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General characteristics of the work

Relevance of the theme.
In classic theory of partial differential equatioii&ke Cauchy problem as well as

various mixed problems, are being studied the laficequations or equations or equation
systems that are solved towards time high quaétydtives.

The study of many applied problems are broughtaadBy or to the mixed problems
that are not solved towards time high quality daixe. Such kind of problems were first
studied by S.L. Sobolev and were connected to feeial issues of ideal liguid hydrodynamic
movement [1]. S.L. Sobolev not only gave the alisobolution of those problems but also
discovered new qualitative properties that didenast in classic systems.

In 1949 R.A. Aleksandrian [2] article it is showtirat these qualitative properties (the
behavior of solutions for enough great t-s in paltr) are expressed more strongly if, not
Cauchy problem, but a kind of problem will be simered where the domain of special
variables has boundary. For the first time theofsihg differential equation system with

variable coefficients was being studied in someks@f R.A. Aleksandrian [2] — [6].

ov _
a:A(x) V+B(Xx) grad P (1)
Div V=0 (2)
Where special variable)g: (Xl’xz’x3""’xn)are being converted by enough smooth

t>0, \7:\7(t,x)

boundary in Q limited domain, is in n-size vector function

p=p(t.x)

In scalar function,A(X)' B(X) are enough smooth matrices. S.L. Sobolev probfenthe

above mentioned system, is to fined Sl}{:t’ X) and p(t’ X) functions so that they satisfy
Vi—o= V() (3)
p (t,X) |GQ =0

conditions.

These problems are different from classic problemte thing that initial conditions
are put on one class of functions, and boundargitions on the other class. Though these
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problems are not classic, it was shown by R.A. s&ldrian that they have solution and only
one. It was shown [5] that this problem in equalCauchy problem for operator equation in
corresponding functional space.

Cauchy problem for the following S.L. Sobolev tygrpiations

g (tiaikjgl: i L(ttlaik] ! (4)
a(to.x) = #(x)

Where M and L are polynomiarl‘ﬂx m matrices, are studied in details in the works &.S
Galpern [7] , [8]. In these work, in case of somndgthtions, the fundamental solution was built
and formulas were carried out, that give solutm@auchy problem.

The mixed problems for S.A. Sobolev type equatiamse also studied in the works
of A.G. Kostuchenko and G.l.LEskin [9], M.I. Vishik0], Zelenyak [11] — [12], G.V. Virabyan
[13], V.N. Maslenikova [14] — [16], S.V. Uspenskil7,18], Showalter R.E. [19], Showalter
R.E., Ting T.W. [20], Lagnese J.E. [21], ShowalReE [22]-[23],Ting T.W.[24],Gaevski Kh,
Groger K, Zakharias. K. [25], Hakobyan G. S. [28hkobyan G. S., Shakhbagyan R. L [27]-
[31].

Theaim of thethesis.
In this thesis initial-boundary value problem forclass of second order degenerate
pseudoevolution equation with corresponding varial inequalities is considered.

e Study a class of pseudohyperbolic equation of second order with degeneration

*  Study a class of boundary value problem for the pseudoparabolic equations for the
case of non-standard initial vales

e Formulation of the free boundary problem, reduction to the equivalent variational
inequality and proof of existence, uniqueness and smoothness theroems for the
weak solutions

Scientific innovation. All results are new.
Practical and theoretical value. The results of the work have theoretical character. The
results of the work can be used in the study of partial differential equaltions and variational
inequalities.
Approbation of the results. The obtained results were presented
e at the research seminars of the chair of Differentail Equations of the Yerevan State
University



e at the international conferance of Harmonic Analysis and Applications, 10-17
September 2011, Tsaghkadzor, Armenia

The main results of the thesis

The thesis consists of the introduction, two chapters and bibliography.

Chapter 1 studies some problems for pseudo— evolution equations.

In section 1.1 the statement of problem is shown and the main functional spaces are
structured where the problem should be studied.

Section 1.2 studies the following below problem.

Let Q be a bounded domain in N — dimensional vector space R" located in half-space

Xn >(0. We suppose that the boundary of the domain has the form GQ:I'1D r 0, where
FozaQ ﬂ{ XN :O} is a domain in the hyper plane { xn :O} , I_l:aQr 0 and for the

domain Q are valid the Sobolev embedding theorems.

+
In the cylinder Q=QXR " we consider the following initial — boundary value problem

for the degenerate pseudohyperbolic equation

02u _ (5)
L a2 +M (u)=0,
uk=0=09(x), ut=o=u®(x), (©)
ul-0=0, t>0, (7)

‘Where

L)=-"% 2 g () 2 |- [nm()

| J_laXi GXJ
n-1 5 ou 0 ( auj
M(u)=- - Xt)—|.
( ) Ij_lax, a”( )axj 0Xn ann( )axn

It is assumed that the coefficients which appear in the definitions of the operators L and

M satisfy to the conditions a” (X,t):aij (X,t), QJ (X,t):hj (X,t)



A . —_ +
(I v ) =1,2,.. n) and are continuous and in QXR ", continuously differentiable with
+
respect to the X],X2,X3,...,Xn in Q=QXR , there are such exponents 0’>ﬁ20,

such that the products XI’_] ’8 bnn ( X,t), |XE aann ( X ,t) | are bounded from above and

from below with positive constants, for every point X'IQ and for every t=0 the
quadratic form

No(xté)= Z bj (xt)&i¢;

i,j=1
- . £_ n-1
Is positive — definite, where f— gz]_,. .. ,gzn_l R .
*
["  isapart of the boundary, which, depending on the order of degeneracy ﬂ represents

0Q

either the whole boundary or coincides with the

In the space LZ(Q) define the operator L ﬁ with the domain of definition Cao (Q)
by the formula

152 9 [ B auj
L = — |
p(u)=- | leaxlz x| D (X)a}:

It follows from the results of the article [56], that the operator L ﬁ is symmetric and

positive — definite. Define a Hilbert space H L ,8 as completion of the linear manifold

00
CO (Q) in the metric generated by the following scalar product

a =1y ov B\ Ou ov
(u,v)Lﬁ—(Lﬁ(u),v)o—j Ela)(la)(l +xf (x) %, dx

T>0, Q:QX( O,T) is a cylinder with the base Q, Z = X(O,T) is side of the

cylinder Q.



Theorem 1. For any initial valuesu(o)DH L,B and u(l)DH L,B exists unique generalized
*
solution of the problem (5) — (7) it Lﬁ . For the case3<1 we havelT =0Q and for

*
B21T =r1=0Q\ 5.
In 1.3 the following problem has been studied.

Let Q0" is a bounded domain with the smooth boundbry We consider the following
boundary value problem

gtL(u(t,x))+M(u(t,x))=f(t,x), t>0,x=(xq .. X)0QOO" (8)
ulpo =0 9)
(Lu)(0,x)=g(x), xOQ, (10)
Where
n 4 ou __ o ou
= e wo= 2 Slaca )

an—1 -1
f (t,x)DLZ((O,T),WZ (Q)), 0(x)0W; ().
We suppose that the functiorﬂj (t,X) and &jj (t,X) (i,j:l,Z,.. n) are defined in
[O,T]Xﬁ, qj (t,X):bji (t,X), aj (t,X):aji (t,X) (i ,J=1,2;- n) and for every
th,T] and XD§_2 the following quadratic form is positive defined
n

2 b (t.X)&¢j 200l P, (11)

i,j=
wheref=(fl,...,fn), co=const>0.



Theorem 2. Let the functions

hj (t,X)=bji (t,X), aj (t ,X)=aji (t ,X) (i =1,2,.. n) are continuous in the

omain U, , for every , and every Q is fulfilled the condition (11). Then
domair{ O,T|xQ, f t]O,T] and everyxTQ is fuffilled the condition (11). Th

the problem (8 — 10) has unique solution and

Luoclrwi(@) S Lp)oL.eTw@)

if L andM are second order nonlinear differential operators

n o n o
L(u)=—i§m(n(t,xﬂu)), M(u)=—i§m(aa(t,xﬂu)),
Where the functionst (t,X,&1....n ), @ (t X&1,.. én) are defined and continuous
in [O,;T]*QxR" and have continuous derivatives with resped i€i=1.2,..n).
We suppose that the functioks(t,X,&) and g (t,X,&)

(6=(é1.-...6n))(i=1,2,.. n) fuifit the conditions
1. I(tx&)kc (3, cp=const> 0,i= 1,2,.n

<cp, co=const>0,i j=1,2,.n

2 j(txé) F‘gf%

n —
3. 3 bj(tx&)mraecyln P OtO[0F] ,Ox00
i,j=1

D/]z(nl,...,/yn)DRn,

03 (t,x,&)

4. laj(tx&)kca(EH 3, o¢]

<cs, (i j=12,.n)




For fixed tl:[O,T] define the operatork.(t) and M (t) from W%(Q) to Wz_l(Q)

by the formulas

<L(t)v,w>:§ fq(t,x,Du)a—de,
i=10 0

<M(t)v,w>=§j jai(t,x,Du)a—de.
i=1Q 0%

The operatorsL(t) and M (t) (tD[O,T]) generate the mappinds and M from

L2(O,T W%(Q)) to L2(O,T W%(Q)) by the formulas

(Lu)(t)=L(t)(u(t.x)), (12)
(Mu)(t)=M (t)(u(t,x)). (13)

Lemma 1: Let the conditions (1-3) are fulfilled. Then thperatorL(t) is radial continuous

and strong monotone.

Theorem 3: Let functionshy (t,X,f) and §j (t,X,f) (i =1,2,.. n) fulfill the conditions

(1-4). Then the problem (8 — 10) where the opesatorand M are defined by the formulae

(12) and (13), has unique solution ahx(u)DC(O,T Wz_l(Q)) ,

gtL(u)DLz(o,T i\Nz_l(Q)).

In chapter 2 we consider a free boundary problepsetidopabolic type. To prove the
existence of its solution, include the correspogdiroblem of variational inequalities. We
prove that all solutions of the primary problene (free boundary problem) are solutions for the
variational inequality and for sufficiently smoatblutions of the variational inequality is true

the converse statement. So, the solution of vaniati



Inequalities are generalized solutions of a freenolary problem. Using the theory of
pseudomonotone operators and linear semigroupprave theorems of existence, uniqueness

and smoothness of weak solutions of variationaluiadities.
Let QOR" is a bounded domain with the sufficient smoothriztary
r=0Q,T>0 Q=0x(0T)

= x(0,T)

Is a cylinder with the bas@ , z is side of the cyIinderQ.

Consider the following initial — boundary problentiwthe free boundary: for given

fOLp(0.T;L2(Q)) andugOL2(€), uglr 20 find the function

UD\N]'(O,T ,’\NZZ(Q)) , for which has a place the system

2
‘wam f(x1), (x4)0Q (14)
uk=0=uo() (19)
uly=0 (16)
0 Ou, Odu
v omr -
=0 (18)

oo, au
oV ot dvy

Where the operatork. and M act from the spacel_z(O,T WZZ(Q)) to the space

D

LZ(O’T ;L2(Q)) by formulas

S0 a0
Lu=- % Xi(au( )ax,] ag(x)u, (19)

10



Mu=- E i(bi(x,Du))+b0(x)u, (20)
i, j=10%

and the normal derivatives with respect to the afpes L and M are defined as

ou_n
=2 i) coden). @)
ou _n
o P o) (22)

The functionsajj (X), ao(X), bj (X,f), bo( X) are continuous on
Q, & (x)=aji(x).

M=

1.

) (x)&i¢; >n|EF, Ox0Q , 0EOR™ 1> 0,
i,

=1

[S——

2. ag(x)zao, Ox0Q,a2>0,

n

_Zl(h (%)=t (x7))(& ~m )2 lé-n*, DxQ, 0¢
3. 1=

nOR", B,>0,
4. bo(x)zB2, Ox0Q, B2>0,

5. o (x¢)- (x/7)<B3IK |, Ox0Q ,0¢ gOR™ i=1..n B3> C

Denote byK{uDLZ(OTWZ( )) ulz>(}

11



Introduce the spack) :Lz(O,T ,VV%(Q)) , dense set
_ ou _ . oo
D=ulU |EEU , u(x,O)—uo(x) in it and the operatork, M acting fromU to

the adjoint spacdJ '= L2(O,T ,VVZ_J'(Q)) by the formulas

- T n du ov T

Luv)=] | ¥ ajj(x),—dxdt+] | ag(x)uvdxdt,

(Fe) 00ije1 | X% oo

_ T n av T

(Mu,v):jj Y by (x,0u)——dxdt+] [ bg(x)uvdxdt,
0Qi=l % 0@

Weaken the conditions putting on the solutldnof the inequality (0.21) and using the new
operatorsl— and M define the variational inequalities problem copa@wding to the initial-
f OU’

boundary value problem (0.21)-(0.25): for the given we have to find the function

ubiu such that

[E%,v—uj+(l\ﬁu,v—u)2(f,v—u),DvDK (23)

uldK nD

Theorem 4. The solution of the initial-boundary value prahlé14)-(18) is of the variational
inequality with f DLz(O,T ;L2(Q)) is sufficiently smoot}‘(uDLz(O,T WZZ(Q)))

then it will be the solution of the initial-boungaralue problem.

In chapter 2 paragraph 2 the following theoremeigii proved.
Theorem 5. The strong solution of the variational inequafitye solution of the problen2y) is

also a weak solution (is the solution of the probl(@4)-(18)

12



In chapter 2 paragraph 3 existence, uniqguenessrandthness of the weak solution is being
studied.

Theorem 6. Under the conditiond (- 5) the variational inequality has unique soluti@B)(

f U ' belong to the sdD , then it is also the strong solution.
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Udthnthnud
Uhwquy Twppuwithu Suqudtpninh

fipnp ulqpturlut —kqpuyht b Juiphughnt jutmhpubp
wulinntyninighnt hwjwuwpnidubph hwdwp

Uwnbktwpununipniip thpdws k tplypnpn jupgh wulinnbyninighnt hwyjw-
nwpnidtipnh hwdwp npny uljgpmub-iqpuyhtt b yuphwghnt pnunhputph ntunud-
twuhpnipyuip: Nuunidbwuhpyby Bu hywbu sybpwutipdnng, wytwybu § Jepuubtpyng
wulinnbyninighnt hwjwuwpnudutip:

Ukpjuwywgynn wnkiwjnunipjut Uk uinwugyt) L htnlbyju hhdbwlui
wpryniupubpp:

. Uwugnigyt) & np htwnbju ulqpiwlub-tqpuyht juughpp
2
L(a;}M (u)=0, (1)
ot
2
uk=0=u@(x), wh=0=uP(x), @
u,*=0 t>0 3)
npukn
o1 ou| o ou
L(u)= i,jzzla)q(hj(x,t)aij axn(b””(x)axnj’
Nl ou| o ou
10— % 003 | swten )

I'*-p wmppnyph kqpugsh dwub k (Jupnn E bwb hwdpblubk] tqpugsh htn jupudus
bnn (%,1) -h ykpwubpuwh jupghg) hudwyunwujuwi $nitiljghniug nwpusnip-
niunud niih dhwly (nidnud:

¢ Ogquwgnpstiny Quynpyhtuh dkpngp, wywgnigyt) k, np wulipnywpwpnjulju
hwjwuwpdwb hwdwp htwnbyw) junhpp
0

2 L{u(tX))#M (ot X)=F(06), 0,60 . xn) 000"

17



=0
(Lu)(0,x)=g(x), xOQ,
nputn L-pb M-p 2-py Jupgh sybpuwubpynn phtptughw) oykpwwnnpbp ki, niuh
hwdwywwnwupjwb $niuljghniw] mwpwsnipniunid (nisnid” wyu b thwlp:
o Munduwuhpyt) Ehtnlyjuw) Juphwughnt pughpp wulipnuyuwpuwpnpuuh

hwjwuwpnidubph hwdwp

L?;:+Mu= f(xt), (xt)0Q

uk=0=uo(x)

uly=0

9 u, o

ov| dt odv z_
oo, )
6VL ot dvm 5>

npukn
n o ou
e £ 2 a0 ol
ij= 16xi( axj

Mu=- 2 i(bi(x,Du))+b0(x)u,
i, j=19%

Uwwgnigyty k uyn fuinph hwdwp poiy) nisdwb gnjnipiniup, hul npny
Inugnighs wuydwbkph nhypnid nidbn pnusdwi gnynipniip b dhwlnipmniip:
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3axaroueHne

Hexoropsie HauanpHO-KpaeBble U BApUALOHHBIE 33/Ia4Y JJIA IICEeBA03BOIIOIMOHHEIX
YPaBHEHUI

JucceprannorHas paboTa IOCBANIEHA MCCIeJOBAHIIO HEKOTOPHIX HAYaIbHO-
KpaeBBIX BaDHAIlMOHHEIX 337]a4 /IJI IICEBI03BOIONMOHHEIX ypaBHeHUH. M3yyens: kak
HEeBBIPOX/IeHHEIe, TaK ¥ BBIPOXK/I€HHEIE IICeBI0IBOTIOMOHHbIEe YDaBHeHHUA.

B npezncTaBieHHO# paboTe IIOTyIeHS! Cle/lyIoNlye OCHOBHEIE Pe3y IbTaTEL.

. ,ZLOKa3aHO, q9To CJIe,HyIOH.[aH Ha‘laHBHO‘KpaeBaﬂ 3a/la4ya
2
L a; +M (u)=0, (1)
ot
1 2
k=0=uO(x), e t=o=u®(x), @
u-*=0 t>0 (3)
rae

_16

ou 0 ou
b = bon(x) .
i ]_la>q J( )axJ' 0Xn n( )axn

_ n1ly ou| o ou
M (u) = Ijzlaxl ajj (x, )axj o ann(x't)axn

VMeeT eIMHCTBEHHOE pellleHHe B COOTBETCTBYIOIEeM QyHKIIMOHAIBHOM IIPOCTPAHCTBE, a
T' *- B 3aBHCHMOCTH OT BBIPOXAEHUSA QYHKIMHI bnn (X, t) COBIAZIAeT CO BCell TrpaHuIei

00J1aCTH WJIM €€ YaCThIO.

*  Hcmonssys metoz I'asepkuHa, JOKa3aHO, YTO AJIS IICEBOIAPaGOINIECKOTO
ypaBHeHHUs CiemyIolas 337a4a B COOTBETCTBYIONIEM GYHKIIMOHATEHOM
IIPOCTPAHCTBE UMeeT eMHCTBEHHOe pellenue, rae L u M HeBbIpOXKZeHHbIE
nuddepeHIINaTbHBIE OIIEPATOPHI.

gtL(u(t,x))+M (u(t,x))z f(t,x), t>0,x=(x,.. x,)0QOO"

ulpn =0
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(Lu)(0x)=g(x), x0Q,

* I/ICCJIe,Z[OBaHa TaKXXe ClefyIollast BapyualyiOHHaA 3aga4a JJId nceB,uor[apa60)mqec—
KOro ypaBHEHUA.

‘wam f(x1), (x4)0Q

uk=0=uo(X)
uly=0

0 ou, o
ovp ot ovy Z_

Lo o, a
ov| ot dvy 5>

JE"( ()"“}ao()

10% 0X;

=0

rzIe

Mu=- Z i(bi(x,Du))+b0(x)u,
i, j=19%

,ZLOKHSB.HO, YTO 9Ta 3aJd49a UMeEeT cinaboe penieHune, a Ipu HEKOTOPBIX JOIIOJTHU -
TEJIPHBIX YCJIOBHUAX TAaKXKe JOKAa3aHO CyIIeCTBOBaAaHNE M € TMHCTBEHHOCTh CHJIBHOTO peIleHM .
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