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Îáùàÿ õàðàêòåðèñòèêà ðàáîòû

Àêòóàëüíîñòü òåìû. Ôóíêöèîíàëüíûå ïðîñòðàíñòâà, êîòîðûå ðàñ-

ñìîòðåíû â íàñòîÿùåé ðàáîòå, â ïðèíöèïå âîçíèêëè è ðàçâèëèñü èç êëàññè-

÷åñêîé òåîðèè êëàññîâ Õàðäè Hp. Îñíîâîïîëàãàþùèå ðàáîòû Õàðäè, Ëèòòë-

âóäà, Ô. Ðèññà, Ì. Ðèññà, Ñåã�å, Ñìèðíîâà, Ïðèâàëîâà, Áåðãìàíà, Íåâàíëèííû

è èõ ïîñëåäîâàòåëåé âûÿâèëè òó âàæíóþ ðîëü, êàêóþ èãðàþò êëàññû Õàðäè

è èõ îáîáùåíèÿ â ðàçëè÷íûõ âîïðîñàõ ãàðìîíè÷åñêîãî àíàëèçà, ãðàíè÷íûõ

ñâîéñòâ ôóíêöèé, òåîðèè ñòåïåííûõ ðÿäîâ è ðÿäîâ Ôóðüå, ëèíåéíûõ îïåðà-

òîðîâ, ýêñòðåìàëüíûõ è àïïðîêñèìàöèîííûõ çàäà÷. Â 1920-30-õ ãîäàõ â ðàáî-

òàõ Áåðãìàíà [11], Õàðäè, Ëèòòëâóäà [18], [19], Çèãìóíäà è äðóãèõ âîçíèêëè

àíàëîãè è îáîáùåíèÿ êëàññîâ Õàðäè, â êîòîðûõ ðàâíîìåðíàÿ íîðìà çàìåíÿ-

åòñÿ èíòåãðàëüíîé íîðìîé, îáû÷íî ñ íåêîòîðûì âåñîì. Âîçíèêàþò ïðîñòðàí-

ñòâà ÁåðãìàíàApα è ïðîñòðàíñòâà ñî ñìåøàííîé íîðìîéH(p, q, α). Â Àðìåíèè

èññëåäîâàíèå è ðàçâèòèå òåîðèè ïðîñòðàíñòâ Áåðãìàíà è äðóãèõ ñìåæíûõ

ôóíêöèîíàëüíûõ êëàññîâ íà÷àëîñü ñ ðàáîò Ì.Ì. Äæðáàøÿíà (ñì. [2]), êî-

òîðûé, â ÷àñòíîñòè, âûâåë èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ âåñîâûõ ïðîñò-

ðàíñòâ Áåðãìàíà.

Îäíî èç íàïðàâëåíèé ýòèõ èññëåäîâàíèé � âîçíèêàþùèå èíòåãðàëüíûå

îïåðàòîðû (òèïà) Áåðãìàíà, îãðàíè÷åííîñòü êîòîðûõ íà ðàññìàòðèâàåìûõ

âåñîâûõ ïðîñòðàíñòâàõ îòêðûâàåò âîçìîæíîñòü, â ÷àñòíîñòè, äëÿ íàõîæäåíèÿ

èõ ñîïðÿæåííûõ ïðîñòðàíñòâ. Ó÷àñòâóþùèå çäåñü ñòàíäàðòíûå ñòåïåííûå

âåñîâûå ôóíêöèè ìîæíî çàìåíèòü íà áîëåå îáùèå, òàê íàçûâàåìûå íîð-

ìàëüíûå âåñîâûå ôóíêöèè. Òàêîå îáîáùåíèå áûëî ïðåäëîæåíî Øèëäñîì

è Âèëüÿìñîì [24], [25], â ÷àñòíîñòè äëÿ ðåøåíèÿ ïðîáëåì äâîéñòâåííîñòè.

Èññëåäîâàíèÿ Øèëäñà è Âèëüÿìñà [24], [25], à òàêæå äàëüíåéøåå ðàçâèòèå

èõ òåîðèè, ïðåäñòàâëåííûå â ðàáîòàõ [17], [16], [13], [7], [8], [23], [21], [4],

[20], îñòàëèñü íåïîëíûìè â ñðàâíåíèè ñ êëàññè÷åñêèì ñëó÷àåì ñòåïåííûõ

âåñîâûõ ôóíêöèé. Ïîýòîìó åñòåñòâåííî ïðîäîëæèòü èçó÷åíèå îïåðàòîðîâ

òèïà Áåðãìàíà è ñâÿçàííûõ ñ íèìè âåñîâûõ ïðîñòðàíñòâ è èõ ñîïðÿæåííûõ

ñ ó÷àñòèåì íîðìàëüíûõ âåñîâûõ ôóíêöèé. Çàìåòèì, ÷òî íîðìàëüíûå âåñîâûå

ôóíêöèè â îïåðàòîðàõ (òèïà) Áåðãìàíà âïîëíå åñòåñòâåííû, ïîñêîëüêó äëÿ

áîëåå áûñòðî óáûâàþùèõ âåñîâûõ ôóíêöèé îïåðàòîðû Áåðãìàíà îêàçûâàþòñÿ

íåîãðàíè÷åííûìè íà êëàññàõ Áåðãìàíà.
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Öåëü ðàáîòû.

1) Íàéòè íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ íà ïàðàìåòðû p, a, b, α äëÿ

òîãî, ÷òîáû èíòåãðàëüíûé îïåðàòîð òèïà Áåðãìàíà Qφ,ψ ñòàë îãðàíè÷åííûì

îïåðàòîðîì â Lp(B) ïðè óñëîâèè, ÷òî {φ,ψ} � íîðìàëüíàÿ ïàðà ôóíêöèé ñ

èíäåêñàìè a è b (0 < a < b) è ñ èíäåêñîì ïàðû α (α > b−1). Äîêàçàòü òàêæå,

÷òî îïåðàòîð Qφ,ψ ÿâëÿåòñÿ îãðàíè÷åííûì ïðîåêòîðîì èç ïðîñòðàíñòâà

Lp(B) íà åãî ïîäïðîñòðàíñòâî.

2) Íàéòè çíà÷åíèÿ ïàðàìåòðà β, ïðè êîòîðûõ îáùèå îïåðàòîðû òèïà

Áåðãìàíà Qφ,ψ, Q̃φ,ψ îãðàíè÷åíû íà ïðîñòðàíñòâàõ L(p, q, β) ñî ñìåøàííîé

íîðìîé â øàðå B.

3) Ïîñòðîèòü ïëþðèãàðìîíè÷åñêîå âîñïðîèçâîäÿùåå ÿäðî kw è äîêàçàòü

îãðàíè÷åííîñòü ñîîòâåòñòâóþùèõ èíòåãðàëüíûõ îïåðàòîðîâ ñ ÿäðîì kw. Óñòà-

íîâèòü ñîîòíîøåíèÿ äâîéñòâåííîñòè äëÿ ïëþðèãàðìîíè÷åñêèõ ïðîñòðàíñòâ

h1(η)∗ ∼= h∞(Φ), h0(Φ)
∗ ∼= h1(η).

4) Îïðåäåëèòü ïîíÿòèå ïîëóàíàëèòè÷åñêîé ôóíêöèè â åäèíè÷íîì ïîëè-

äèñêå Un. Äëÿ òàêèõ ôóíêöèé f(z) â ïîëèäèñêå Un äîêàçàòü àíàëîã èçâåñòíîé

ôîðìóëû Øâàðöà ñ ó÷àñòèåì n-ìåðíîãî àíàëîãà ÿäðà Øâàðöà â ïîëèäèñêå.

Ìåòîäû èññëåäîâàíèÿ.Ïðèìåíÿþòñÿ â îñíîâíîì ìåòîäû êîìïëåêñíîãî

è ôóíêöèîíàëüíîãî àíàëèçà.

Íàó÷íàÿ íîâèçíà. Âñå ðåçóëüòàòû äèññåðòàöèè ÿâëÿþòñÿ íîâûìè.

Ïðàêòè÷åñêàÿ è òåîðåòè÷åñêàÿ öåííîñòü. Ðàáîòà íîñèò òåîðåòè÷åñ-

êèé õàðàêòåð, åå ðåçóëüòàòû ìîãóò áûòü ïðèìåíåíû â çàäà÷àõ òåîðèè ôóíê-

öèé îäíîãî è íåñêîëüêèõ êîìïëåêñíûõ ïåðåìåííûõ, òåîðèè îïåðàòîðîâ è

ôóíêöèîíàëüíîãî àíàëèçà.

Àïðîáàöèÿ ïîëó÷åííûõ ðåçóëüòàòîâ.Îñíîâíûå ðåçóëüòàòû äèññåðòà-

öèè äîêëàäûâàëèñü íà ñåìèíàðàõ êàôåäðû îáùåé ìàòåìàòèêè ôàêóëüòåòà

ìàòåìàòèêè è ìåõàíèêè ÅÃÓ, íà åæåãîäíèõ ñåññèÿõ Àðìÿíñêîãî ìàòåìàòè-

÷åñêîãî ñîþçà, íà ðîññèéñêî-àðìÿíñêîì ñîâåùàíèè ïî ìàòåìàòè÷åñêîé ôèçèêå,

êîìïëåêñíîìó àíàëèçó è ñìåæíûì âîïðîñàì.

Ïóáëèêàöèè. Îñíîâíûå ðåçóëüòàòû äèññåðòàöèè îïóáëèêîâàíû â 4 ñòà-

òüÿõ àâòîðà, ñïèñîê êîòîðûõ ïðèâîäèòñÿ â êîíöå àâòîðåôåðàòà.

4



Ñòðóêòóðà è îáúåì äèññåðòàöèè. Äèññåðòàöèîííàÿ ðàáîòà èçëîæåíà

íà 75 ñòðàíèöàõ è ñîñòîèò èç ââåäåíèÿ, òðåõ ãëàâ, çàêëþ÷åíèÿ è ñïèñêà

öèòèðîâàííîé ëèòåðàòóðû, âêëþ÷àþùåãî 50 íàèìåíîâàíèé.

Ñîäåðæàíèå ðàáîòû

Äèññåðòàöèîííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ îïåðàòîðîâ áåðãìàíîâ-

ñêîãî òèïà â ðàçëè÷íûõ âåñîâûõ ïðîñòðàíñòâàõ àíàëèòè÷åñêèõ èëè ïëþðè-

ãàðìîíè÷åñêèõ ôóíêöèé, çàäàííûõ â åäèíè÷íîì øàðå èç Cn. Äîêàçàíà îãðà-
íè÷åííîñòü òàêèõ îïåðàòîðîâ â ñîîòâåòñòâóþùèõ ïðîñòðàíñòâàõ, ÷òî äàëî

âîçìîæíîñòü íàéòè ñîïðÿæåííûå ïðîñòðàíñòâà íåêîòîðûõ ðàññìàòðèâàåìûõ

âåñîâûõ ïðîñòðàíñòâ. Òåìàòèêà ïîäîáíûõ âåñîâûõ ïðîñòðàíñòâ àíàëèòè÷åñ-

êèõ èëè èíûõ ôóíêöèé øèðîêî ïðåäñòàâëåíà â íåñêîëüêèõ ìîíîãðàôèÿõ,

êîòîðûå ïîñëóæèëè áàçîé äëÿ íàøåãî èññëåäîâàíèÿ. Ñìîòðè ìîíîãðàôèè

òàêèõ àâòîðîâ êàê Áåðãìàí [12], Ðóäèí [5], Ãàðíåòò [1], À.Ý. Äæðáàøÿí, Ô.À.

Øàìîÿí [13], Õåäåíìàëüì, Êîðåíáëþì, Æó [21], Äþðåí, Øóñòåð [14], Æó

[27].

Íàñ èíòåðåñóþò ãëàâíûì îáðàçîì ìíîãîìåðíûå àíàëîãè îïèñàííûõ âûøå

êëàññîâ, çàäàííûå â åäèíè÷íîì øàðå èç Cn. Ïóñòü B = Bn � îòêðûòûé

åäèíè÷íûé øàð â Cn, è S := ∂B � åãî ãðàíèöà, åäèíè÷íàÿ ñôåðà. Ñêàëÿðíîå

ïðîèçâåäåíèå â Cn îáîçíà÷èì ÷åðåç ⟨z, w⟩ := z1w1 + · · · + znwn, z, w ∈ Cn.
Áóäåì ïîëàãàòü z = rζ, w = ρη ∈ B, 0 ≤ r, ρ < 1, ζ, η ∈ S, r = |z| =

√
⟨z, z⟩.

Âìåñòî ñòàíäàðòíûõ ñòåïåííûõ âåñîâûõ ôóíêöèé Øèëäñ è Âèëüÿìñ [24]

âïåðâûå ïðåäëîæèëè èñïîëüçîâàòü áîëåå îáùèå íîðìàëüíûå âåñîâûå ôóíêöèè.

Ôàêòè÷åñêè, ýòî òå âåñîâûå ôóíêöèè, êîòîðûå èìåþò ñòåïåííûå ìèíîðàíòû

è ìàæîðàíòû ñ ïîëîæèòåëüíûìè ïîêàçàòåëÿìè.

Îïðåäåëåíèå 1. (Íîðìàëüíàÿ âåñîâàÿ ôóíêöèÿ, [24], [26]) Ïîëîæèòåëüíàÿ

íåïðåðûâíàÿ ôóíêöèÿ φ(r), 0 ≤ r < 1, íàçûâàåòñÿ íîðìàëüíîé, åñëè íàéäóòñÿ

ïîñòîÿííûå 0 < a < b è 0 ≤ r0 < 1 òàêèå, ÷òî èìåþò ìåñòî

φ(r)

(1− r)a
↘ 0 è

φ(r)

(1− r)b
↗ +∞ ïðè r → 1−, r0 ≤ r < 1. (1)

Â îòäåëüíûõ ñëó÷àÿõ ìîíîòîííîñòü â (1) çàìåíÿåòñÿ íà áîëåå îáùåå ïîíÿ-

òèå "ïî÷òè ìîíîòîííîñòè". Èíäåêñû a è b äëÿ íîðìàëüíîé ôóíêöèè φ îïðå-

äåëÿþòñÿ íåîäíîçíà÷íî. Òèïè÷íûìè è ïðîñòûìè ïðèìåðàìè íîðìàëüíûõ
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ôóíêöèé ÿâëÿþòñÿ ôóíêöèè âèäà φc,d(r) := (1 − r)c
(
log

e

1− r

)d
, c > 0,

d ∈ R, ïðè÷åì ïðè c = 0 ôóíêöèÿ φ0,d(r) óæå íå áóäåò íîðìàëüíîé. Íîðìàëü-

íûå âåñîâûå ôóíêöèè òàêæå áëèçêî ñîîòíîñÿòñÿ, à â íåêîòîðîì ñìûñëå ýêâè-

âàëåíòíû ïðàâèëüíî ìåíÿþùèìñÿ ôóíêöèÿì è ôóíêöèÿì êëàññà RO, ñì. [6].

Ôóíêöèè êëàññà RO â êà÷åñòâå âåñîâûõ ôóíêöèé äëÿ ðàçëè÷íûõ êëàññîâ

àíàëèòè÷åñêèõ ôóíêöèé øèðîêî ïðèìåíÿëèñü â ñåðèè ðàáîò Ô.À. Øàìîÿíà,

ñì., íàïðèìåð, [7], [8], à òàêæå [20].

Îïðåäåëåíèå 2. (Íîðìàëüíàÿ ïàðà, [24]) Ñêàæåì, ÷òî ïàðà ôóíêöèé

{φ,ψ} ñîñòàâëÿåò íîðìàëüíóþ ïàðó, åñëè ôóíêöèÿ φ íîðìàëüíà, è ñóùå-

ñòâóåò ÷èñëî α > b− 1 (èíäåêñ ïàðû) òàêîå, ÷òî

φ(r)ψ(r) = (1− r2)α, 0 ≤ r < 1. (2)

Ðàñøèðèì îáëàñòü îïðåäåëåíèÿ òàêèõ ðàäèàëüíûõ âåñîâûõ ôóíêöèé äî

øàðà B, ïîëîæèâ φ(z) := φ(|z|) = φ(r), ψ(z) := ψ(|z|) = ψ(r).

Â Ãëàâå 1 íàéäåíî óñëîâèå íà èíäåêñû íîðìàëüíîé âåñîâîé ôóíêöèè è

íîðìàëüíîé ïàðû, ïðè êîòîðîì âåñîâîé îïåðàòîð òèïà Áåðãìàíà ÿâëÿåòñÿ

îãðàíè÷åííûì ïðîåêòîðîì â íåâåñîâîì ëåáåãîâîì ïðîñòðàíñòâå Lp(B).

Øèëäñ è Âèëüÿìñ [24] ïîñðåäñòâîì íîðìàëüíûõ âåñîâûõ ôóíêöèé â åäè-

íè÷íîì êðóãå D = B1 ïðåäëîæèëè îáîáùåíèÿ îïåðàòîðîâ Áåðãìàíà, êîòîðûå

äëÿ øàðà B îïðåäåëåíû â ðàáîòàõ À.È. Ïåòðîñÿíà [4], [29] â âèäå

Qφ,ψ(f)(z) :=

∫
B

ψ(z)φ(w)

(1− ⟨z, w⟩)n+1+α
f(w) dV (w), z ∈ B, (3)

Q̃φ,ψ(f)(z) :=

∫
B

ψ(z)φ(w)

|1− ⟨z, w⟩|n+1+α
f(w) dV (w), z ∈ B. (4)

Èìåííî òàêèå îïåðàòîðû èçó÷àþòñÿ â íàñòîÿùåé ðàáîòå. Â ÷àñòíîì ñëó÷àå

φ(r) = (1−r2)α, ψ ≡ 1 îïåðàòîðû (3), (4) ñâîäÿòñÿ ê êëàññè÷åñêèì ïðîåêòîðàì

Áåðãìàíà, ñì. [5], [13], [17], [21], [23], [27]. Â ñëó÷àå φ(r) = (1 − r2)c, ψ(r) =

(1−r2)d, c+d = α îïåðàòîðû òèïà Áåðãìàíà (3), (4) òàêæå õîðîøî èçâåñòíû,

ñì. [10], [17], [23], [27].

Â ìîíîãðàôèèÆó [27, Theorem 2.10] äîêàçàíà òåîðåìà îá îãðàíè÷åííîñòè

îïåðàòîðîâ òèïà (3), (4), íî ñ îáû÷íûìè ñòåïåííûìè âåñàìè.

Òåîðåìà B. Äëÿ äâóõ âåùåñòâåííûõ ÷èñåë a > −1 è b > 0 îïðåäåëèì äâà
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èíòåãðàëüíûõ îïåðàòîðà:

(Qf)(z) =
(
1− |z|2

)a ∫
B

(1− |w|2)b(
1− ⟨z, w⟩

)n+1+a+b
f(w) dV (w)

è

(Q̃f)(z) =
(
1− |z|2

)a ∫
B

(1− |w|2)b∣∣1− ⟨z, w⟩
∣∣n+1+a+b

f(w) dV (w).

Äëÿ 1 6 p <∞ ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

(a) Q îãðàíè÷åí ïî íîðìå â Lp(B);

(b) Q̃ îãðàíè÷åí ïî íîðìå â Lp(B);

(c) −pa < 1.

Êàê âèäèì, íàéäåíî íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå äëÿ îãðàíè÷åí-

íîñòè îïåðàòîðîâ.

Îñíîâíûì ðåçóëüòàòîì Ãëàâû 1 ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà, â êîòîðîé

ðàññìîòðåíû áîëåå îáùèå âåñîâûå ôóíêöèè (à èìåííî íîðìàëüíûå), îäíàêî

äëÿ îãðàíè÷åííîñòè îïåðàòîðîâ íàéäåíî ëèøü äîñòàòî÷íîå óñëîâèå.

Òåîðåìà 1. Ïóñòü {φ,ψ} � íîðìàëüíàÿ ïàðà ôóíêöèé ñ èíäåêñàìè a è

b (0 < a < b) è ñ èíäåêñîì ïàðû α (α > b− 1) â ñìûñëå Îïðåäåëåíèé 1�2.

Ïðè âñåõ 1 6 p <∞, óäîâëåòâîðÿþùèõ óñëîâèþ p(b−α) < 1, èíòåãðàëüíûå

îïåðàòîðû Qφ,ψ è Q̃φ,ψ, ñì. (3), (4), ÿâëÿþòñÿ îãðàíè÷åííûìè îïåðàòîðàìè

â Lp(B). Áîëåå òîãî, îïåðàòîð Qφ,ψ ÿâëÿåòñÿ îãðàíè÷åííûì ïðîåêòîðîì èç

ïðîñòðàíñòâà Lp(B) íà åãî ïîäïðîñòðàíñòâî ψ ·Ap(ψ).

Â Ãëàâå 2 ìû ðàññìàòðèâàåì áîëåå îáùèå ïðîñòðàíñòâà L(p, q, β) ñî

ñìåøàííîé íîðìîé è äîêàçûâàåì, ÷òî âåñîâûå îïåðàòîðû òèïà Áåðãìàíà

îãðàíè÷åíû íà L(p, q, β) ïðè ïîäõîäÿùåì âûáîðå èíäåêñîâ.

Äëÿ ôóíêöèè f(z) = f(rζ), çàäàííîé â øàðå B, åå èíòåãðàëüíûå ñðåäíèå

ïîðÿäêà p íà ñôåðå |z| = r îáîçíà÷åíû êàê îáû÷íî, ÷åðåç

Mp(f ; r) =
∥∥f(r·)∥∥

Lp(S;dσ)
, 0 ≤ r < 1, 0 < p ≤ ∞,

ãäå dσ � (2n−1)-ìåðíàÿ ïîâåðõíîñòíàÿ ìåðà Ëåáåãà íà ñôåðå S, íîðìèðîâàííàÿ

òàê, ÷òî σ(S) = 1. Êëàññ ôóíêöèé f ∈ H(B) ñ "íîðìîé" ∥f∥Hp = sup
0<r<1

Mp(f ; r)

åñòü îáû÷íîå ïðîñòðàíñòâî Õàðäè Hp(B) â åäèíè÷íîì øàðå B.
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Îïðåäåëåíèå 3. Îïðåäåëèì ïðîñòðàíñòâî L(p, q, β)
(
0 < p, q ≤ ∞, β ∈ R

)
ñî ñìåøàííîé íîðìîé êàê ïðîñòðàíñòâî òåõ èçìåðèìûõ ôóíêöèé f(z) =

f(rζ) â øàðå B, äëÿ êîòîðûõ êîíå÷íà êâàçèíîðìà

∥f∥L(p,q,β) = ∥f∥p,q,β :=


(∫ 1

0

(1− r)βq−1Mq
p (f ; r) dr

)1/q

, 0 < q <∞,

ess sup
0<r<1

(1− r)βMp(f ; r), q = ∞.

Ïîäïðîñòðàíñòâà L(p, q, β), ñîñòîÿùèå èç ãîëîìîðôíûõ ôóíêöèé, îáîçíà÷èì

÷åðåç H(p, q, β) := H(B) ∩ L(p, q, β), β > 0.

Åñëè 1 ≤ p, q ≤ ∞, òî L(p, q, β),H(p, q, β) ÿâëÿþòñÿ áàíàõîâûìè ïðîñòðàí-

ñòâàìè ñ íîðìîé ∥ · ∥p,q,β . Ïðè p = q < ∞ ïðîñòðàíñòâà H(p, p, β) = Apβp−1

ñîâïàäàþò ñ âåñîâûìè êëàññàìè Áåðãìàíà. Ïðîñòðàíñòâà ñî ñìåøàííîé íîð-

ìîé äëÿ ãîëîìîðôíûõ â åäèíè÷íîì êðóãå ôóíêöèé áûëè ââåäåíû Õàðäè è

Ëèòòëâóäîì â [18], [19] è ðàçâèòû â äàëüíåéøåì Ôëåòòîì [15]. Ñìîòðè òàêæå

ìîíîãðàôèè [5], [13], [14], [21], [27], ãäå ìîæíî íàéòè ïîäðîáíîå îïèñàíèå

âåñîâûõ ïðîñòðàíñòâ Áåðãìàíà H(p, p, β) = Apβp−1 â åäèíè÷íîì êðóãå èëè

øàðå. Ìíîãî ðàáîò ïîñâÿùåíî ïðîñòðàíñòâàì L(p, q, β) ñî ñìåøàííîé íîðìîé

èëè èõ ïîäïðîñòðàíñòâàì, ñîñòîÿùèì èç ãîëîìîðôíûõ, ïëþðèãàðìîíè÷åñêèõ

èëè ãàðìîíè÷åñêèõ ôóíêöèé â êðóãå, øàðå èç Cn èëè Rn. Ïðîñòðàíñòâà
L(p, q, β) äëÿ ãîëîìîðôíûõ ôóíêöèé â åäèíè÷íîì øàðå B ⊂ Cn è áåðãìàíîâ-
ñêèå îïåðàòîðû íà íèõ ïîäðîáíî èññëåäîâàíû, íàïðèìåð, â ðàáîòàõ [5], [27],

[17], [23], äëÿ ïëþðèãàðìîíè÷åñêèõ ôóíêöèé ñìîòðè [22], à äëÿ n-ãàðìîíè-

÷åñêèõ ôóíêöèé â ïîëèäèñêå èç Cn ñìîòðè, íàïðèìåð, â [10].
Â Ãëàâå 2 ìû äîêàçûâàåì, ÷òî ñóùåñòâóþò çíà÷åíèÿ ïàðàìåòðà β, ïðè

êîòîðûõ îáùèå áåðãìàíîâñêèå îïåðàòîðû (3), (4) îãðàíè÷åíû íà ïðîñòðàí-

ñòâàõ L(p, q, β) ñî ñìåøàííîé íîðìîé â øàðå B.

Îñíîâíûì ðåçóëüòàòîì Ãëàâû 2 ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2. Ïóñòü 1 ≤ p, q ≤ ∞, β ∈ R, {φ,ψ} � íîðìàëüíàÿ ïàðà

ôóíêöèé ñ èíäåêñàìè a è b (0 < a < b) è ñ èíäåêñîì ïàðû α (α > b − 1)

â ñìûñëå Îïðåäåëåíèé 1�2. Åñëè b − α < β < 1 + a, òî îïåðàòîðû Qφ,ψ è

Q̃φ,ψ îãðàíè÷åííî äåéñòâóþò èç ïðîñòðàíñòâà L(p, q, β) â ñåáÿ.

Åñëè â Òåîðåìå 1 äëÿ ÷àñòíîãî ñëó÷àÿ 1 ≤ p = q = 1/β < ∞, ò.å.

äëÿ íåâåñîâîãî êëàññà L(p, p, 1/p) = Lp(B), ðåçóëüòàò óñòàíîâëåí â [4], [29]
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ìåòîäîì òàê íàçûâàåìîãî òåñòà Øóðà ([5], [13], [21], [27]), òî â Òåîðåìå 2

ìåòîä òåñòà Øóðà íå ïîäõîäèò. Ïîýòîìó ìû ïðèìåíÿåì íîâûé ìåòîä �

âíà÷àëå îáîáùàåì èçâåñòíûå íåðàâåíñòâà Õàðäè ñ èñïîëüçîâàíèåì íîðìàëü-

íûõ ôóíêöèé, à çàòåì ïðèìåíÿåì èõ äëÿ ïîëó÷åíèÿ íåîáõîäèìûõ èíòåãðàëü-

íûõ îöåíîê. Áîëåå ÷àñòíûå ñëó÷àè îïåðàòîðîâ Áåðãìàíà ñî ñòåïåííûìè âå-

ñàìè èçó÷åíû â [5], [17], [21], [23], [27].

Ôàêòè÷åñêè, â Òåîðåìå 2 ìû îáîáùàåì Òåîðåìó 1 è ðåçóëüòàò èç [4] â òðåõ

íàïðàâëåíèÿõ: âî-ïåðâûõ, ïðåäïîëàãàåì âñå çíà÷åíèÿ 1 ≤ p ≤ ∞, âî-âòîðûõ,

ðàññìàòðèâàåì âåñîâûå ïðîñòðàíñòâà, â-òðåòüèõ, âìåñòî ïðîñòðàíñòâ Áåðã-

ìàíà ðàññìàòðèâàåì áîëåå îáùèå ïðîñòðàíñòâà L(p, q, β) ñî ñìåøàííîé íîð-

ìîé. Ïðè ýòîì âìåñòî íåïîäõîäÿùåãî òåñòà Øóðà ìû ïðèìåíÿåì îáîáùåíèÿ

íåðàâåíñòâà Õàðäè.

Â Ãëàâå 3 ìû ïåðåõîäèì ê íàõîæäåíèþ è èçó÷åíèþ ñîïðÿæåííûõ ïðîñò-

ðàíñòâ íåêîòîðûõ âåñîâûõ ïðîñòðàíñòâ ïëþðèãàðìîíè÷åñêèõ ôóíêöèé â åäè-

íè÷íîì øàðå èç Cn. Äëÿ àíàëèòè÷åñêèõ ôóíêöèé â åäèíè÷íîì êðóãå D èëè

â åäèíè÷íîì øàðå B èç Cn õîðîøî èçâåñòíû ñîîòíîøåíèÿ äâîéñòâåííîñòè

ïî øêàëå âåñîâûõ ïðîñòðàíñòâ Áåðãìàíà Apα. ×òîáû âûâåñòè ïëþðèãàðìîíè-

÷åñêèå àíàëîãè ñîïðÿæåííûõ ïðîñòðàíñòâ, ìû ââîäèì íîâîå ïëþðèãàðìîíè-

÷åñêîå âîñïðîèçâîäÿùåå ÿäðî kw, êîòîðîå íå çàïèñûâàåòñÿ â ÿâíîì êîíå÷íîì

âèäå, ÷òî çàòðóäíÿåò ïîëó÷åíèå íåîáõîäèìûõ îöåíîê.

Ïóñòü Φ(r) ÿâëÿåòñÿ âåñîâîé ôóíêöèåé è ïóñòü η ÿâëÿåòñÿ âåñîâîé ìåðîé.

Äëÿ ïëþðèãàðìîíè÷åñêèõ ôóíêöèé u ∈ h(B) îïðåäåëèì íîðìû

∥u∥Φ = sup{|u(z)|Φ(z); z ∈ B} = sup{M∞(u, r)Φ(r); r < 1},

∥u∥η =

∫
S

∫ 1

0

|u(rξ)| dη(r)dσ(ξ) =
∫ 1

0

M1(u, r) dη(r).

Òåïåðü îïðåäåëèì ñëåäóþùèå ïðîñòðàíñòâà ïëþðèãàðìîíè÷åñêèõ ôóíêöèé:

h∞(Φ) =
{
u ∈ h(B); ∥u∥Φ <∞

}
,

h0(Φ) =
{
u ∈ h(B); limr→1M∞(u, r)Φ(r) = 0

}
,

h1(η) =
{
u ∈ h(B); ∥u∥η <∞

}
.

Íàìè ðåøåíà ñëåäóþùàÿ ïðîáëåìà äëÿ ïëþðèãàðìîíè÷åñêèõ ôóíêöèé:

äëÿ äàííîé âåñîâîé ôóíêöèè Φ(r) ìû íàõîäèì êîíå÷íóþ, ïîëîæèòåëüíóþ
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áîðåëåâñêóþ ìåðó η íà [0, 1) òàêóþ, ÷òî h0(Φ)∗ ∼= h1(η) è h1(η)∗ ∼= h∞(Φ).

Ââåäåì ìåðó dµ = Φdη è ìåðó µ′, îïðåäåëåííóþ òàê, ÷òîáû èìåëî ìåñòî∫ 1

0

f(r) dµ′(r) =

∫ 1

0

f(r2) dµ(r), f ∈ C[0, 1].

Òåîðåìà 3. Ïóñòü
tm :=

∫ 1

0

rm dµ′(r) =

∫ 1

0

r2m dµ(r), m = 0, 1, 2, . . .

kw(z) :=
∞∑

|p|=0

t−1
|p| c(n, |p|)⟨w, z⟩

|p| +
∞∑

|p|=1

t−1
|p| c(n, |p|)⟨z, w⟩

|p|,
(5)

ãäå ⟨z, w⟩ =
∑n
k=1 zkw̄k, z, w ∈ Cn, c(n, |p|) :=

(n− 1 + |p|)!
(n− 1)!|p|!

è p ÿâëÿåòñÿ

n-èíäåêñîì: p = (p1, p2, · · · , pn), p! =
∏n

k=1 pk!, |p| =
∑n
k=1 pk.

Îïðåäåëèì ñîîòíîøåíèå

⟨u, v⟩h :=

∫
S

∫ 1

0

u(rξ)v(rξ̄)Φ(r) dη(r)dσ(ξ), u ∈ h∞(Φ), v ∈ h1(η). (6)

Òîãäà kw ÿâëÿåòñÿ ïëþðèãàðìîíè÷åñêîé ôóíêöèåé â {z; |z| < |w|−1} è ïðåä-

ñòàâëÿåò ñîáîé âîñïðîèçâîäÿùåå ÿäðî, ñâÿçàííîå ñ áèëèíåéíîé ôîðìîé (6),

ò.å.

u(w) = ⟨u, kw⟩h äëÿ ëþáîé u ∈ h∞(Φ),

v(w) = ⟨kw, v⟩h äëÿ ëþáîé v ∈ h1(η).

Çàìåòèì, ÷òî õîðîøî èçâåñòíû ïëþðèãàðìîíè÷åñêèå âîñïðîèçâîäÿùèå

ÿäðà òèïà (5) â òîì ñïåöèàëüíîì ñëó÷àå, êîãäà îíè îïðåäåëÿþòñÿ ïîñðåäñòâîì

ñòåïåííûõ âåñîâûõ ôóíêöèé è àññîöèèðóþòñÿ ñ âåñîâûìè êëàññàìè ïëþðè-

ãàðìîíè÷åñêèõ ôóíêöèé ñî ñòåïåííûìè âåñàìè, ñì. ðàáîòû Àíäåðññîíà [9]

äëÿ øàðà è À. Êàðàïåòÿíà [22] äëÿ áîëåå îáùèõ îáëàñòåé. Òàêèå ïëþðèãàð-

ìîíè÷åñêèå ÿäðà ïðèîáðåòàþò êîíå÷íûé âèä è ÿâíî çàïèñûâàþòñÿ â âèäå

kα(z, w) =
2Γ(α+ n+ 1)

Γ(n) Γ(α+ 1)

[
1

(1− ⟨z, w⟩)α+n+1
+

1

(1− ⟨w, z⟩)α+n+1
− 1

]
,

z, w ∈ B, α > −1, ÷òî ñîâïàäàåò (ñ òî÷íîñòüþ äî ïîñòîÿííîãî ñîìíîæèòåëÿ)

ñ ïëþðèãàðìîíè÷åñêèìè âîñïðîèçâîäÿùèìè ÿäðàìè èç [9], [22].

Îñíîâíûì ðåçóëüòàòîì Ãëàâû 3 ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.
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Òåîðåìà 4. Äîïóñòèì Φ ÿâëÿåòñÿ âåñîâîé ôóíêöèåé, η ÿâëÿåòñÿ âåñîâîé

ìåðîé è kw åñòü ñîîòâåòñòâóþùåå âîñïðîèçâîäÿùåå ÿäðî (5). Ðàññìîòðèì

ëèíåéíûå èíòåãðàëüíûå îïåðàòîðû âèäà

(Tf)(w) :=

∫
S

∫ 1

0

kw(rξ̄) f(rξ) dη(r)dσ(ξ), f ∈ L∞(B),

(Sν)(w) :=

∫
B

kw(z̄)Φ(z) dν(z) ν ∈M(B),

ãäå M(B) � ïðîñòðàíñòâî âñåõ êîíå÷íûõ áîðåëåâñêèõ ìåð íà B ñ íîðìîé

ïîëíîé âàðèàöèè. Òîãäà ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû äðóã äðóãó:

(i) ∥kw∥η ≤ C

Φ(w)
, w ∈ B.

(ii) T � îãðàíè÷åííûé îïåðàòîð èç L∞(B) â h∞(Φ).

(iii) S � îãðàíè÷åííûé îïåðàòîð èç M(B) â h1(η).

(iv) h1(η)∗ ∼= h∞(Φ).

(v) h0(Φ)
∗ ∼= h1(η).

Â ïîñëåäíåì ïàðàãðàôå íàñòîÿùåé ðàáîòû îïðåäåëåí êëàññ ïîëóàíàëèòè-

÷åñêèõ ôóíêöèé â ïîëèäèñêå êàê îáîáùåíèå ïîíÿòèÿ àíàëèòè÷åñêîé ôóíêöèè.

Ñ. Áåðãìàí [12] ïðåäëîæèë ñëåäóþùóþ èäåþ äëÿ ñëó÷àÿ n = 2: ëþáîé 2-

ãàðìîíè÷åñêîé ôóíêöèè ïîñòàâèòü â ñîîòâåòñòâèå êîìïëåêñíîçíà÷íóþ ôóíê-

öèþ f(z1, z2) = u(z1, z2) + iv(z1, z2) òàêóþ, ÷òî

1) f(z1, z2) ãîëîìîðôíà ïî z1 äëÿ ôèêñèðîâàííîé z2;

2) v(0, z2) ≡ 0.

Ïîëó÷åííûé êëàññ ôóíêöèé Áåðãìàí íàçâàë "ðàñøèðåííûì êëàññîì êîìï-

ëåêñíûõ ôóíêöèé". Ýòè ôóíêöèè ìîãóò áûòü èçó÷åíû ñ ïîìîùüþ ìåòîäîâ

òåîðèè ïîòåíöèàëîâ, òàê êàê çàäà÷à Äèðèõëå ñî çíà÷åíèÿìè, çàäàííûìè íà

îñòîâå T 2, âñåãäà èìååò ðåøåíèå â êëàññå âñåõ 2-ãàðìîíè÷åñêèõ ôóíêöèé.

Îäíàêî ýòîò êëàññ íå ÿâëÿåòñÿ ðàñøèðåíèåì êëàññà ãîëîìîðôíûõ ôóíêöèé,

òàê êàê ãîëîìîðôíûå ôóíêöèè íå îáÿçàòåëüíî óäîâëåòâîðÿþò óñëîâèþ 2)

äëÿ ìíèìîé ÷àñòè.
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À.È. Ïåòðîñÿí [3] ââåë â áèäèñêå ìîäèôèöèðîâàííóþ âåðñèþ ôóíêöèé

Áåðãìàíà (êëàññ ïîëóàíàëèòè÷åñêèõ ôóíêöèé), êîòîðûé èìååò ñëåäóþùåå

ïðåèìóùåñòâî: â òîì îñîáîì ñëó÷àå, êîãäà âåùåñòâåííàÿ ÷àñòü ïîëóàíàëèòè-

÷åñêîé ôóíêöèè ïëþðèãàðìîíè÷íàÿ, ñàìà ôóíêöèÿ ãîëîìîðôíà. Òàêèì îá-

ðàçîì, ëþáàÿ ãîëîìîðôíàÿ ôóíêöèÿ òàêæå ïîëóàíàëèòè÷åñêàÿ. Â íàñòîÿùåé

ðàáîòå ïîíÿòèå ïîëóàíàëèòè÷íîñòè îïðåäåëÿåòñÿ äëÿ ôóíêöèé ïðîèçâîëüíîãî

÷èñëà ïåðåìåííûõ.

Îïðåäåëåíèå 4. Ôóíêöèÿ f(z) = f(z1, z2, . . . , zn), îïðåäåëåííàÿ â åäèíè÷íîì

ïîëèäèñêå Un, íàçûâàåòñÿ ïîëóàíàëèòè÷åñêîé, åñëè

a) Ôóíêöèÿ Re f(z) n-ãàðìîíè÷åñêàÿ;

b) Äëÿ ôèêñèðîâàííûõ zk+1, . . . , zn ôóíêöèè f(0, . . . , 0, zk, zk+1, . . . , zn) ÿâ-

ëÿþòñÿ ãîëîìîðôíûìè â äèñêå |zk| < 1, k = 1, . . . , n.

Îáðàòèì âíèìàíèå íà òî, ÷òî â îäíîìåðíîì ñëó÷àå (ò.å. n = 1) n-ãàðìîíè÷-

íîñòü åñòü ïðîñòî ãàðìîíè÷íîñòü, à ïîëóàíàëèòè÷íîñòü ñîâïàäàåò ñ àíàëèòè÷-

íîñòüþ.

Äëÿ ïîëóàíàëèòè÷åñêèõ ôóíêöèé íàìè äîêàçàí àíàëîã èçâåñòíîé ôîðìó-

ëû Øâàðöà äëÿ àíàëèòè÷åñêèõ ôóíêöèé.

Òåîðåìà 5. Ïóñòü f(z) � ïîëóàíàëèòè÷åñêàÿ â åäèíè÷íîì ïîëèäèñêå Un

ôóíêöèÿ, è ïóñòü ρ1, . . . , ρn � ïðîèçâîëüíûå ÷èñëà èç èíòåðâàëà (0, 1). Òîãäà

äëÿ ëþáîãî z, |zk| < ρk, k = 1, . . . , n, èìååò ìåñòî ñëåäóþùàÿ ôîðìóëà

f(z) = iv(0, . . . , 0)+
1

(2π)n

∫
Tn

Sn

(
z1
ρ1
e−iθ1 , . . . ,

zn
ρn
e−iθn

)
u
(
ρ1e

iθ1 , . . . , ρne
iθn

)
dθ,

ãäå dθ = dθ1 · · · dθn,

Sn(z1, . . . , zn) :=
n∏
j=1

P (zj) + i
n∑
j=1

Q(zj)
n∏

k=j+1

P (zk) (7)

n-ìåðíûé àíàëîã ÿäðà Øâàðöà. Çàìåòèì, ÷òî äëÿ ñëó÷àÿ n = 1 ôóíêöèÿ

Sn(z1, . . . , zn) ñîâïàäàåò ñ îáû÷íûì ÿäðîì Øâàðöà: Sn = S.

Â êà÷åñòâå ñëåäñòâèÿ ïîëó÷àåì ðåçóëüòàò î ìíèìîé ÷àñòè ïîëóàíàëè-

òè÷åñêîé ôóíêöèè.

Òåîðåìà 6. Ìíèìàÿ ÷àñòü ïðîèçâîëüíîé ïîëóàíàëèòè÷åñêîé ôóíêöèè f =

u+ iv ÿâëÿåòñÿ n-ãàðìîíè÷åñêîé ôóíêöèåé.
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Am�o�agir

Atenaxosu�yunum hetazotva� en Bergmani tesqi k��ayin �perator{

ner Cn-i B miavor gndum trva� analitik  plyuriharmonik funkcianeri

tarber tara�u�yunnerum: Apacucva� � aydpisi �peratorneri sahma{

na�aku�yun� hamapatasxan tara�u�yunnerum, in�� hnaravoru�yun �

tvel gtnel ditarkvo� k��ayin tara�u�yunneri hamalu� tara�u�yunner�:

Atenaxosu�yunum stacva� en het yal himnakan ardyunqner�.

• Apacucva� �, or Bergmani tesqi

Qφ,ψ(f)(z) =

∫
B

ψ(z)φ(w)

(1− ⟨z, w⟩)n+1+α
f(w) dV (w), z ∈ B,

�perator� sahmana�ak � Lp(B)-um paymanov, or {φ,ψ}-n normal

funkcianeri zuyg � a  b (0 < a < b) indeqsnerov  zuygi α (α >

b − 1) indeqsov, isk 1 6 p < ∞ cuci�� bavararum � p(b − α) < 1

paymanin: Avelin, Qφ,ψ �perator� sahmana�ak proyektor � Lp(B)

tara�u�yunic ir ψ ·Ap(ψ) en�atara�u�yan vra:

• Gtnva� en β parametri aynpisi ar�eqner, b − α < β < 1 + a, oronc

hamar Bergmani tesqi Qφ,ψ, Q̃φ,ψ �peratorner� sahmana�ak en

xa�� normov L(p, q, β) tara�u�yunneri vra B gndum: Ayn �, e�e 1 ≤
p, q ≤ ∞, {φ,ψ}-n normal funkcianeri zuyg � a  b (0 < a < b)

indeqsnerov  zuygi α (α > b−1) indeqsov, in�pes na b−α < β < 1+a,

apa Qφ,ψ : L(p, q, β) −→ L(p, q, β)  Q̃φ,ψ : L(p, q, β) −→ L(p, q, β) :

• Ka�ucva� � plyuriharmonik verartadro� kw koriz trva� k��ayin Φ

funkciayi  η �a�i hamar,
tm :=

∫ 1

0

r2m Φ(r) dη(r), m = 0, 1, 2, . . .

kw(z) :=

∞∑
|p|=0

t−1
|p| c(n, |p|)⟨w, z⟩

|p| +

∞∑
|p|=1

t−1
|p| c(n, |p|)⟨z, w⟩

|p|,

orte� c(n, |p|) :=
(n− 1 + |p|)!
(n− 1)!|p|!

: Apacucva� � kw korizov hamapa{

tasxan integral �peratorneri sahmana�aku�yun�: Sa berel � plyu{

riharmonik tara�u�yunneri h1(η)∗ ∼= h∞(Φ)  h0(Φ)
∗ ∼= h1(η)
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erkakiu�yan a�n�u�yunneri, �nd orum ays a�n�u�yunneri hamar stac{

va� en anhra�e�t  bavarar paymanner: Hatuk depqum, erb k�i�{

ner� trva� en asti�anayin tesqov, kw koriz� hangum � lav haytni

plyuriharmonik verartadro� korizi:

• Nermu�va� � kisaanalitik funkciayi haskacu�yun� polidiskum:

Miavor Un polidiskum trva� f(z) = f(z1, z2, . . . , zn) funkcian ko�vum

� kisaanalitik, e�e

a) Re f(z) funkcian n-harmonik �;

b) Fiqsva� zk+1, . . . , zn hamar f(0, . . . , 0, zk, zk+1, . . . , zn) funkcian

holomorf � |zk| < 1 �rjanum, k = 1, . . . , n:

Nkatenq, or polidiskum holomorf funkcianer� kisaanalitik en:

Kisaanalitik f(z) funkcianeri hamar Un polidiskum apacucva�

� 
varci haytni bana� i nmanak� 
varci n-�a�ani korizi masnak{

cu�yamb:

Summary

In this Thesis, some Bergman type weighted operators are studied in various

spaces of analytic or pluriharmonic functions given in the unit ball B in Cn.
We prove boundedness of such operators in corresponding spaces, which makes

possible to �nd the dual spaces for the weighted spaces considered.

The following principal results have been obtained in the Thesis:

• It is proved that Bergman type integral operator

Qφ,ψ(f)(z) =

∫
B

ψ(z)φ(w)

(1− ⟨z, w⟩)n+1+α
f(w) dV (w), z ∈ B,

is bounded in Lp(B) provided that {φ,ψ} is a normal pair of functions with
indices a and b (0 < a < b), and with the index of the pair α (α > b−1), and

also the exponent 1 6 p <∞ satis�es p(b−α) < 1. Moreover, the operator

Qφ,ψ is a bounded projection of the space Lp(B) onto its subspace ψ·Ap(ψ).
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• Some parameters β are found, b − α < β < 1 + a, under which Bergman

type operators Qφ,ψ, Q̃φ,ψ are bounded on mixed norm spaces L(p, q, β)

over the ball B. Namely, if 1 ≤ p, q ≤ ∞, {φ,ψ} is a normal pair of

functions with indices a and b (0 < a < b), and with the index of the pair

α (α > b−1), and also b−α < β < 1+a, thenQφ,ψ : L(p, q, β) −→ L(p, q, β)

and Q̃φ,ψ : L(p, q, β) −→ L(p, q, β).

• Pluriharmonic reproducing kernel kw is constructed for given weight func-

tion Φ and measure η,
tm :=

∫ 1

0

r2m Φ(r) dη(r), m = 0, 1, 2, . . .

kw(z) :=
∞∑

|p|=0

t−1
|p| c(n, |p|)⟨w, z⟩

|p| +
∞∑

|p|=1

t−1
|p| c(n, |p|)⟨z, w⟩

|p|,

where c(n, |p|) :=
(n− 1 + |p|)!
(n− 1)!|p|!

. Boundedness of corresponding integral

operators with kernel kw is proved. This implies the duality relations for

pluriharmonic spaces h1(η)∗ ∼= h∞(Φ) and h0(Φ)∗ ∼= h1(η), such that nec-

essary and su�cient conditions for these relations are found. For a special

case of power weights, the kernel kw reduces to a well-known pluriharmonic

reproducing kernel.

• Notion of semianalytic function is introduced in the polydisc.

A function f(z) = f(z1, z2, . . . , zn) given in the unit polydisc Un is said to

be semianalytic if

a) Re f(z) is n-harmonic;

b) For �xed zk+1, . . . , zn, the function f(0, . . . , 0, zk, zk+1, . . . , zn) is holo-

morphic in the disc |zk| < 1, k = 1, . . . , n.

Note that any holomorphic function is semianalytic. For semianalytic func-

tions f(z) in the polydisc, it is proved an analogue of well-known Schwarz

formula with the use of n-dimensional analogue of Schwarz kernel.
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