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Overview

Relevance of the topic. It is well known the theorems of Fatou [9] about non-

tangential convergence, which have many applications in di↵erent mathematical

theories including analytic functions, Hardy spaces, harmonic analysis, di↵erential

equations and etc. There are various generalization of these theorems in di↵erent

aspects. Almost everywhere convergence over some semi-tangential regions investi-

gated by Nagel and Stein [25], Di Biase [7], Di Biase-Stokolos-Svensson-Weiss [8].

Sjögren [32, 33, 34], Rönning [27, 28, 29], Katkovskaya-Krotov [17, 21], Krotov

[19, 20], Brundin [5], Mizuta-Shimomura [24], Aikawa [3] studied fractional Poisson

integrals with respect to the fractional power of the Poisson kernel and obtained

some tangential convergence properties for such integrals.

Littlewood [22] made an important complement to the theorem of Fatou, proving

essentiality of non-tangential approach in that theorem. Lohwater and Piranian [23]

proved, that in Littlewood's theorem almost everywhere divergence can be replaced

to everywhere and the example function can be a Blaschke product. Aikawa [1]

obtained a similar everywhere divergence theorem for bounded harmonic functions

on the unit disk, giving a positive answer to a problem raised by Barth [[4], p. 551].

In the thesis it is considered convolution type integral operators with general ker-

nels and it is investigated some generalizations of theorems of Fatou and Littlewood.

Besides, it is studied some questions of equivalency of di↵erentiation bases. The

classical theorems of Jessen–Marcinkiewicz–Zygmund [15] and Saks [31] determine

the optimal Orlicz space for the basis of all rectangles. Due to Zerekidze [38, 39, 40]

and Stokolos [36], the same results can be formulated also for the basis of all dyadic

rectangles as well as for the basis of rare dyadic rectangles generated from a given

sequence of positive integers. In the thesis it is studied the full equivalence of those

bases and it is shown that they do di↵erentiate di↵erent set of functions, depending

on density of the sequence. At the end of the thesis it is also considered quasi-

equivalent bases and the set of functions that such bases di↵erentiate.

Goals. Generalize the theorem of Fatou for convolution type integral operators

with general approximate identities in di↵erent functional spaces. Describe the

connections between general approximate identities and optimal convergence re-

gions for such operators. Generalize the theorem of Littlewood for convolution type

integral operators with general kernels. Investigate fully and partially equivalent

di↵erentiation bases.
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Research methods. Methods of theory of functions, harmonic analysis and

mathematical analysis.

Scientific novelty. All results are new and are the following:

1. It is found a necessary and su�cient condition on �(r) that ensures almost

everywhere �(r)�convergence for convolution type integral operators in both

spaces of bounded measures and integrable functions. Moreover, in the case

of bounded measures, the convergence occurs at any point where the measure

is di↵erentiable. In the case of integrable functions, the convergence occurs

at any Lebesgue point of the function.

2. It is discovered a necessary and su�cient condition on �(r) that provides

almost everywhere �(r)�convergence for the same convolution type integral

operators in the space of essentially bounded functions. Additionally, the

convergence occurs at any Lebesgue point of the function.

3. Under general assumptions, it is constructed a characteristic function such

that the convolution with general kernels possesses everywhere divergent prop-

erty along a given tangential curve. Particularly, it is proved that there exists

a bounded harmonic function having everywhere strong divergent property

along a given tangential curve.

4. Under general assumptions, it is constructed a bounded function, which is the

boundary values of some Blaschke product, such that the convolution with

general kernels owns everywhere divergent property along a given tangential

curve.

5. It is found a necessary and su�cient condition for the full equivalence of basis

of rare dyadic rectangles and the basis of complete dyadic rectangles in R2.

6. It is proved that two quasi-equivalent bases of some density basis in Rn dif-

ferentiate the same set of non-negative functions.

Theoretical and practical value. All the results and developed methods rep-

resent theoretical interest and are applied in theories of orthogonal series, harmonic

functions and di↵erentiation of integrals.

Approbation of results. Most of the results were reported in the following

conferences:

4



• On theorems of Fatou and Littlewood, International Conference, Harmonic

Analysis and Approximations VI, September 12-18, 2015, Tsaghkadzor, Ar-

menia.

• On an equivalency of di erentiation basis of dyadic rectangles, Armenian Math-

ematical Union Annual Session dedicated to the 100th anniversary of Professor

Haik Badalyan, June 23-25, 2015, Yerevan, Armenia.

• On theorems of Fatou and Littlewood, Armenian–Georgian Conference, Septem-

ber, 2014, Tsaxkadzor, Armenia.

Publications. Main results of the thesis are published in 5 works (4 papers and

1 presentation), which are listed at the end of references.

Structure and volume of the thesis. The thesis consists of introduction, three

chapters, conclusion and bibliography with 45 items. Total number of pages is 75.

Thesis content

The following remarkable theorems of Fatou [9] play significant role in the study

of boundary value problems of analytic and harmonic functions.

Theorem A (Fatou, 1906). Any bounded analytic function on the unit disc

D = {z 2 C : |z| < 1} has non-tangential limit for almost all boundary points.

Theorem B (Fatou, 1906). If a function µ of bounded variation is di↵erentiable

at x0 2 T, then the Poisson integral

Pr(x, dµ) =
1

2⇡

Z

T

1� r
2

1� 2r cos(x� t) + r2
dµ(t)

converges non-tangentially to µ
0(x0) as r ! 1.

These two fundamental theorems, have many applications in di↵erent mathe-

matical theories including analytic functions, Hardy spaces, harmonic analysis, dif-

ferential equations and etc. There are various generalization of these theorems in

di↵erent aspects. Almost everywhere convergence over some semi-tangential regions

investigated by Nagel and Stein [25], Di Biase [7], Di Biase-Stokolos-Svensson-Weiss

[8]. Sjögren [32, 33, 34], Rönning [27, 28, 29], Katkovskaya-Krotov [17, 21], Krotov

[19, 20], Brundin [5], Mizuta-Shimomura [24], Aikawa [3] studied fractional Poisson

integrals with respect to the fractional power of the Poisson kernel and obtained
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some tangential convergence properties for such integrals. More precisely they con-

sidered the integrals

P(1/2)
r (x, f) =

Z

T
P

(1/2)
r (x� t)f(t) dt =

1

c(r)

Z

T
[Pr(x� t)]1/2f(t) dt,

where

Pr(x) =
1� r

2

1� 2r cosx+ r2
, 0 < r < 1, x 2 T

is the Poisson kernel for the unit disk and

c(r) =

Z

T
[Pr(t)]

1/2
dt ⇣ (1� r)1/2 log

1

1� r

is the normalizing coe�cient. Here, the notation A ⇣ B means double inequality

c1A  B  c2A for some positive absolute constants c1 and c2, which might di↵er

in each case.

Theorem C (see [32, 27, 28]). For any f 2 L
p(T), 1  p  1

lim
r!1

P(1/2)
r (x+ ✓(r), f) = f(x) (1)

almost everywhere x 2 T, whenever

|✓(r)| 
(
c(1� r)

⇣
log 1

1�r

⌘p
if 1  p < 1,

c↵(1� r)↵, for any 0 < ↵ < 1 if p = 1,

(2)

where c↵ > 0 is a constant, depended only on ↵.

The case of p = 1 is proved in [32], 1 < p  1 is considered in [27], [28].

Moreover, in [27] weak type inequalities for the maximal operator of square root

Poisson integrals are established.

Theorem D (Rönning, 1997). Let 1 < p < 1. Then the maximal operator

P⇤
1/2(x, f) = sup

|✓|<c(1�r)(log 1
1�r )

p

1/2<r<1

P(1/2)
r (x+ ✓, |f |)

is of weak type (p, p).

In [17] weighted strong type inequalities for the same operators are established.

Related questions were considered also in higher dimensions. Saeki [30] studied Fa-

tou type theorems for non-radial kernels. Korani [18] extended Fatou's theorem for

the Poisson-Szegö integral. In [25] Nagel and Stein proved that the Poisson integral

on the upper half space of Rn+1 has the boundary limit at almost every point within
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a certain approach region, which is not contained in any non-tangential approach

regions. Sueiro [37] extended Nagel-Stein's result for the Poisson-Szegö integral.

Almost everywhere convergence over tangential tress (family of curves) were inves-

tigated by Di Biase [7], Di Biase-Stokolos-Svensson-Weiss [8]. In [17] and [3] higher

dimensional cases of fractional Poisson integrals are studied as well.

In Chapter 1 we thoroughly investigate the connection between approximate

identities and convergence regions. In particular, how the non-tangential conver-

gence is connected to Poisson kernel and bounds (2) to the square root Poisson

kernel.

We introduce �(r)�convergence, which is a generalization of non-tangential con-

vergence in the unit disc, where �(r) is a function

� : (0, 1) ! (0,1) with lim
r!1

�(r) = 0. (3)

Let T = R/2⇡Z be the one dimensional torus. For a given x 2 T we define �(r, x)

to be the interval [x� �(r), x+ �(r)]. If �(r) � ⇡ we assume that �(r, x) = T. Let
Fr(x) be a family of functions from L

1(T), where r varies in (0, 1). We say Fr(x) is

�(r)�convergent at a point x 2 T to a value A, if

lim
r!1

sup
✓2�(r,x)

|Fr(✓)�A| = 0.

Otherwise this relation will be denoted by

lim
r!1

✓2�(r,x)

Fr(✓) = A. (4)

We say Fr(x) is �(r)�divergent at x 2 T if (4) does not hold for any A 2 R.
Denote by BV (T) the functions of bounded variation on T. Any given function

of bounded variation µ 2 BV (T) defines a Borel measure on T. We consider the

family of integrals

�r(x, dµ) =

Z

T
'r(x� t) dµ(t), µ 2 BV (T), (5)

where 0 < r < 1 and kernels 'r 2 L
1(T) form an approximate identity, that is

�1.
R
T 'r(t) dt ! 1 as r ! 1,

�2. '
⇤
r(x) = sup

|x||t|⇡
|'r(t)| ! 0 as r ! 1, 0 < |x|  ⇡,
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�3. sup
0<r<1

k'⇤
rk1 < 1.

In case of µ is absolutely continuous and dµ(t) = f(t)dt for some f 2 L
p(T), 1 

p  1, then the integral (5) will be denoted as �r(x, f).

Carlsson [6] obtained some weak type inequalities for non-negative approximate

identities:

Theorem E (Carlsson, 2008). Let {'r(x) � 0} be an approximate identity and

⇢(r) = k'rk�p
q , where 1  p < 1 and q = p/(p � 1) is the conjugate number of p.

Then for any f 2 L
p(T)

sup
|✓|<c⇢(r)
0<r<1

|�r(x+ ✓, f)|  C(M |f |p(x))1/p, x 2 T,

where the constant C does not depend on function f .

Although Theorem E gives a general connection, we will see that the regions

associated with function ⇢(r) are not optimal in general and can be improved. The

central question of Chapter 1 is the following:

Question. For a given approximate identity {'r} what is the necessary and

su�ciant condition on �(r) for which

• lim
r!1

y2�(r,x)

�r (x, dµ) = µ
0(x) almost everywhere for any µ 2 BV (T) ?

• lim
r!1

y2�(r,x)

�r (x, f) = f(x) almost everywhere for any f 2 L
p(T), 1  p  1 ?

An analogous question can also be formulated for f 2 C(T). However, in this

case it can be shown that (3) already su�cient for everywhere �(r)�convergence.

We prove that the condition

⇧(�,') = lim sup
r!1

�(r)k'rk1 < 1

is necessary and su�cient for almost everywhere �(r)�convergence of the integrals

�r(x, dµ), µ 2 BV (T) as well as �r(x, f), f 2 L
1(T). Moreover, we prove that

convergence holds at any point where µ is di↵erentiable for the integrals �r(x, dµ)

and at any Lebesgue point of f 2 L
1(T) for the integrals �r(x, f).

Definition 1.1. We say that a given approximate identity {'r} is regular if each

'r(x) is non-negative, decreasing on [0,⇡] and increasing on [�⇡, 0].
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Theorem 1.1. Let {'r} be a regular approximate identity and �(r) satisfies the

condition ⇧(�,') < 1. If µ 2 BV (T) is di↵erentiable at x0, then

lim
r!1

x2�(r,x0)

�r (x, dµ) = µ
0(x0).

An analogous theorem holds as well in the non-regular case of kernels, but at this

time the points where (5) converges satisfy strong di↵erentiability condition.

Definition 1.2. We say a given function of bounded variation µ is strong di↵er-

entiable at x0 2 T, if there exist a number c such that the variation of the function

µ(x)� cx has zero derivative at x = x0.

If µ is absolutely continuous and dµ(t) = f(t)dt then this property means that

x0 is a Lebesgue point for f(x), i.e.

lim
h!0

1

2h

Z h

�h
|f(x)� f(x0)|dx = 0.

It is well-known that strong di↵erentiability at x0 implies the existence of µ0(x0),

and any function of bounded variation is strong di↵erentiable almost everywhere.

Theorem 1.2. Let {'r} be an arbitrary approximate identity and �(r) satisfies

the condition ⇧(�,') < 1. If µ 2 BV (T) is strong di↵erentiable at x0 2 T, then

lim
r!1

x2�(r,x0)

�r (x, dµ) = µ
0(x0).

The following theorem implies the sharpness of the condition ⇧(�,') < 1 in

Theorem 1.1 and Theorem 1.2.

Theorem 1.3. If {'r} is an arbitrary approximate identity and the function

�(r) satisfies the condition ⇧(�,') = 1, then there exist a function f 2 L
1(T) such

that

lim sup
r!1

y2�(r,x)

�r (y, f) = 1

for all x 2 T.
Thus, the condition ⇧(�,') < 1 determines the exact rate of �(r) function,

ensuring such convergence. It is interesting, that this rate depends only on the values

k'rk1. Notice that, if the kernel 'r coincides with the Poisson kernel Pr (which

is a regular approximate identity), then kPrk1 ⇣ 1
1�r and the bound ⇧(�, P ) < 1

coincides with the well-known condition

lim sup
r!1

�(r)

1� r
< 1, (6)
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guaranteeing non-tangential convergence in the unit disk. So, Theorem 1.1 implies

and generalizes Fatou's theorem. Furthermore, if we take the fractional Poisson

kernel P (1/2)
r (which is regular as well), then

kP (1/2)
r k1 =

1

c(r)
kP 1/2

r k1 ⇣
✓
(1� r) log

1

1� r

◆�1

and from Theorem 1.1 we deduce (1) when p = 1 with an additional information

about the points where the convergence occurs.

Additionally, some weak type inequalities are established for the associated max-

imal operator �⇤
�, which is defined as

�⇤
�(x, f) = sup

|x�y|<�(r)
0<r<1

|�r(y, f)| = sup
|x�y|<�(r)

0<r<1

����
Z

T
'r(y � t)f(t) dt

���� . (7)

Theorem 1.4. Let {'r} be an arbitrary approximate identity and for some

1  p < 1 the function �(r) satisfies

⇧̃p(�,') = sup
0<r<1

�(r)k'rk1'⇤(r)
p�1

< 1,

where

'⇤(r) = sup
x2T

|x'⇤
r(x)|.

Then for any f 2 L
1(T)

�⇤
�(x, f)  C (M |f |p(x))1/p , x 2 T,

where the constant C does not depend on function f .

Using the standard methods, it can be shown that these weak type inequalities

imply almost everywhere �(r)�convergence with the condition

⇧p(�,') = lim sup
r!1

�(r)k'rk1'
p�1
⇤ (r) < 1,

from which we can conclude (1) when 1 < p < 1 as well as Theorem D.

An analogous necessary and su�cient condition will be established also for almost

everywhere �(r)�convergence of �r(x, f), f 2 L
1(T), and this condition looks like

⇧1(�,') = lim sup
�!0

lim sup
r!1

Z ��(r)

���(r)
'r(t)dt = 0,

which contains more information about {'r} than ⇧(�,') does.
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Theorem 1.5. If {'r} is a regular approximate identity consisting of even func-

tions and the function �(r) satisfies ⇧1(�,') = 0, then for any f 2 L
1(T) the

relation

lim
r!1

y2�(r,x)

�r (y, f) = f(x)

holds at any Lebesgue point x 2 T.
Theorem 1.6. If {'r} is a regular approximate identity consisting of even func-

tions and the function �(r) satisfies ⇧1(�,') > 0, then there exists a set E ⇢ T,
such that �r (x, IE) is �(r)�divergent at any x 2 T.

One can easily check that in the case of Poisson kernel Pr(t), for a given function

�(r) with (3), the value of ⇧1(�, P ) can be either 0 or 1. Besides, the condition

⇧1(�, P ) = 0 is equivalent to (6), and ⇧1(�, P ) = 1 coincides with

lim sup
r!1

�(r)

1� r
= 1.

Now suppose that �(r) satisfies the condition (2) with p = 1. Simple calculations

show that for such �(r) and for the square root Poisson kernel P (1/2)
r (t) we have

⇧1(�, P (1/2)) = 0. Hence, Theorem 1.5 implies (1) when p = 1 with an additional

information about the points where the convergence occurs. Taking �(r) = (1�r)↵

with a fixed 0 < ↵ < 1 we will get ⇧1(�, P (1/2)) = 1�↵ > 0, and applying Theorem

1.6 we conclude the optimality of the bound (2) in the case p = 1 too.

In the definition of �(r)�convergence the range of the parameter r is (0, 1) with

the limit point 1, that is, we consider the convergence or divergence properties when

r ! 1. We do this way in order to compare our results with the boundary properties

of analytic and harmonic functions in the unit disc. Certainly it is not essential in

the theorems. We could take any set Q ⇢ R with limit point r0 which is either a

finite number or 1. We may define an approximate identity on the real line to be a

family of functions 'r 2 L
1(R)\L

1(R), r > 0, which satisfies the same conditions

�1 � �3 as approximate identity on T does. We just need to make a little change

in the condition �2 , that is to add
��'⇤

r · I{|t|��}
��
1
! 0 as r ! 0 for any � > 0. In

this case usually convergence is considered while r ! 0. Analogously, all the results

Theorem 1.1�Theorem 1.6 can be formulated and proved for the integrals

�r(x, dµ) =

Z

R
'r(x� t) dµ(t), µ 2 BV (R), r > 0, (8)

and they can be done just repeating the proofs with miserable changes.
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Any function � 2 L
1(R) \ L

1(R) with k�k1 = 1 and �⇤ 2 L
1(R) defines an

approximate identity by

'r(x) =
1

r
�
⇣
x

r

⌘
as r ! 0.

Operators corresponding to such kernels in higher dimensional case were investi-

gated by Stain ([35], p. 57). Note for such kernels we have

k'rk1 =
1

r
k�k1, '⇤(r) = sup

x2R
|x�⇤(x)|  k�⇤k1

and therefore, for 1  p < 1, the condition ⇧p(�,') < 1 takes the form �(r)  c·r.
The case p = 1 can be done in the same way as we did it for the Poisson kernel.

The value ⇧1(�,�) can be either 0 or 1, the condition ⇧1(�,�) = 0 is equivalent to

�(r)  c ·r and the condition ⇧1(�,�) = 1 is equivalent to lim supr!0 �(r)/r = 1.

The bound �(r)  c · r characterizes the non-tangential convergence in the upper

half plane and it turns out to be a necessary and su�cient condition for almost

everywhere �(r)�convergence of the integrals (8).

In addition, we would like to bring one consequence of our results, that we consider

interesting.

Corollary 1.1. If �n(x, f) are the Fejer means of Fourier series of a function

f 2 L
1(T) and ✓n = O(1/n), then �n(x + ✓n, f) ! f(x) at any Lebesgue point

x 2 T.
Littlewood [22] made an important complement to the theorem of Fatou, proving

essentiality of non-tangential approach in that theorem. The following formulation

of Littlewood's theorem fits to the further aim of the thesis.

Theorem F (Littlewood, 1927). If a continuous function � : [0, 1] ! R satisfies

the conditions

�(1) = 0, lim
r!1

�(r)

1� r
= 1, (9)

then there exists a bounded analytic function f(z), z 2 D, such that the boundary

limit

lim
r!1

f

⇣
re

i(x+�(r))
⌘

does not exist almost everywhere on T.
There are various generalization of these theorems in di↵erent aspects. A simple

proof of this theorem was given by Zygmund [41]. In [23] Lohwater and Piranian

proved, that in Littlewood's theorem almost everywhere divergence can be replaced

to everywhere and the example function can be a Blaschke product. That is
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Theorem G (Lohwater and Piranian, 1957). If �(r) is a continuous function

with (9), then there exists a Blaschke product B(z) such that the limit

lim
r!1

B

⇣
re

i(x+�(r))
⌘

does not exist for any x 2 T.
In [1] Aikawa obtained a similar everywhere divergence theorem for bounded

harmonic functions on the unit disk, giving a positive answer to a problem raised

by Barth [[4], p. 551].

Theorem H (Aikawa, 1990). If �(r) is a continuous function with (9), then

there exists a bounded harmonic function u(z) on the unit disc, such that the limit

lim
r!1

u

⇣
re

i(x+�(r))
⌘

does not exist for any x 2 T.
Related questions were considered also in higher dimensions. Littlewood type

theorems for the higher dimensional Poisson integral established by Aikawa [1, 2]

and for the Poisson-Szegö integral by Hakim-Sibony [12] and Hirata [14].

In Chapter 2 we generalize Littlewood's theorem for the integrals �r(x, f) with

more general kernels than approximate identities. Namely, we consider the same

integrals �r(x, f) with a family of kernels {'r} satisfying

�1.
R
T 'r(t) dt ! 1 as r ! 1,

�4. 'r(x) � 0, x 2 T, 0 < r < 1,

�5. sup0<r<⌧ k'rk1 < 1, 0 < ⌧ < 1.

We introduce another quantity

⇧⇤(�,') = lim sup
�!0

lim inf
r!1

Z ��(r)

���(r)
'r(t) dt  ⇧1(�,')

and prove the following theorems.

Theorem 2.1. Let {'r} be a family of kernels with �1 , �4 , �5 . If a function

� 2 C[0, 1] satisfies the conditions �(1) = 0 and ⇧⇤(�,') > 1/2, then there exists a

measurable set E ⇢ T such that

lim sup
r!1

�r (x+ �(r), IE)� lim inf
r!1

�r (x+ �(r), IE) � 2⇧⇤ � 1.
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In the case of Poisson kernel under the condition (9) we have ⇧⇤ = 1 > 1/2.

Therefore, Theorem 2.1 implies the following generalization of Theorem F and The-

orem H, giving additional information about the divergence character.

Corollary 2.1. For any function � 2 C[0, 1] satisfying (9), there exists a har-

monic function u(z), z 2 D on the unit disc with 0  u(z)  1, such that

lim sup
r!1

u

⇣
re

i(x+�(r))
⌘
= 1, lim inf

r!1
u

⇣
re

i(x+�(r))
⌘
= 0,

at any point x 2 T.
The higher dimensional case of this corollary was considered by Hirata [14]. We

construct also a Blaschke product with Littlewood type divergence condition as

in Theorem 2.1, which generalizes Theorem G. In this case a stronger condition

⇧⇤(�,') = 1 is required.

Theorem 2.2. Let a family of kernels {'r} satisfies �1 , �4 , �5 and for � 2
C[0, 1] we have �(1) = 0 and ⇧⇤(�,') = 1. Then there exists a function B 2 L

1(T),
which is the boundary function of a Blaschke product, such that the limit

lim
r!1

�r (x+ �(r), B)

does not exist for any x 2 T.
Note that, as Theorem 1.1�Theorem 1.6, Theorem 2.1 can also be formulated

and proved for the integrals

�r(x, f) =

Z

R
'r(x� t)f(t) dt, f 2 L

1(R), 0 < r < 1, (10)

where the kernels 'r 2 L
1(R)\L

1(R) satisfy the conditions �1 , �4 , �5 . Further-

more, notice that for any positive function � 2 L
1(R) \ L

1(R) with k�k1 = 1 the

kernels

'r(x) =
1

1� r
�

✓
x

1� r

◆
, x 2 R, 0 < r < 1 (11)

satisfy the conditions �4 and �5 . One can check, that for the Poisson kernel and

for (11) the following conditions are equivalent

lim
r!1

�(r)

1� r
= 1 () ⇧⇤(�,') = 1 () ⇧⇤(�,') > 0.

Therefore, if the kernels in (10) coincide with (11) and �(r) satisfies (9), then Theo-

rem 2.1 formulated for the integrals (10) implies everywhere strong-type divergence
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for (10), which covers the one-dimensional case of a theorem obtained by Aikawa

in [3].

Now we proceed to the Chapter 3.

Let Rn be the family of half-open (or half-closed) rectangles
nQ

i=1
[ai, bi) in Rn and

DRn be the family of dyadic rectangles of the form

nY

i=1


ji � 1

2mi
,
ji

2mi

◆
, ji,mi 2 Z, i = 1, 2, . . . , n. (12)

Definition 3.1. A family B of bounded, positively measured sets from Rn
is said

to be a di↵erentiation basis (or simply basis), if for any point x 2 Rn
there exists

a sequence of sets Ek 2 B such that x 2 Ek, k = 1, 2, . . . and diam(Ek) ! 0 as

k ! 1.

Let B be a di↵erentiation basis and Lloc(Rn) be the space of locally integrable

functions:

Lloc(Rn) = {f : f 2 L(K) for any compact K ⇢ Rn}.

For any function f 2 Lloc(Rn) we define

�B(x, f) = lim sup
diam(E)!0, x2E2B

����
1

|E|

Z

E
f(t)dt� f(x)

���� .

The integral of a function f 2 Lloc(Rn) is said to be di↵erentiable at a point x 2 Rn

with respect to the basis B, if �B(x, f) = 0. The integral of a function is said to

be di↵erentiable with respect to the basis B, if it is di↵erentiable at almost every

point. Consider the following classes of functions

F(B) = {f 2 Lloc(Rn) : �B(x, f) = 0 almost everywhere },

F+(B) = {f 2 Lloc(Rn) : f(x) � 0, �B(x, f) = 0 almost everywhere }.

Let  : R+ ! R+ be a convex function. Denote by  (L)(Rn) the class of

measurable functions f defined on Rn such that  (|f |) 2 L
1(Rn). If � satisfies the

�2-condition  (2x)  k (x), then  (L) turns to be an Orlicz space with the norm

kfk = inf

⇢
c > 0 :

Z

Rn

 

✓
|f |
c

◆
 1

�
.

The following classical theorems determine the optimal Orlicz space, which functions

have a.e. di↵erentiable integrals with respect to the entire family of rectangles Rn

is the space

L(1 + log+ L)n�1(Rn) ⇢ L
1(Rn),
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corresponding to the case  (t) = t(1 + log+ t)n�1 ([10]).

Theorem I (Jessen–Marcinkiewicz–Zygmund, [15]). L(1 + log+ L)n�1(Rn) ⇢
F(Rn).

Theorem J (Saks, [31]). If the function  satisfies

 (t) = o(t logn�1
t) as t ! 1,

then  (L)(Rn) 6⇢ F(Rn). Moreover, there exists a positive function f 2  (L)(Rn)

such that �Rn(x, f) = 1 everywhere.

Such theorems are valid also for the basis DRn. The first one trivially follows

from embedding L(1 + log+ L)n�1(Rn) ⇢ F(Rn) ⇢ F(DRn). The second can be

deduced from the following

Theorem K (Zerekidze, [38] (see also [39, 40])). F+(DRn) = F+(Rn).

Let � = {⌫k : k = 1, 2, . . .} be an increasing sequence of positive integers.

This sequence generates rare basis DRn
� of dyadic rectangles of the form (12) with

mi 2 �, i = 1, 2, . . . , n. This kind of bases first considered in the papers [36],

[11], [13]. Stokolos [36] proved that the analogous of Saks theorem holds for any

basis DRn
� with an arbitrary � sequence. That means L(1 + log+ L)n�1(Rn) is

again the largest Orlicz space containing in F(DRn
�). Oniani and Zerekidze [26]

characterised translation invariant as well as net type bases formed of rectangles

that are equivalent to the basis of all rectangles in the class of all non-negative

functions. Karagulyan [16] proved some theorems, establishing an equivalency of

some convergence conditions for multiple martingale sequences, those in particular

imply some results of the papers [36], [11], [13].

In spite of the largest Orlicz spaces corresponding to the bases DR2
� and DR2

coincide, they do di↵erentiate di↵erent set of functions, depending on density of the

sequence �. We prove that the condition

�� = sup
k2N

(⌫k+1 � ⌫k) < 1

is necessary and su�cient for the full equivalency of rare dyadic basis DR2
� and

complete dyadic basis DR2.

Theorem 3.1. If � = {⌫k} is an increasing sequence of positive integers with

�� < 1, then

F(DR2
�) = F(DR2).
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Theorem 3.2. If � = {⌫k} is an increasing sequence of positive integers with

�� = 1, then there exists a function f 2 F(DR2
�) such that

lim sup
len(R)!0, x2R2DR2

����
1

|R|

Z

R
f(t) dt

���� = 1

for any x 2 Rn
.

Definition 3.2. A basis B is said to be density basis if B di↵erentiates the integral

of any characteristic function IE of measurable set E:

�B(x, IE) = 0 at almost every x 2 Rn
.

We will say that the basis B di↵erentiates a class of functions F , if basis B di↵er-

entiates the integrals of all functions of F .

Definition 3.3. Let B1,B2 ✓ B be subbases. We will say that basis B2 is

quasi-coverable by basis B1 (with respect to basis B) if for any R 2 B2 there exist

Rk 2 B1, k = 1, 2, . . . , p and R
0 2 B such that

R ✓ R̃ ✓ R
0
, R̃ =

p[

k=1

Rk

diam(R0)  c · diam(R), |R0|  c|Rk|, k = 1, 2, . . . , p,
pX

k=1

|Rk|  c|R̃|, |R̃|  c|R|,

where constant c � 1 depends only on bases B1,B2 and B. We will say two bases

are quasi-equivalent if they are quasi-coverable with respect to each other.

We prove that quasi-equivalent subbases B1,B2 of density basis B di↵erentiate

the same class of non-negative functions.

Theorem 3.3. Let B1 and B2 be subbases of density basis B formed of open sets

from Rn
. If the bases B1 and B2 are quasi-equivalent with respect to B then

F+(B1) = F+(B2).

17



References

[1] Aikawa H., Harmonic functions having no tangential limits, Proc. Amer. Math.
Soc., 1990, vol. 108, no. 2, 457–464.

[2] Aikawa H., Harmonic functions and Green potential having no tangential limits,
J. London Math. Soc., 1991, vol. 43, 125–136.

[3] Aikawa H., Fatou and Littlewood theorems for Poisson integrals with respect to
non-integrable kernels, Complex Var. Theory Appl., 2004, 49(7–9), 511–528.

[4] Brannan D. A. and Clunie J. G., Aspects of contemporary complex analysis,
Academic Press, 1980.

[5] Brundin M., Boundary behavior of eigenfunctions for the hyperbolic Laplacian,
Ph.D. thesis, Department of Mathematics, Chalmers University, 2002.

[6] Carlsson M., Fatou-type theorems for general approximate identities, Math.
Scand., 2008, 102, 231–252.

[7] Di Biase F., Tangential curves and Fatou’s theorem on trees, J. London Math.
Soc., 1998, vol. 58, no. 2, 331–341.

[8] Di Biase F., Stokolos A., Svensson O. and Weiss T., On the sharpness of the
Stolz approach, Annales Acad. Sci. Fennicae, 2006, vol. 31, 47–59.

[9] Fatou P., Séries trigonométriques et séries de Taylor, Acta Math., 1906, vol. 30,
335–400.

[10] Guzman M., Differentiation of integrals in Rn, Springer-Verlag, 1975.
[11] Hagelstein P. A., A note on rare maximal functions. Colloq. Math., 2003, vol.

95, no. 1, 49–51.
[12] Hakim M. and Sibony N., Fonctions holomorphes bornées et limites

tangentielles, Duke Math. J., 1983, vol. 50, no. 1, 133–141.
[13] Hare K. and Stokolos A., On weak type inequalities for rare maximal functions,

Colloq. Math., 2000, vol. 83, no. 2, 173–182.
[14] Hirata K., Sharpness of the Koranyi approach region, Proc. Amer. Math. Soc.,

2005, vol. 133, no. 8, 2309–2317.
[15] Jessen B., Marcinkiewicz J., Zygmund A., Note of differentiability of multiple

integrals, Fund. Math., 1935, 25, 217–237.
[16] Karagulyan G. A., On equivalency of martingales and related problems, Journal

of Contemporary Mathematical Analysis, 2013, vol. 48, no. 2, 51–65.
[17] Katkovskaya I. N. and Krotov V. G., Strong-Type Inequality for Convolution

with Square Root of the Poisson Kernel, Mathematical Notes, 2004, vol. 75, no.
4, 542–552.

18



[18] Korani A., Harmonic functions on Hermitian hyperbolic space, Trans. Amer.
Math. Soc., 1969, 135, 507–516.

[19] Krotov V. G., Tangential boundary behavior of functions of several variables,
Mathematical Notes, 2000, vol. 68, no. 2, 201–216.

[20] Krotov V. G., Smovzh L. V., Weighted estimates for tangential boundary
behaviour, Sb. Math., 2006, vol. 197, no. 2, 193–211.

[21] Krotov V. G., Katkovskaya I. N., On nontangential boundary behaviour of
potentials, Proceedings of the Institute of Mathematics NAS of Belorus, 1999,
vol. 2, 63–72.

[22] Littlewood J. E., On a theorem of Fatou, Journal of London Math. Soc., 1927,
vol. 2, 172–176.

[23] Lohwater A. J. and Piranian G., The boundary behavior of functions analytic
in unit disk, Ann. Acad. Sci. Fenn., Ser A1, 1957, vol. 239, 1–17.

[24] Mizuta Y. and Shimomura T., Growth properties for modified Poisson integrals
in a half space, Pacific J. Math., 2003, 212, 333–346.

[25] Nagel A. and Stein E. M., On certain maximal functions and approach regions,
Adv. Math., 1984, vol. 54, 83–106.

[26] Oniani G., Zerekidze T., On differential bases formed of intervals, Georgian
Math. J., 1997, vol. 4, no. 1, 81–100

[27] Rönning J.-O., Convergence results for the square root of the Poisson kernel,
Math. Scand., 1997, vol. 81, no. 2, 219–235.

[28] Rönning J.-O., On convergence for the square root of the Poisson kernel in
symmetric spaces of rank 1, Studia Math., 1997, vol. 125, no. 3, 219–229.

[29] Rönning J.-O., Convergence results for the square root of the Poisson kernel in
the bidisk , Math. Scand., 1999, vol. 84, no. 1, 81–92.

[30] Saeki S., On Fatou-type theorems for non radial kernels, Math. Scand., 1996,
vol. 78, 133–160.

[31] Saks S., Remark on the differentiability of the Lebesgue indefinite integral, Fund.
Math., 1934, 22, 257–261.

[32] Sjog̈ren P., Une remarque sur la convergence des fonctions propres du laplacien
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AM�O�OWM

A⇢xatanq⌫ bakaca� � ereq glxic:

A⌧ajin glxowm owsowmnasirvowm en o�-⇢o⇢a�oayin zowgamitow⇠yan veraber{

yal Fatowi ⇠eoremi oro⇢ ⌫ndhanracowmner ⌫ndhanowr korizov �a⇠owy⇠ tipi

integral �peratorneri hamar: Nermow�vowm � nor zowgamitow⇠yan tesak,

�(r)�zowgamitow⇠yown, or⌫ handisanowm � miavor ⇢rjanowm o�-⇢o⇢o�oayin zow{
gamitow⇠yan ⌫ndhanracowm: Nkaragrvowm � ⌫ndhanowr korizneri  zowgami{

tow⇠yan �ptimal tirowy⇠neri kap⌫: Stacva� ardyownqner⌫ ⌫ndhanracnowm en

na ⇢o⇢a�oayin zowgamitow⇠yan het kapva� oro⇢ ardyownqner:

1. Stacvel � anhra⇡e⇢t  bavarar payman �(r) fownkciayi hamar, orn

apahovowm � ⌫ndhanowr korizov �a⇠owy⇠ tipi integral �peratorneri

hamarya amenowreq �(r)�zowgamitow⇠yown⌫ verjavor �a�eri  integreli

fownkcianeri tara�ow⇠yownnerowm: Avelin, verjavor �a�i depqowm zow{

gamitow⇠yown⌫ tei owni cankaca� ketowm, orte �a�⌫ diferenceli �,

isk integreli fownkciayi depqowm zowgamitow⇠yown⌫ tei owni fownkciayi

cakaca� Lebegi ketowm:

2. Nmanatip anhra⇡e⇢t  bavarar payman stacvel � na �apes sahma{

na�ak fownkcianeri tara�ow⇠yan hamar: ⌥nd orowm, zowgamitow⇠yown⌫

tei owni fownkciayi cakaca� Lebegi ketowm:

Erkrord glxowm hetazotvowm en Li⇠lvowdi ⇠eoremi oro⇢ ⌫ndhanracowmner ⌫nd{

hanowr korizov �a⇠owy⇠ tipi integral �peratorner hamar: Li⇠lvowdi ⇠eorem⌫

handisanowm � Fatowi ⇠eoremi kar or lracowm` ka⌧owcelov analitik fownkcia

miavor ⇢rjani vra, orn �⇡tva� � hamarya amenowreq taramitow⇠yan hatkow{

⇠yamb trva� ⇢o⇢a�oayin kori erkaynqov: ⇤ akerpvowm en Li⇠lvowdi ⇠eoremi

erkow tipi ⌫ndhanracowmner, oronq �⇡tva� en amenowreq taramitow⇠yan hat{

kow⇠yamb:

3. N⇢vowm en ⌫ndhanowr paymanner, oronc a⌧kayow⇠yan depqowm ka⌧owcvowm

� aynpisi bnow⇠agri� fownkcia, ori �a⇠owy⇠ tipi integral �perator⌫

trva� ⇢o⇢a�oayin kori erkaynqov taramitowm � amenowreq: Masnavora{

bar, trva� ⇢o⇢a�oayin kori hamar ka⌧owcvowm � sahmana�ak harmonik

fownkcia, or⌫ kori erkaynqov artahaytowm � amenowreq ow⇡e tarami{

tow⇠yan hatkow⇠yown:
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4. N⇢vown en ⌫ndhanowr paymanner, oronc a⌧kayow⇠yan depqowm ka⌧owcvowm �

sahmana�ak fownkcia, orn irenic nerkayacnowm � Blya⇢kei artadryali

ezrayin ar⇡eqner  �⇡tva� � trva� ⇢o⇢a�oayin kori erkaynqov amenow{

req taramitow⇠yan hatkow⇠yamb:

Errord glowx⌫ nvirva� � Rn tara�ow⇠yownnerowm diferencial bazisneri ha{

mar⇡eqow⇠yan oro⇢ harcerin: Ditarkvowm � nosr erkowakan owankyownneri  

bolor erkowakan owankyownneri lriv hamar⇡eqow⇠yown⌫ R2 tara�ow⇠yownowm:

Erkow diferencial bazisneri mij sahmanvowm � qvazi-hamar⇡eqow⇠yown  di{

tarkvowm en fownkcianer oronq diferencvowm en ayd bazisneri nkatmamb:

5. Stacvel � anhra⇡e⇢t  bavarar payman, ori depqowm R2 tara�ow⇠yow{

nowm nosr erkowakan owankyownneric kazmva� bazis⌫  bolor erkowakan

owankyownneric kazmva� bazis⌫ diferencowm en nowyn fownkcianeri baz{

mow⇠yown⌫:

6. Apacowcvowm �, or Rn tara�ow⇠yownowm mi nowyn xtow⇠yan bazisi erkow

qvazi-hamar⇡eq en⇠abazisner diferencowm en nowyn o�-bacasakan fownk{

cianeri bazmow⇠yown⌫:
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ЗАКЛЮЧЕНИЕ

Диссертация состоит из трех глав.
В главе 1 исследуются обобщения теоремы Фату для интегральных опера-

торов типа свертки с общими ядрами. Вводится �(r)�сходимость, являющая-
ся обобщением некасательной сходимости в единичном круге. Описаны связи
между ядрами и областями оптимальной сходимости для таких операторов в
разных функциональных пространствах.

1. Обнаружено необходимое и достаточное условие для �(r), обеспечиваю-
щего почти всюду �(r)�сходимость для интегральных операторов типа
свертки в обоих пространствах ограниченных мер и интегрируемых функ-
ций. Более того, в случае ограниченных мер сходимость происходит в лю-
бой точке, где мера дифференцируема. В случае интегрируемых функций,
сходимость происходит в любой точке Лебега функции.

2. Обнаружено необходимое и достаточное условие для �(r), обеспечиваю-
щего почти всюду �(r)�сходимость для тех же интегральных операторов
типа свертки в пространстве существенно ограниченных функций. Кроме
того, сходимость происходит в любой точке Лебега функции.

В главе 2 изучаются некоторые обобщения теоремы Литтлвуда, которая де-
лает важное дополнение к теореме Фату, создавая аналитическую функцию,
обладающую почти везде расходящимся свойством вдоль данной касательной
кривой. Те же интегральные операторы типа свертки рассматриваются с более
общими ядрами. Получены два вида обобщений теоремы Литтлвуда, обладаю-
щих всюду расходящимся свойством.

3. При общих предположениях строится такая характеристическая функ-
ция, при которой свертка с общими ядрами обладает всюду расходящимся
свойством вдоль данной касательной кривой. В частности, доказано суще-
ствование ограниченной гармонической функции, имеющей всюду силь-
ное расходящееся свойство вдоль данной касательной кривой.

4. При общих предположениях строится ограниченная функция, являюща-
яся граничным значением некоторого произведения Бляшке, при которой
свертка с общими ядрами обладает всюду расходящимся свойством вдоль
данной касательной кривой.
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Глава 3 посвящена некоторым вопросам эквивалентности дифференциаль-
ных базисов в Rn. Исследуется полная эквивалентность базиса редких диади-
ческих прямоугольников и базиса полных диадических прямоугольников в R2.
Введена квази-эквивалентность между двумя дифференциальными базисамы
в Rn и рассматривается множество функций, которые дифференцируют такие
базисы.

5. Обнаружено необходимое и достаточное условие для полной эквивалент-
ности базиса редких диадических прямоугольников и базиса полных диа-
дических прямоугольников в R2.

6. Доказано, что два квази-эквивалентных базиса некоторого плотностного
базиса в Rn дифференцируют одно и то же множество неотрицательных
функций.
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