑛(𝐹𝑞) =

(

 
 

    1 𝛼12 ⋯ 𝛼1𝑛
0 1 ⋯ 𝛼2𝑛
⋮
0
0

⋮
0
0

  
⋯
⋯

⋮
𝛼𝑛−1𝑛
1 )

 
 

(𝑛
2
)  𝐼𝑛 + 𝑁𝑇𝑛(𝐹𝑞) 𝑞(

𝑛
2)

𝐼𝑛 +𝑁𝑇𝑛(𝐹𝑞) 𝐺𝐿𝑛(𝐹𝑞)

𝑝 (𝐼𝑛 + 𝑁𝑇𝑛(𝐹𝑞)) = 𝑝 + 𝑝𝑁𝑇𝑛(𝐹𝑞) 𝑝

𝑁𝑇𝑛(𝐹𝑞) 𝑀𝑛(𝐹𝑞)

𝑝𝑁𝑇𝑛(𝐹𝑞) 𝑝 + 𝑝𝑁𝑇𝑛(𝐹𝑞) 𝑝𝑁𝑇𝑛(𝐹𝑞) 
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𝑝 (𝐼𝑛 + 𝑁𝑇𝑛(𝐹𝑞))

𝐺𝐿𝑛(𝐹𝑞)

𝐺𝐿𝑛(𝐹𝑞)

𝐺𝐿𝑛(𝐹𝑞) (𝑞𝑛 − 1)(𝑞𝑛 − 𝑞)(𝑞𝑛 − 𝑞2)⋯ (𝑞𝑛 −

𝑞𝑛−1) 𝐼𝑛 + 𝑁𝑇𝑛(𝐹𝑞)

(𝑞𝑛−1)(𝑞𝑛−𝑞)(𝑞𝑛−𝑞2)⋯(𝑞𝑛−𝑞𝑛−1)

𝑞(
𝑛
2)

= (𝑞𝑛 − 1)(𝑞𝑛−1 − 1)⋯ (𝑞 − 1)

 

[17]  [18]

𝑛

𝑛
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𝑓(𝑥1, ⋯ , 𝑥𝑛) 𝐹𝑞
𝑛

𝑓(𝑥1,⋯ , 𝑥𝑛) = 0

𝐹𝑞
𝑛
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𝑥 = (𝑥1,⋯ , 𝑥𝑛) 𝑓(𝑥) 𝑔(𝑥) 𝑛

𝐹𝑞 𝐿𝑓 ⊆ 𝐹𝑞
𝑛 𝑓(𝑥1, ⋯ , 𝑥𝑛) = 0

𝑓 𝑔

𝐴 𝑏

𝐿𝑓 𝐿𝑔 𝐿𝑓 = 𝑥𝐴 + 𝑏 𝑥 ∈ 𝐿𝑔

𝑥𝐴 + 𝑏

𝐹𝑞
𝑛

𝐹𝑞
𝑛 2𝑞

𝑛
(𝑞𝑛 − 1)(𝑞𝑛 −

𝑞)⋯(𝑞𝑛 − 𝑞𝑛−1) 𝑞𝑛 𝐺𝑛

𝐴𝑛 = (𝑞𝑛 − 1)(𝑞𝑛 − 𝑞)⋯(𝑞𝑛 − 𝑞𝑛−1) 𝑞𝑛 𝑞𝑛

𝐴𝑛 = 𝑞𝑛
2+𝑛 (1 −

1

𝑞𝑛
) (1 −

1

𝑞𝑛−1
)⋯(1 −

1

𝑞
) ≈ 𝑞𝑛

2+𝑛:

𝑎(𝑛)  ≈  𝑏(𝑛) 𝑎(𝑛) 𝑏(𝑛) 𝑛

𝑀𝑛

𝐹𝑞
𝑛
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𝑀𝑛 ≈
2𝑞

𝑛

𝐴𝑛

𝐴𝑛

𝑀𝑛 ≥
2𝑞
𝑛

𝐴𝑛

𝑀𝑛

𝑀𝑛 =
1

|𝐺𝑛|
∑ 𝜓(𝑔)

𝑔∈𝐺𝑛

𝜓(𝑔) 𝑔

𝜓(𝑒) 2𝑞
𝑛
𝐺𝑛

2 𝜎

𝜎 𝑖 ≠ 𝑗

(𝛼1, ⋯ , 𝛼𝑛−2, 𝑖, 𝑗) (𝛼1,⋯ , 𝛼𝑛−2, 𝑗, 𝑖)

𝜎
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 2

 2

2 𝑞𝑛−1

1) 2𝑞
𝑛−1

𝑞𝑛 − 𝑞𝑛−1

2 (𝑞
𝑛−𝑞𝑛−1)/2 2)

(𝑛
2
) 2

(𝑛
2
)2𝑞

𝑛−1
∙ 2 (𝑞

𝑛−𝑞𝑛−1)/2 = (𝑛
2
)2 (𝑞

𝑛+𝑞𝑛−1)/2

𝛼

𝛼

𝑢 𝑢 +

𝛼 2𝑞
𝑛/2 𝛼

𝑞𝑛2𝑞
𝑛/2
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𝑀𝑛 =
1

𝐴𝑛
(2𝑞

𝑛
+ (𝑛

2
)2

𝑞𝑛+𝑞𝑛−1

2

 

+ 𝑞𝑛2
𝑞𝑛

2 + 𝐵𝑛)

𝐵𝑛

𝐴𝑛 (
𝑛

2
) 2

𝑞𝑛+𝑞𝑛−1

2

 

= 𝑜(2𝑞
𝑛
)

𝐴𝑛𝑞
𝑛2

𝑞𝑛

2 = 𝑜(2𝑞
𝑛
)

𝐴𝑛𝐵𝑛 =  𝑜(2𝑞
𝑛
)

𝜖 > 0 𝑛 𝜖

𝑀𝑛 <
2𝑞
𝑛

𝐴𝑛
(1 + 𝜖

𝐴𝑛

𝑦 = 𝑥𝐴 + 𝑏 𝐹𝑞
𝑛 𝑥, 𝑦

𝑏 ∈ 𝐹𝑞
𝑛 𝐴 𝑛 × 𝑛 𝐹𝑞
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(𝐴, 𝑏)

𝐹𝑞
𝑛 𝐹𝑞

𝑛 𝐹𝑞
𝑛

𝑁1 𝑁2

𝑇

𝐴1, 𝑏1 𝐴2, 𝑏2),⋯ , (𝐴𝑚, 𝑏𝑚)

𝑇 (∑ 𝜆𝑖𝐴𝑖
𝑚
𝑖=1 , ∑ 𝜆𝑖𝑏𝑖

𝑚
𝑖=1 ) ∈ 𝑇 𝜆1,⋯  𝜆𝑚 ∈ 𝐹𝑞 ∑ 𝜆𝑖

𝑚
𝑖=1 =

1

𝐺

𝐺

𝐶𝑅(𝐺) −
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𝑁 ⊆ 𝐹𝑞
𝑛 𝑆𝑡𝑎𝑏(𝑁) 𝑁

𝑆𝑡𝑎𝑏(𝑁)

#𝑜𝑟𝑏𝐺(𝑁)

𝑁 ⊆ 𝐹𝑞
𝑛

𝐶𝑅(𝐺) × #𝑜𝑟𝑏𝐺(𝑁) 𝑆𝑡𝑎𝑏(𝑁)

𝐺

𝑥 ∈ 𝑁 𝑜𝑟𝑏𝐺(𝑥) = {𝑥𝐴 + 𝑏 | (𝐴, 𝑏) ∈

𝐺}: 𝐿 𝐺 𝐶 ∈ 𝐿

𝑀(𝑥, 𝐶)

{𝑥𝐴 + 𝑏 | (𝐴, 𝑏) ∈ 𝐶} 𝑀(𝑥, 𝐶) 𝑁

𝛾1,⋯ , 𝛾𝑛 ∈ 𝐹𝑞 ∑ 𝜆𝑖
𝑚
𝑖=1 = 1 𝑥𝐴1 + 𝑏1, 𝑥𝐴2 +

𝑏2, ⋯ , 𝑥𝐴𝑚 + 𝑏𝑚 ∈ 𝑀(𝑥, 𝐶)

∑𝜆𝑖

𝑚

𝑖=1

(𝑥𝐴𝑖 + 𝑏𝑖) =∑𝑥𝜆𝑖

𝑚

𝑖=1

𝐴𝑖 +∑𝜆𝑖

𝑚

𝑖=1

𝑏𝑖 = 𝑥∑𝜆𝑖

𝑚

𝑖=1

𝐴𝑖 +∑𝜆𝑖

𝑚

𝑖=1

𝑏𝑖

(∑ 𝜆𝑖
𝑚
𝑖=1 𝐴𝑖 , ∑ 𝜆𝑖

𝑚
𝑖=1 𝑏𝑖) ∈ 𝐶 𝑥 ∑ 𝜆𝑖

𝑚
𝑖=1 𝐴𝑖 + ∑ 𝜆𝑖

𝑚
𝑖=1 𝑏𝑖 ∈ 𝑀(𝑥, 𝐶)

𝑁 𝑜𝑟𝑏𝐺(𝑥) = ⋃ 𝑀(𝑥, 𝐶)𝐶∈𝐿

𝑜𝑟𝑏𝐺(𝑥) 𝐶𝑅(𝐺) 𝑁
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𝑁

𝐶𝑅(𝐺) × 𝑜𝑟𝑏𝐺(𝑥)

𝑓(𝜃) = 𝛼0 + 𝛼1𝜃 +⋯+ 𝛼𝑛−1𝜃
𝑛−1 + 𝜃𝑛

𝑑𝑒𝑔(𝑓) = 𝑛 𝐹𝑞

𝐴 =

(

 
 

 0 0 ⋯ 0 −𝛼0
 1  0 ⋯ 0 −𝛼1

 
0
⋮

 1
 ⋮

 0  0
 
⋯     
⋯

0 −𝛼2
⋮      ⋮

    1 −𝛼𝑛−1)

 
 

𝑓(𝜃) 𝛼0 ≠ 0 𝑑𝑒𝑡(𝐴) = (−1)𝑛𝛼0

 [10] 𝐹𝑞𝑛
∗ 𝐹𝑞𝑛

𝐴

𝐹𝑞𝑛
∗ = {𝐸, 𝐴, 𝐴2, ⋯ , 𝐴𝑞

𝑛−2} 𝐹𝑞𝑛 𝐴

𝑛 𝐹𝑞

𝐹𝑞𝑛 𝛽0𝐸 + 𝛽1𝐴 +⋯+

𝛽𝑛−1𝐴
𝑛−1, 𝛽𝑖 ∈ 𝐹𝑞 , 𝑖 = 1,2,⋯ , 𝑛 𝐹𝑞𝑛 𝑛

𝐹𝑞  𝐹𝑞
𝑛

𝑁 = 𝐹𝑞
𝑛\{0} 𝐺 = 𝐹𝑞𝑛

∗ = {𝐸, 𝐴, 𝐴2, ⋯ , 𝐴𝑞
𝑛−2} 𝐺

𝑁

𝑠𝑡𝑎𝑏(𝑁): 𝐹𝑞
𝑛\{0} 𝐹𝑞𝑛

∗
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𝑛(𝑞 − 1)

𝐶𝑅(𝐺) = 𝑛(𝑞 − 1) 𝑁

𝑛(𝑞 − 1)

𝑁 𝐺

𝐴

 (𝛾0, 𝛾1,⋯ , 𝛾𝑛−1) ∈ 𝑁 (𝛾1,⋯ , 𝛾𝑛−1, 𝛾𝑛 = −𝛼0𝛾0 − 𝛼1𝛾1 −

⋯− 𝛼𝑛−1𝛾𝑛−1) (𝛾0, 𝛾1,⋯ , 𝛾𝑛−1)

𝑔(𝜃) = 1 + 𝛼𝑛−1𝜃 + 𝛼𝑛−2𝜃
2 +⋯+ 𝛼1𝜃

𝑛−1 + 𝛼0𝜃
𝑛 (𝛾0, 𝛾1,⋯ , 𝛾𝑛−1)

[10] 𝑔(𝜃) = 𝜃𝑛𝑓 (
1

𝜃
) 𝑔(𝜃) 𝑓(𝜃)

𝑞𝑛 − 1

𝑞𝑛 − 1

𝑞𝑛 − 1 𝐹𝑞
𝑛

𝑁 𝑁

𝐶𝑅(𝐺) ×

 𝑜𝑟𝑏𝐺(𝑁) = 𝑛(𝑞 − 1) × 1 = 𝑛(𝑞 − 1) 𝑛(𝑞 −

1)
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𝑁 = 𝐹𝑞
𝑛\{0} 𝐺 𝐺𝐿𝑛(𝐹𝑞) 𝐺

𝑆𝑡𝑎𝑏(𝑁) 𝑁

𝑁

𝐶𝑅(𝐺𝐿𝑛(𝐹𝑞)  × 1 𝐶𝑅(𝐺𝐿𝑛(𝐹𝑞)) ≥ 𝑛(𝑞 −

1)

(𝑞𝑛 −

1)(𝑞𝑛−1 − 1)(𝑞𝑛−2 − 1)⋯(𝑞 − 1)

 

2.1

𝐹𝑞
𝑛 𝑘 𝐹𝑞

𝑛 − 𝑘
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{

𝛼11𝑥1 + 𝛼12𝑥2 +⋯+ 𝛼1𝑛𝑥𝑛 = 𝛽1
𝛼21𝑥1 + 𝛼22𝑥2 +⋯+ 𝛼2𝑛𝑥𝑛 = 𝛽2

⋮
𝛼𝑚1𝑥1 + 𝛼𝑚2𝑥2 +⋯+ 𝛼𝑚𝑛𝑥𝑛 = 𝛽𝑚

𝑛 − 𝑘

𝑘

𝐹𝑞𝑛

𝑛 𝐹𝑞

𝐹𝑞
𝑛 {𝛽, 𝛽𝑞 , 𝛽𝑞

2
, ⋯ , 𝛽𝑞

𝑛−1
 } 𝐹𝑞𝑛

1 − 1

𝐹𝑞
𝑛 𝐹𝑞𝑛

𝑣 = (𝑣1, ⋯ , 𝑣𝑛) ∈ 𝐹𝑞
𝑛 ↔ 𝑣1𝛽 + 𝑣2𝛽

𝑞 +⋯+ 𝑣𝑛𝛽
𝑞𝑛−1  (5.2)

𝑞

𝑞𝑚

𝑣𝑞 = 𝑣𝑛𝛽 + 𝑣1𝛽
𝑞 + 𝑣2𝛽

𝑞2 +⋯+ 𝑣𝑛−1𝛽
𝑞𝑛−1 = (𝑣𝑛, 𝑣1, ⋯ , 𝑣𝑛−1)
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𝐹𝑞
𝑛 𝐿

                                                             𝑃𝐿(𝑥) =∏(𝑥 − 𝑎)

𝑎∈𝐿

,                                                                 (5.3)

𝐿

𝐹𝑞𝑛

𝜙𝑚: 𝑥 → 𝑥𝑞
𝑚

0 ≤ 𝑚 ≤ 𝑛 − 1 𝑛 𝐹𝑞𝑛

𝐹𝑞𝑛

𝑞𝑛−1

𝑝(𝑥)

𝐹𝑞
𝑛 𝐹𝑞

𝑛

(𝑞𝑛)𝑛 𝐹𝑞

𝑛 × 𝑛

𝑘

𝑞𝑘
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𝑘

0 𝑞𝑚 0 ≤ 𝑚 ≤ 𝑘

𝐿 𝐶 = 𝑣 + 𝐿 𝑝𝐶(𝑥) =

 𝑝𝐿(𝑥 − 𝑣) =  𝑝𝐿(𝑥) − 𝑝𝐿(𝑣)

(5.1) 𝑘

𝐹𝑞
𝑛

𝑞𝑘

(5.3)

𝑝(𝑧) = 𝑧𝑞
𝑘
+ 𝐴1𝑧

𝑞𝑘−1 +⋯+ 𝐴𝑘𝑧 + 𝐴𝑘+1

𝑝՛(𝑧)
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𝑝՛(𝑧) = 𝑧𝑞
𝑘
+ 𝐴1𝑧

𝑞𝑘−1 +⋯+ 𝐴𝑘𝑧

0

𝑒1, ⋯ , 𝑒𝑘 (5.1)

𝑏

𝑒1, ⋯ , 𝑒𝑘 𝑏 𝐹𝑞
𝑛

(5.2)

{
 
 

 
 𝑝

′(𝑒1) = 𝑒1
𝑞𝑘 + 𝐴1𝑒1

𝑞𝑘−1 +⋯+ 𝐴𝑘𝑒1 = 0

𝑝′(𝑒2) = 𝑒2
𝑞𝑘 + 𝐴1𝑒2

𝑞𝑘−1 +⋯+ 𝐴𝑘𝑒2 = 0
⋮

𝑝′(𝑒𝑘) = 𝑒𝑘
𝑞𝑘 + 𝐴1𝑒𝑘

𝑞𝑘−1 +⋯+ 𝐴𝑘𝑒𝑘 = 0

𝑘

𝑒1, ⋯ , 𝑒𝑘 𝐴1, ⋯ , 𝐴𝑘

𝐴𝑘+1

𝑝(𝑏) = 𝑏𝑞
𝑘
+ 𝐴1𝑏

𝑞𝑘−1 +⋯+ 𝐴𝑘𝑏 + 𝐴𝑘+1 = 0

𝑛 = 3 𝐹2  𝐹2
3

𝐹2 𝑓(𝑥) = 𝑥3 + 𝑥 + 1

{0, 1, 𝛼, 𝛼 + 1, 𝛼2, 𝛼2 + 1, 𝛼2 + 𝛼, 𝛼2 + 𝛼 + 1} 𝛼

𝑓(𝛼) = 0
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𝑥2 = 1

𝑎1 = (1,0,0) = 1, 𝑎2 = (0,0,1) = 𝛼2, 𝑏 = (0,1,0) =  𝛼

𝑝(𝑧) = 𝑧4 + 𝐴𝑧2 + 𝐵𝑧 + 𝐶

0

𝑝՛(𝑧) = 𝑧4 + 𝐴𝑧2 + 𝐵𝑧

{
𝑝′(1) = 1 + 𝐴 + 𝐵 = 0

𝑝′(𝛼2) = 𝛼8 + 𝐴𝛼4 + 𝐵𝛼 = 0

𝐴 = 𝛼 + 1, 𝐵 = 𝛼 𝐶

𝐿(𝑏) = 0 𝐶 = 𝛼4 + (𝛼 + 1)𝛼2 + 𝛼2 = 𝛼2 + 1 𝑥2 = 1

𝑝(𝑧) = 𝑧4 + (𝛼 + 1)𝑧2 + 𝛼𝑧 + 𝛼2 + 1

𝑝(𝑧) = 𝑧𝑞
𝑘
+ 𝐴1𝑧

𝑞𝑘−1 +⋯+ 𝐴𝑘𝑧 + 𝐴𝑘+1:

𝑝(𝑧) = 0 𝑘 𝐹𝑞
𝑛
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(5.1)

𝑝՛(𝑧) = 𝑧𝑞
𝑘
+ 𝐴1𝑧

𝑞𝑘−1 +⋯+ 𝐴𝑘𝑧 𝑛 − 𝑘

𝐹𝑞
𝑛

{𝛽, 𝛽𝑞 , 𝛽𝑞
2
,⋯ , 𝛽𝑞

𝑛−1
 } 𝐹𝑞𝑛 (5.2)

𝑝′(𝛽) = (𝛽11,⋯ , 𝛽1𝑛)

  𝑝′(𝛽𝑞) = (𝛽21,⋯ , 𝛽2𝑛)

⋮

𝑝′(𝛽𝑞
𝑛−1
) = (𝛽𝑛1,⋯ , 𝛽𝑛𝑛)

(𝑥1, ⋯ , 𝑥𝑛)

𝑝′(𝑥1, ⋯ , 𝑥𝑛) = 𝑝
′(𝑥1𝛽 + 𝑥2𝛽

𝑞 +⋯+ 𝑥𝑛𝛽
𝑞𝑛−1) = 𝑥1𝑝

′(𝛽) +

𝑥2𝑝
′(𝛽𝑞) + ⋯+ 𝑥𝑛𝑝

′(𝛽𝑞
𝑛
) 𝑝′

𝑝′(𝑥1,⋯ , 𝑥𝑛) = (

𝛽11 𝛽21 ⋯ 𝛽𝑛1
𝛽12 𝛽22 ⋯ 𝛽𝑛2
⋮
𝛽1𝑛

⋮
𝛽2𝑛

 
⋯

⋮
𝛽𝑛𝑛

)(

𝑥1
𝑥2
⋮
𝑥𝑛

)
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𝐴𝑘+1 = (𝛾1,⋯ , 𝛾𝑛) 𝑝(𝑥1, ⋯ , 𝑥𝑛) = 𝑝
′(𝑥1, ⋯ , 𝑥𝑛) + (𝛾1, ⋯ , 𝛾𝑛)

𝑝(𝑥1, ⋯ , 𝑥𝑛) = 0 ↔ 𝑝′(𝑥1, ⋯ , 𝑥𝑛) = −(𝛾1,⋯ , 𝛾𝑛)

(

𝛽11 𝛽22 ⋯ 𝛽𝑛1
𝛽12 𝛽22 ⋯ 𝛽𝑛2
⋮
𝛽1𝑛

⋮
𝛽2𝑛

 
⋯

⋮
𝛽𝑛𝑛

)(

𝑥1
𝑥2
⋮
𝑥𝑛

) = −(

𝛾1
𝛾2
⋮
𝛾𝑛

)

{

𝛽11𝑥1 + 𝛽21𝑥2 +⋯+ 𝛽𝑛1𝑥𝑛 = −𝛾1
𝛽12𝑥1 + 𝛽22𝑥2 +⋯+ 𝛽𝑛2𝑥𝑛 = −𝛾2

⋮
𝛽1𝑛𝑥1 + 𝛽2𝑛𝑥2 +⋯+ 𝛽𝑛𝑛𝑥𝑛 = −𝛾𝑛
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• �̇�𝑞
𝑛 × �̇�𝑞

𝑚

• 𝐹2 𝑥1𝑥2⋯𝑥𝑛 + 𝑥𝑛+1𝑥𝑛+2⋯𝑥2𝑛 +

𝑥2𝑛+1𝑥2𝑛+2⋯𝑥3𝑛 = 1

9𝑛𝑙𝑜𝑔2 3 + 4

• 𝐹𝑞

𝑛 × 𝑛

𝑞𝑛−1

𝑞−1
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• 𝐹𝑞

𝑛 × 𝑛

(𝑞𝑛 − 1)(𝑞𝑛−1 − 1)(𝑞𝑛−2 − 1)⋯(𝑞 − 1)

• 

𝐹𝑞
𝑛

2𝑞
𝑛

𝐴𝑛

𝐴𝑛 ≈ 𝑞
𝑛2+𝑛

• 𝐹𝑞
𝑛
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