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Îáùàÿ õàðàêòåðèñòèêà ðàáîòû

Àêòóàëüíîñòü òåìû. Ïðîáëåìû, ñâÿçàííûå ñî ñõîäèìîñòüþ äâîé-

íûõ ðÿäîâ Ôóðüå ïî êëàññè÷åñêèì ñèñòåìàì âñåãäà áûëè â öåí-

òðå âíèìàíèÿ èçâåñòíûõ ìàòåìàòèêîâ (À.Çèãìóíä, Ñ.Ôåôôåðìàí,

Ë.Æèæèàøâèëè, Ñ. Êîíÿãèí, Ä. Õàððèñ, À. Òàëàëÿí, Á. Ãîëóáîâ, Ì.

Ãðèãîðÿí, Ì. Äüÿ÷åíêî, Ã. Êàðàãóëÿí, è äðóãèå). Â äèññåðòàöèè èçó÷à-

þòñÿ âîïðîñû ñõîäèìîñòè äâîéíûõ ðÿäîâ Ôóðüå-Óîëøà â Lp[0, 1]2, p ∈
[1,∞) ïî ñôåðàì è ïî ìåòîäàì æåñòêîãî îòáîðà è ïîâåäåíèå êîýôôè-

öåíòîâ Ôóðüå ïî äâîéíîé ñèñòåìå Óîëøà ïîñëå èñïðàâëåíèÿ ôóíêöèè

íà ìíîæåñòâå ìàëîé ìåðû. Òàêæå èçó÷àþòñÿ âîïðîñû ïðåäñòàâëåíèÿ

ôóíêöèé èç êëàññà Lp(0, 1)2, 0 < p < 1, ïî÷òè âñþäó è â ìåòðèêå Lp[0, 1]2

ñõîäÿùèìè äâîéíûìè ðÿäàìè Óîëøà ïî ñôåðàì è ïî ïðÿìîóãîëüíèêàì.

Öåëü ðàáîòû.

1)Èññëåäîâàíèå ñõîäèìîñòè â Lp[0, 1]2, p ≥ 1 ñôåðè÷åñêèõ ÷àñòè÷-

íûõ ñóìì äâîéíîãî ðÿäà Ôóðüå-Óîëøà ïîñëå èñïðàâëåíèÿ ôóíêöèé íà

ìíîæåñòâå ìàëîé ìåðû.

2)Èññëåäîâàíèå ñõîäèìîñòè Tλ(x, y, f) îïåðàòîðîâ â Lp[0, 1]2, p ∈
[1, 2) ïîñëå èñïðàâëåíèÿ ôóíêöèé íà ìíîæåñòâå ìàëîé ìåðû.

4)Èññëåäîâàíèå âîïðîñîâ ïðåäñòàâèìîñòè èçìåðèìûõ ôóíêöèé

àñèìïòîòè÷åñêè ñõîäÿùèìè äâîéíûìè ðÿäàìè ïî íîðìèðîâàííûì áà-

çèñàì ïðîñòðàíñòâà Lp(E), p ∈ [1,∞).

5)Èññëåäîâàíèå âîïðîñîâ ïðåäñòàâèìîñòè ôóíêöèé èç êëàññà

Lp(0, 1)2, 0 < p < 1, ïî ñôåðàì è ïî ïðÿìîóãîëüíèêàì ïî÷òè âñþäó

è â ìåòðèêå Lp[0, 1]2 ñõîäÿùèìè äâîéíûìè ðÿäàìè Óîëøà.

Ìåòîäû èññëåäîâàíèÿ. Ïðèìåíÿþòñÿ ìåòîäû òåîðèè ôóíêöèé è

ôóíêöèîíàëüíîãî àíàëèçà.

Íàó÷íàÿ íîâèçíà. Âñå ðåçóëüòàòû äèññåðòàöèè ÿâëÿþòñÿ íîâûìè.

Äîêàçàíî, ÷òî äëÿ ëþáûõ ÷èñåë 0 < ε < 1, p ≥ 1 è äëÿ êàæäîé ôóíê-

öèè f ∈ Lp(0, 1)2 ìîæíî íàéòè ôóíêöèþ f̃ ∈ Lp(0, 1)2, mes(f̃ 6= f) < ε,

äâîéíîé ðÿä Ôóðüå-Óîëøà êîòîðîé ïî ñôåðàì ñõîäèòñÿ ïî Lp[0, 1]2 íîð-

ìå è âñå íåíóëåâûå ÷ëåíû â ïîñëåäîâàòåëüíîñòè {|ck,s(f)|} ðàñïîëîæåíû
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â óáûâàþùåì ïîðÿäêå ïî âñåì íàïðàâëåíèÿì.

Ïðàêòè÷åñêàÿ è òåîðåòè÷åñêàÿ öåííîñòü. Òåìà ïðåäëàãàåìîé

ðàáîòû ïðåäñòàâëÿåò òåîðåòè÷åñêèé èíòåðåñ. Ðåçóëüòàòû è ìåòîäû ðà-

áîòû ìîãóò íàéòè ïðèìåíåíèå ïðè èçó÷åíèè àíàëîãè÷íûõ âîïðîñîâ äëÿ

äðóãèõ áàçèñîâ.

Àïðîáàöèÿ ïîëó÷åííûõ ðåçóëüòàòîâ. Îñíîâíûå ðåçóëüòàòû

äèññåðòàöèè äîêëàäûâàëèñü íà Ìåæäóíàðîäíîì Àñïèðàíòñêîì Ôîðó-

ìå �Ñîâðåìåííàÿ Íàóêà: Òåíäåíöèè Ðàçâèòèÿ, ïð. è ïåðñï�, ïîñâÿùåí-

íûé 10-Ëåòèþ Àñï. Ðàó (Åðåâàí, Àðìåíèÿ 2013) è íà ñåìèíàðå êàôåäðû

âûñøåé ìàòåìàòèêè ôèçè÷åñêîãî ôàêóëüòåòà ÅÃÓ (ðóêîâîäèòåëü Ì. Ã.

Ãðèãîðÿí).

Îñíîâíûå ðåçóëüòàòû äèññåðòàöèè îïóáëèêîâàíû â 5 ñòàòüÿõ,

ñïèñîê êîòîðûõ ïðèâîäèòñÿ â êîíöå àâòîðåôåðàòà.

Ñòðóêòóðà è îáúåì äèññåðòàöèè. Äèññåðòàöèîííàÿ ðàáîòà èç-

ëîæåíà íà 69 ñòðàíèöàõ, ñîñòîèò èç ââåäåíèÿ, 3 ãëàâ è ñïèñêà öèòèðî-

âàííîé ëèòåðàòóðû, âêëþ÷àþùåãî 60 íàèìåíîâàíèé.

Ñîäåðæàíèå ðàáîòû

Â äèññåðòàöèè ìû èçó÷èì íåêîòîðûå âîïðîñû î ïîâåäåíèè äâîéíûõ

ðÿäîâ Ôóðüå -Óîëøà, à òàêæå êîýôôèöèåíòîâ Ôóðüå ïî äâîéíîé ñè-

ñòåìå Óîëøà ïîñëå èñïðàâëåíèÿ ôóíêöèè. Îòìåòèì, ÷òî èäåÿ îá èñ-

ïðàâëåíèè ôóíêöèè ñ öåëüþ óëó÷øåíèÿ åå ñâîéñòâ ïðèíàäëåæèò Í. Í.

Ëóçèíó. Èì â 1912 ã. áûë ïîëó÷åí ñëåäóþùèé çíàìåíèòûé ðåçóëüòàò

(ñì. [1]).

Òåîðåìà ( C-câîéñòâî Ëóçèíà). Äëÿ ëþáîé èçìåðèìîé, ïî÷òè

âñþäó êîíå÷íîé íà [0,1] ôóíêöèè f(x) è äëÿ ëþáîãî ε > 0 ñóùåñòâóþò

èçìåðèìîå ìíîæåñòâî E ñ ìåðîé |E| > 1 − ε è íåïðåðûâíàÿ íà [0,1]

ôóíêöèÿ g(x), ñîâïàäàþùàÿ ñ f(x) íà E.

Äàëåå â ýòîì íàïðàâëåíèè ïîëó÷åíû èíòåðåñíûå ðåçóëüòàòû (ñì. [2-
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12]).

Â 1939ã. Ä.Å.Ìåíüøîâ [2] äîêàçàë ñëåäóþùóþ ôóíäàìåíòàëüíóþ

òåîðåìó.

Òåîðåìà ( Óñèëåííîå C- câîéñòâî Ìåíüøîâa). Ïóñòü f(x) èç-

ìåðèìàÿ ôóíêöèÿ, êîíå÷íàÿ ïî÷òè âñþäó íà [0, 2π]. Êàêîâî áû íe áûëî

ε > 0, ìîæíî îïðåäåëèòü íåïðåðûâíóþ ôóíêöèþ g(x), ñîâïaäàþùóþ ñ

f(x) íà íåêîòîðîì ìíîæåñòâå E, |E| > 2π− ε è òàêóþ, ÷òî åå ðÿä Ôóðüå
ïî òðèãîíîìåòðè÷åñêîé ñèñòåìå ñõîäèòñÿ ðàâíîìåðíî íà [0, 2π].

Â 1988ã. Ì.Ã.Ãðèãîðÿí äîêàçàë, ÷òî òðèãîíîìåòðè÷åñêàÿ ñèñòåìà

îáëàäàåò óñèëåííûì L1- ñâîéñòâîì ñóììèðóåìûõ ôóíêöèé. Îíî ñî-

ñòîèò â ñëåäóþùåì: äëÿ ëþáîãî ε > 0 ñóùåñòâóåò èçìåðèìîå ìíîæå-

ñòâî E ⊂ [0, 1] ñ ìåðîé |E| > 1 − ε òàêîå, ÷òî äëÿ êàæäîé ôóíêöèè

f(x) ∈ L1[0, 1] ìîæíî íàéòè ôóíêöèþ g(x) ∈ L1[0, 1], ñîâïàäàþùóþ ñ

f(x) íà E, ðÿä Ôóðüå êîòîðîé ïî òðèãîíîìåòðè÷åñêîé ñèñòåìå ñõîäèòñÿ

ê íåé ïî L1[0, 1] íîðìå (ñì. [6]).

Ïóñòü {ϕk(x)}∞k=0 ïîëíàÿ â L
2[0, 1] îðòîíîðìèðîâàííàÿ ñèñòåìà è

f(x, y) ∈ L[0,1]2 . Ïîëîæèì

ck,s(f) =

∫ 1

0

∫ 1

0

f(t, τ)ϕk(t)ϕs(τ)dtdτ, k, s = 0, 1, 2, ... .

Ïðÿìîóãîëüíûå, êâàäðàòíûå è ñôåðè÷åñêèå ÷àñòè÷íûå ñóììû äâîéíîãî

ðÿäà Ôóðüå ïî äâîéíîé ñèñòåìå {ϕk(x)ϕs(y)}∞k,s=0 îïðåäåëÿþòñÿ ñîîò-

âåòñòâåííî ñëåäóþùèì îáðàçîì:

SN,M (x, y, f) =

N∑
k=0

M∑
s=0

ck,s(f)ϕk(x)ϕs(y),

SN,N (x, y, f) =

N∑
k=0

N∑
s=0

ck,s(f)ϕk(x)ϕs(y),

SR(x, y, f) =
∑

k2+s2≤R2

ck,s(f)ϕk(x)ϕs(y).

Îòìåòèì, ÷òî ðÿä êëàññè÷åñêèõ ðåçóëüòàòîâ (ñêàæåì, òàêèå òåîðå-

ìû, êàê òåîðåìà Ë.Êàðëåñîíà [14]: ðÿä Ôóðüå ëþáîé ôóíêöèè f(x) ∈
L2[0, 2π] ñõîäèòñÿ ê íåé ïî÷òè âñþäó íà [0, 2π], òåîðåìà Ì. Ðèññà [15]:
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ðÿä Ôóðüå ëþáîé ôóíêöèè f(x) ∈ Lp[0, 2π]; p > 1 ñõîäèòñÿ ïî íîðìå

Lp[0, 2π], òåîðåìà À.Ì.Êîëìîãîðîâà [16]: ðÿä Ôóðüå êàæäîé ôóíêöèè

f(x) ∈ L[0, 2π] ñõîäèòñÿ â ìåòðèêå Lp[0, 2π], 0 < p < 1) íåâîçìîæíî

ïåðåíåñòè ñ îäíîìåðíîãî ñëó÷àÿ íà äâóìåðíûé ñëó÷àé.

Â ýòîì ñëó÷àå äàæå ðàçíûå ( ñôåðè÷åñêèå, ïðÿìîóãîëüíûå, êâàä-

ðàòíûå) ÷àñòè÷íûå ñóììû ðåçêî îòëè÷àþòñÿ äðóã îò äðóãà ïî ñâîèì

ñâîéñòâàì â òàêèõ âîïðîñàõ, êàê ñõîäèìîñòè â Lp[0, 1), p ≥ 1 è ñõîäè-

ìîñòè ïî÷òè âñþäó (ñì. [17-26])).

Ïîäòâåðæäåíèåì ñêàçàííîãî âûøå ñëóæàò ñëåäóþùèå òåîðåìû.

Òåîðåìà (Ôåôôåðìàí[17]). Äëÿ ëþáîãî p 6= 2 ñóùåñòâóåò ôóíê-

öèÿ fp(x, y) èç êëàññà Lp(0, 1)2 ñôåðè÷åñêèå ÷àñòè÷íûå ñóììû ðÿäà

Ôóðüå êîòîðîé íå ñõîäÿòñÿ ïî íîðìå Lp(0, 1)2.

Òåîðåìà ( Ôåôôåðìàí[18]) Ñóùåñòâóåò íåïðåðûâíàÿ ôóíêöèÿ

f(x, y) ïðÿìîóãîëüíûå ÷àñòè÷íûå ñóììû äâîéíîãî ðÿäà Ôóðüå êîòîðîé

ðàñõîäÿòñÿ â êàæäîé òî÷êå (0, 1)2.

Òåîðåìà (Ð. Ä. Ãåöàäçå[19]) Ïóñòü {ψk(x)}∞k=1 ðàâíîìåðíî îãðà-

íè÷åííàÿ ïîëíàÿ â L2[0, 1] îðòîíîðìèðîâàííàÿ ñèñòåìà. Òîãäà ñóùå-

ñòâóåò ôóíêöèÿ f(x, y) èç êëàññà L1(0, 1)2 äâîéíîé ðÿä Ôóðüå êîòîðîé

ïî ñèñòåìå {ψk(x)ψn(y)}∞k,n=1 ïî êâàäðàòàì ðàñõîäèòñÿ ïî ìåðå.

Òåîðåìà (Ì. Ã. Ãðèãîðÿí [20]) Ñóùåñòâóåò ôóíêöèÿ f0(x, y) ∈
L1(0, 2π)2 äâîéíîé ðÿä Ôóðüå êîòîðîé ïî òðèãîíîìåòðè÷åñêîé ñèñòåìå

ïî ñôåðàì ðàñõîäèòñÿ â ìåòðèêàõ Lp(0, 2π)2 äëÿ ëþáîãî p ∈ (0, 1).

Â ñëó÷àå ñèñòåìû Óîëøà, èçâåñòíû ñëåäóþùèå ðåçóëüòàòû.

Òåîðåìà ( Ð. Ä. Ãåöàäçå[21]) Ñóùåñòâóåò íåïðåðûâíàÿ ôóíêöèÿ

f(x, y) ïðÿìîóãîëüíûå ÷àñòè÷íûå ñóììû äâîéíîãî ðÿäà Ôóðüå-Óîëøà

êîòîðîé ðàñõîäÿòñÿ ïî÷òè âñþäó.

Òåîðåìà (Ä. Ã. Õàððèñ [22]) Äëÿ ëþáîãî p ∈ [1, 2) ñóùåñòâó-

åò ôóíêöèÿ èç Lp(0, 1)2 ñôåðè÷åñêèå ÷àñòè÷íûå ñóììû äâîéíîãî ðÿäà

Ôóðüå-Óîëøà êîòîðîé ðàñõîäÿòñÿ ïî÷òè âñþäó è ïî Lp(0, 1)2 íîðìå.

Íåîáõîäèìî òàêæå îòìåòèòü, ÷òî ðÿä òåîðåì, î ïðåäñòàâëåíèè ôóíê-

öèé îðòîãîíàëüíûìè ðÿäàìè, ìîæíî ïåðåíåñòè ñ îäíîìåðíîãî ñëó÷àÿ íà

äâóìåðíûé. Â ÷àñòíîñòè, ñëåäóþùàÿ

Òåîðåìà (Òàëàëÿí [23]) Ïóñòü {ψk(x)}∞k=1 ïîëíàÿ â L
2[0, 1] îð-

òîíîðìèðîâàííàÿ ñèñòåìà. Òîãäà äëÿ ëþáîãî 0 < p < 1 è äëÿ êàæäîé
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ôóíêöèè f(x) ∈ Lp(0, 1) ìîæíî íàéòè ðÿä âèäà

∞∑
k=1

bkψk(x),

êîòîðûé ñõîäèòñÿ ê f(x) â ìåòðèêå Lp[0, 1].

Òåîðåìà ñïðàâåäëèâà è â äâóìåðíîì ñëó÷àå: Ì.Ã.Ãðèãîðÿí [24] äî-

êàçàë, ÷òî

Òåîðåìà 1. Åñëè {ψk(x)}∞k=1 ïîëíàÿ â L2[0, 1] îðòîíîðìèðîâàííàÿ

ñèñòåìà, òî äëÿ ëþáîãî 0 < p < 1 è äëÿ êàæäîé ôóíêöèè f(x, y) ∈
Lp(0, 1)2 ìîæíî íàéòè ðÿä âèäà

∞∑
k=1

∞∑
s=1

bk,sψk(x)ψs(y),

êîòîðûé ñõîäèòñÿ ê f(x, y) â ìåòðèêå Lp[0, 1]2 êàê ïî ñôåðàì, òàê è

ïî ïðÿìîóãîëüíèêàì è

∞∑
k,s=1

|bk,s|r <∞,∀r > 2.

Áóäåì ãîâîðèòü, ÷òî âñå íåíóëåâûå ÷ëåíû â ïîñëåäîâàòåëüíîñòè

{ak,s} ðàñïîëîæåíû â óáûâàþùåì ïîðÿäêå ïî âñåì íàïðàâëåíèÿì, åñëè

èç

k2 ≥ k1, s2 ≥ s1, k2 + s2 > k1 + s1, ak2,s2 6= 0, ak1,s1 6= 0,

ñëåäóåò, ÷òî

ak2,s2 < ak1,s1 .

Åñòåñòâåíåí ñëåäóþùèé âîïðîñ.

Ñóøåñòâóåò ëè èçìåðèìîå ìíîæåñòâî E ñêîëü óãîäíî ìàëîé ìåðû òà-

êîå, ÷òî ïîñëå èçìåíåíèÿ çíà÷åíèé ëþáîé ôóíêöèè êëàññà Lp[0, 1), p ≥ 1

íà e, äâîéíîé ðÿä Ôóðüå ïî (ñôåðàì ïî ïðÿìîóãîëüíèêàì, ïî êâàäðà-

òàì) ïî ñèñòåìå Óîëøà è ïî òðèãîíîìåòðè÷åñêîé ñèñòåìå èçìåíåííîé

ôóíêöèè ñõîäèëñÿ áû ê íåé (ïî÷òè âñþäó, ïî íîðìå Lp[0, 1), ðàâíî-

ìåðíî)? Â ðàáîòå [24] Ì.Ã.Ãðèãîðÿíîì ïîëó÷åíû ñëåäóþùèå ðåçóëü-

òàòû: Äëÿ ëþáîé îðòîíîðìèðîâàííîé ñèñòåìû {fk(x)} è ëþáûõ ÷èñåë
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p ∈ [1, 2) è 0 < ε < 1 ñóùåñòâóåò èçìåðèìîå ìíîæåñòâî E ⊂ [0, 1]2 ñ

ìåðîé | E |> 1 − ε òàêîå, ÷òî äëÿ êàæäîé ôóíêöèè f(x, y) ∈ Lp[0, 1]2

ìîæíî íàéòè ôóíêöèþ f̃ ∈ L1[0, 1]2, ñîâïàäàþùóþ ñ f íà E, òàêóþ, ÷òî

1) äâîéíîé ðÿä Ôóðüå ôóíêöèèf̃ êàê ïî ïðÿìîóãîëüíèêàì òàê è ïî

ñôåðàì ñõîäèòñÿ ïî L1[0, 1]2 íîðìå,

2) äâîéíîé ðÿä Ôóðüå ôóíêöèè f̃ êàê ïî ïðÿìîóãîëüíèêàì òàê è

ïî ñôåðàì ñõîäèòñÿ ïî Lp(E ) íîðìå.

Âàæíî îòìåòèòü, ÷òî â ðàáîòå [24] ïîêàçàíî ñóùåñòâîâàíèå ïîëíîé

â L2 îðòîíîðìèðîâàííîé ñèñòåìû, äëÿ êîòîðîé ïîñòàâëåííûé âîïðîñ

ïðè p > 2 â ñìûñëå ñõîäèìîñòè ïî íîðìå Lp èìååò îòðèöàòåëüíûé

îòâåò, òî÷íåå ïîñòðîåíà îðòîíîðìèðîâàííàÿ ñèñòåìà {ψk(x)}∞k=1 îãðà-

íè÷åííûõ ôóíêöèé è íåïðåðûâíàÿ ôóíêöèÿ g(x) òàêèå, ÷òî åñëè ïðè

íåêîòîðîé ôóíêöèè f ∈ Lp, p > 2; | {x ∈ [0, 1] : f(x) = g(x)} |> 0, òî åå

ðÿä Ôóðüå ïî ñèñòåìå ψ ðàñõîäèòñÿ â Lp(0, 1).

Çàìåòèì, ÷òî îòâåò íà âûøå ïîñòàâëåííûé âîïðîñ çàâèñèò êàê îò

ñèñòåìû è âèäà ñõîäèìîñòè (â ÷àñòíîñòè îò p ), òàê è îò òîãî, çàâè-

ñèò ëè èñêëþ÷èòåëüíîå ìíîæåñòâî E, íà êîòîðîì ïðîèñõîäèò èçìåíå-

íèå çíà÷åíèé ôóíêöèè f(x), îò ýòîé ôóíêöèè, èëè îíî óíèâåðñàëüíî,

ò.å. îáñëóæèâàåò öåëûé ôóíêöèîíàëüíûé êëàññ.

Ìû ðàññìîòðèì ñôîðìóëèðîâàííûé âîïðîñ â äâóõ ïîñòàíîâêàõ:

1. Êîãäà çíà÷åíèÿ ôóíêöèè f(x) èçìåíÿþòñÿ íà çàâèñÿùåì îò ôóíê-

öèè ìíîæåñòâå ñêîëü óãîäíî ìàëîé ìåðû.

2. Êîãäà èñêëþ÷èòåëüíîå ìíîæåñòâî e, íà êîòîðîì ïðîèñõîäèò èçìå-

íåíèå, íå çàâèñèò îò èñïðàâëÿåìîé ôóíêöèè f(x), ò.å. îíî, óíèâåðñàëü-

íî, îáñëóæèâàåò öåëûé ôóíêöèîíàëüíûé êëàññ.

Â ñîîòâåòñòâèè ñ ýòèìè ïîñòàíîâêàìè, â íàñòîÿùåé ðàáîòå äîêàçû-

âàþòñÿ ñëåäóþùèå òåîðåìû.

Â ïåðâîé ãëàâå äèññåðòàöèè äîêàçûâàåòñÿ:

Òåîðåìà 1.1. Äëÿ ëþáîãî 0 < ε < 1 ñóùåñòâóåò èçìåðèìîå ìíî-

æåñòâî E ⊂ [0, 1]2 ñ ìåðîé | E |> 1 − ε òàêîå, ÷òî äëÿ êàæäîé ôóíê-

öèè f(x, y) ∈ L1[0, 1]2 ìîæíî íàéòè ôóíêöèþ f̃ ∈ L1[0, 1]2, ñîâïàäàþ-

ùóþ ñ f íà E, òàêóþ, ÷òî âñå íåíóëåâûå ÷ëåíû â ïîñëåäîâàòåëüíîñòè

{|ck,s(f̃)|} ðàñïîëîæåíû â óáûâàþùåì ïîðÿäêå ïî âñåì íàïðàâëåíèÿì

(çäåñü ck,s(f̃)−êîýôôèöèåíòû Ôóðüå èñïðàâëåííîé ôóíêöèè f̃(x, y) ïî
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äâîéíîé ñèñòåìå Óîëøà - {ϕk(x)ϕs(y)} ) è

lim
R→∞

(∫ ∫
[0,1]2

|SR(x, y, f̃ )− f̃ (x, y))|dxdy

)
= 0.

Òåîðåìà 1.2. Äëÿ ëþáîãî 0 < ε < 1 ñóùåñòâóåò èçìåðèìîå ìíîæå-

ñòâî E ⊂ [0, 1]2 ñ ìåðîé | E |> 1−ε òàêîå, ÷òî äëÿ ëþáîãî p ∈ [1,∞) è äëÿ

êàæäîé ôóíêöèè f(x, y) ∈ Lp[0, 1]2ìîæíî íàéòè ôóíêöèþ f̃ ∈ L1[0, 1]2,

ñîâïàäàþùóþ ñ f íà E, òàêóþ, ÷òî âñå íåíóëåâûå ÷ëåíû â ïîñëåäîâà-

òåëüíîñòè {|ck,s(f̃)|} ðàñïîëîæåíû â óáûâàþùåì ïîðÿäêå ïî âñåì íà-

ïðàâëåíèÿì è

lim
R→∞

(∫ ∫
E

|SR(x, y, (f̃ )− f̃ (x, y))|pdxdy
)1/p

= 0.

Òåîðåìà 1.3.Äëÿ ëþáûõ 0 < ε < 1, p ≥ 1 è äëÿ êàæäîé ôóíêöèè f ∈
Lp(0, 1)2 ìîæíî íàéòè ôóíêöèþ f̃ ∈ Lp(0, 1) 2, mes{f 6= f̃} < ε, äâîéíîé

ðÿä Ôóðüå-Óîëøà êîòîðîé ïî ñôåðàì ñõîäèòñÿ ïî Lp[0, 1]2 íîðìå è

âñå íåíóëåâûå ÷ëåíû â ïîñëåäîâàòåëüíîñòè {|ck,s(f̃)|} ðàñïîëîæåíû â

óáûâàþùåì ïîðÿäêå ïî âñåì íàïðàâëåíèÿì.

Òåîðåìà 1.4. Äëÿ ëþáîãî 0 < ε < 1 è äëÿ êàæäîé ôóíêöèè

f ∈
⋂

p≥1 L
p[0, 1]2 ìîæíî íàéòè ôóíêöèþ f̃ ∈ Lp(0, 1) 2, mes{f 6= f̃} < ε,

äâîéíîé ðÿä Ôóðüå-Óîëøà êîòîðîé ñõîäèòñÿ ê f̃ âî âñåõ íîðìàõ Lp[0, 1]2

ïî ñôåðàì è âñå íåíóëåâûå ÷ëåíû â ïîñëåäîâàòåëüíîñòè {|ck,s(f̃)|} ðàñ-
ïîëîæåíû â óáûâàþùåì ïîðÿäêå ïî âñåì íàïðàâëåíèÿì.

Âî âòîðîé ãëàâå äèññåðòàöèè ðàññìàòðèâàåòñÿ âîïðîñ ñõîäèìîñòè ïî

íîðìå Lp[0, 1), p ∈ [1, 2) îïåðàòîðîâ

Tλ(x, y, f) =
∑

|ck,s (f)|≥λ

ck,s(f)ϕk(x)ϕs(y),

ïðè λ→ 0 , ïîñëå èñïðàâëåíèÿ ôóíêöèè êëàññà Lp(0, 1)2.

Îòìåòèì, ÷òî òàêèå ìåòîäû ñóììèðîâàíèÿ (ìåòîäû æåñòêîãî îòáî-

ðà) â îäíîìåðíîì ñëó÷àå áûëè ðàññìîòðåíû â ðàáîòàõ [35]-[41].

Â ðàáîòå [27] Ò.Òàî óñòàíîâèë, ÷òî ñóùåñòâóåò èíòåãðèðóåìàÿ ôóíê-

öèÿ äëÿ êîòîðîé îïåðàòîðû Tλ(x, f) ïî ñèñòåìå Õààðà ï.â. ðàñõîäÿòñÿ, à

â ðàáîòå [28] Ã.Ãåâîðêÿíîì è À.Ñòåïàíÿíîì ýòîò ðåçóëüòàò áûë îáîáùåí
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äëÿ ëþáîé 0-ðåãóëÿðíîãî âåéâëåò ðàçëîæåíèÿ. Â ðàáîòå [29] Ì. Ãðèãî-

ðÿíîì è À. Êîáåëÿíîì óñòàíîâëåíà âîçìîæíîñòü èñïðàâëåíèÿ ôóíêöèè

ñ öåëüþ ïîëó÷åíèÿ ñõîäèìîñòè ïî÷òè âñþäó îïåðàòîðîâ æåñòêîãî îò-

áîðà äâîéíîãî ðÿäà Ôóðüå-Õààðà èñïðàâëåííîé ôóíêöèè.

Âî âòîðîé ãëàâå äîêàçûâàåòñÿ

Òåîðåìà 2.1.Äëÿ ëþáîãî 0 < ε < 1 ñóùåñòâóåò èçìåðèìîå ìíîæå-

ñòâî E ⊂ [0, 1]2 ñ ìåðîé | E |> 1 − ε òàêîå, ÷òî äëÿ êàæäîé ôóíêöèè

f(x, y) ∈ L1[0, 1]2 ìîæíî íàéòè ôóíêöèþ f̃ ∈ L1[0, 1]2, ñîâïàäàþùóþ ñ

f íà E, òàêóþ, ÷òî

lim
λ→0

(∫ ∫
[0,1]2

|Tλ((x, y), f̃ )− f̃ (x, y))|dxdy

)
= 0

è âñå íåíóëåâûå ÷ëåíû â ïîñëåäîâàòåëüíîñòè {|ck,s(f̃)|} ðàñïî-

ëîæåíû â óáûâàþùåì ïîðÿäêå ïî âñåì íàïðàâëåíèÿì (çäåñü

ck,s(f̃)−êîýôôèöèåíòû Ôóðüå èñïðàâëåííîé ôóíêöèè f̃(x, y) ïî äâîé-

íîé ñèñòåìå Óîëøà - {ϕk(x)ϕs(y)} ).
Òåîðåìà 2.2. Äëÿ ëþáîãî 0 < ε < 1 ñóùåñòâóåò èçìåðèìîå ìíîæå-

ñòâî E ⊂ [0, 1]2 ñ ìåðîé | E |> 1−ε òàêîå, ÷òî äëÿ ëþáîãî p ∈ [1, 2) è äëÿ

êàæäîé ôóíêöèè f(x, y) ∈ Lp[0, 1]2 ìîæíî íàéòè ôóíêöèþ f̃ ∈ L1[0, 1]2,

ñîâïàäàþùóþ ñ f íà E, òàêóþ, ÷òî

lim
λ→0

(∫ ∫
E

|Tλ((x, y), f̃ )− f̃ (x, y))|pdxdy
)1/p

= 0.

Òåîðåìà 2.3. Äëÿ ëþáîãî 0 < ε < 1 ñóùåñòâóåò èçìåðèìîå ìíîæå-

ñòâî E ⊂ [0, 1]2 ñ ìåðîé | E |> 1 − ε òàêîå, ÷òî äëÿ ëþáîãî p ∈ [1, 2) è

äëÿ êàæäîé ôóíêöèè f(x, y) ∈
⋂

2>p≥1 L
p[0, 1]2 ìîæíî íàéòè ôóíêöèþ

f̃ ∈ L1[0, 1]2, ñîâïàäàþùóþ ñ f íà E, òàêóþ, ÷òî

lim
λ→0

(∫ ∫
E

|Tλ((x, y), f̃)− f̃ (x, y))|pdxdy
)1/p

= 0.

Â òðåòüåé ãëàâå èçó÷àþòñÿ âîïðîñû ïðåäñòàâëåíèÿ ôóíêöèé êëàññà

Lp [0, 1] , p ∈ (0, 1) äâîéíûìè ðÿäàìè Óîëøà.

Íàïîìíèì, ÷òî ñèñòåìà {ϕn}∞n=1, (ϕn ∈ S, n = 1, 2, ...) íàçûâàåòñÿ

ñèñòåìîé ïðåäñòàâëåíèÿ â êëàññå S ⊂ L0 (L0 -êëàññ èçìåðèìûõ ôóíêöèé
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) â ñìûñëå ñõîäèìîñòè ïî ìåðå, ïî÷òè âñþäó, â ìåòðèêå S (åñëè, êîíå÷íî,

â S óñòàíîâëåíà ìåòðèêà), åñëè äëÿ êàæäîé ôóíêöèè f ∈ S ñóùåñòâóåò

ðÿä âèäà
∑
n
anϕn, êîòîðûé ñõîäèòñÿ ê f ñîîòâåòñòâåííî ïî ìåðå, ïî÷òè

âñþäó, â ìåòðèêå S.

Âîïðîñàì ïðåäñòàâëåíèÿ ôóíêöèé êëàññà S ðÿäàìè ïî êëàññè÷åñêèì

ñèñòåìàì â ðàçíûõ ñìûñëàõ ïîñâÿùåíî áîëüøîå êîëè÷åñòâî ðàáîò (ñì.

[30]-[38], à òàêæå ññûëêè â ýòèõ ðàáîòàõ).

Ä.Å.Ìåíüøîâ [30] äîêàçàë, ÷òî òðèãîíîìåòðè÷åñêàÿ ñèñòåìà ÿâëÿ-

åòñÿ ñèñòåìîé ïðåäñòàâëåíèÿ â êëàññå ïî÷òè âåçäå êîíå÷íûõ íà [0, 2π]

èçìåðèìûõ ôóíêöèé â ñìûñëå ñõîäèìîñòè ï.â. íà [0, 2π].

À.À.Òàëàëÿí â ðàáîòå [35] äîêàçàë, ÷òî êàæäàÿ ïîëíàÿ îðòîíîð-

ìèðîâàííàÿ ñèñòåìà ÿâëÿåòñÿ ñèñòåìîé ïðåäñòàâëåíèÿ êàê â êëàññàõ

Lp [0, 1] ; p ∈ (0, 1) â ñìûñëå ñõîäèìîñòè â ìåòðèêå Lp [0, 1] , òàê è â

êëàññå ïî÷òè âåçäå êîíå÷íûõ íà [0, 1] èçìåðèìûõ ôóíêöèé â ñìûñëå

ñõîäèìîñòè ïî ìåðå.

Òåîðåìà (À.À. Òàëàëÿí). Ïóñòü {ϕk(x)}∞k=1-ñèñòåìà ôóíêöèé

îïðåäåëåííûõ íà èçìåðèìîì ìíîæåñòâå E ⊂ [0, 1], |E| > 0 è îáðàçó-

þùèõ íîðìèðîâàííûé áàçèñ â ïðîñòðàíñòâå Lp(E), p > 1. Òîãäà äëÿ

ëþáîé èçìåðèìîé ôóíêöèè f(x), îïðåäåëåííîé íà ìíîæåñòâå E, ñóùå-

ñòâóåò ðÿä
∑∞

k=1 ckϕk(x), îáëàäàþùèé ñëåäóþùèìè ñâîéñòâàìè:

1) íà ìíîæåñåòâå A, ãäå f(x) êîíå÷åíà, ðÿä
∑∞

k=1 ckϕk(x) àñèìïòîòè÷å-

ñêè ñõîäèòñÿ ê f(x) â ìåòðèêå Lp, p > 1, ò.å. äëÿ ëþáîãî ε > 0 ñóùå-

ñòâóåò ìíîæåñòâî Aε ⊂ A òàêîå, ÷òî

|Aε| > |A| − ε, lim
n→∞

∫
Aε

|
n∑

k=1

ckϕk(x)− f(x)|pdx = 0,

à íà ìíîæåñòâå E \A ýòîò ðÿä ñõîäèòñÿ ê f(x) ïî ìåðå

2) limk→∞ck = 0

Â 1977 ãîäó Ê. Ãîôìàí è Ð. Çèíê äîêàçàëè ñëåäóþùóþ òåîðåìó.

Òåîðåìà (Ãîôìàí, Çèíê [52]). Ïóñòü {ϕk(x)}∞k=1 -áàçèñ âî âñåõ

ïðîñòðàíñòâàõ Lp[0, 1], p > 1, ãäå infk ||ϕk||Lp > 0 è f(x, y) - èçìåðèìàÿ

ôóíêöèÿ. Òîãäà ñóùåñòâóåò äâîéíîé ðÿä
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∞∑
k,s=1

ak,sϕk(x)ϕs(y)

îáëàäàþùèé ñëåäóþøèìè ñâîéñòâàìè:

1) íà ìíîæåñòâå A ⊂ [0, 1]× [0, 1], ãäå f(x, y) êîíå÷íà, ðÿä (1) ïî Ïðèíã-

ñõåéìó àñèìïòîòè÷åñêè ñõîäèòñÿ ê f(x, y) â ìåòðèêå L1, à íà ìíîæåñòâå

[0, 1]× [0, 1] \A ýòîò ðÿä ñõîäèòñÿ ê f(x, y) ïî ìåðå.

2) limk,s→∞ ak,s = 0

Îêàçûâàåòñÿ, ÷òî â ýòîé òåîðåìå èçëèøíå òðåáîâàíèå, ÷òîáû ñèñòåìà

{ϕk(x)}∞k=1 áûëà áàçèñîì âî âñåõ ïðîñòðàíñòâàõ Lp[0, 1], p > 1 è, êðî-

ìå òîãî, â ôîðìóëèðîâêå ýòîé òåîðåìû àñèìïòîòè÷åñêóþ ñõîäèìîñòü

â L1 ìîæíî çàìåíèòü àñèìïòîòè÷åñêîé ñõîäèìîñòüþ â Lp, p > 1. Âî-

ïðîñ î âîçìîæíîñòè òàêîãî óñèëåíèÿ ïîñëåäíåé òåîðåìû áûë ïîñòàâëåí

Ê.Ãîôìàíîì è Ð.Çèíêîì â èõ âûøåóïîìÿíóòîé ðàáîòå.

Îòâåòèâ íà ïîñòàâëåííûé âîïðîñ, Ì.Ã.Ãðèãîðÿí [38] äîêàçàë ñëåäóþ-

ùóþ òåîðåìó.

Òåîðåìà 2. Ïóñòü {ϕk(x)}∞k=1-íîðìèðîâàííûé áàçèñ ïðîñòðàíñòâà

Lp(E), |E| > 0, p > 1. Òîãäà äëÿ ëþáîé èçìåðèìîé ôóíêöèè F (x, y),

îïðåäåëåííîé íà ìíîæåñòâå T = E × E, ñóùåñòâóåò äâîéíîé ðÿä

∞∑
k,s=1

ck,sϕk(x)ϕs(y) (1)

îáëàäàþùèé ñëåäóþùèìè ñâîéñòâàìè:

1) íà ìíîæåñòâå A, ãäå F (x, y) êîíå÷íà, ðÿä (2) ïî Ïðèíãñõåìéó àñèìï-

òîòè÷åñêè ñõîäèòñÿ ê F (x, y) â ìåòðèêå Lp(T ), p > 1, ò.å. äëÿ ëþáîãî

ε > 0 ñóùåñòâóåò ìíîæåñòâî Aε ⊂ A òàêîå, ÷òî

|Aε| > |A| − ε, lim
n,m→∞

∫ ∫
Aε

|
n,m∑
k,s=1

ck,sϕk(x)ϕs(y)− F (x, y)|pdxdy = 0,

à íà ìíîæåñòâå T \A ðÿä (2) ñõîäèòñÿ ê F (x, y) ïî ìåðå.

2) limk,s→∞ ck,s = 0

Â òðåòüåé ãëàâå äîêàçûâàåòñÿ ñëåäóþùàÿ
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Òåîðåìà 3.1 Ïóñòü {ϕk(x)}∞k=1-íîðìèðîâàííûé áàçèñ ïðîñòðàíñòâà

Lp(E), |E| > 0, p > 1. Òîãäà äëÿ ëþáîé èçìåðèìîé ôóíêöèè F (x, y),

îïðåäåëåííîé íà ìíîæåñòâå T = E × E, ñóùåñòâóåò äâîéíîé ðÿä

∞∑
k,s=1

ck,sϕk(x)ϕs(y)

îáëàäàþùèé ñëåäóþùèìè ñâîéñòâàìè:

1) íà ìíîæåñòâå A, ãäå F (x, y) êîíå÷íà, ðÿä ïî Ïðèíãñõåìéó è ïî ñôåðàì

àñèìïòîòè÷åñêè ñõîäèòñÿ ê F (x, y) â ìåòðèêå Lp(T ), p > 1, ò.å. äëÿ

ëþáîãî ε > 0 ñóùåñòâóåò ìíîæåñòâî Aε ⊂ A òàêîå, ÷òî

|Aε| > |A| − ε, lim
R→∞

∫ ∫
Aε

|
∑

k2+s2<R2

ck,sϕk(x)ϕs(y)− F (x, y)|pdxdy = 0,

lim
n,m→∞

∫ ∫
Aε

|
n,m∑
k,s=1

ck,sϕk(x)ϕs(y)− F (x, y)|pdxdy = 0,

à íà ìíîæåñòâå T \A ðÿä ñõîäèòñÿ ê F (x, y) ïî ìåðå.

2) limk,s→∞ ck,s = 0

Òåîðåìà 3.1 ÿâëÿåòñÿ óñèëåíåèåì òåîðåìû 2 Ãðèãîðÿíà.

Êàê óæå îòìåòèëè âûøå (ñì. òåîðåìà Ãåöàäçå) äâîéíûå ðÿäû Ôóðüå-

Óîëøà ïî äâîéíîé ñèñòåìå Óîëøà äëÿ ïðåäñòàâëåíèÿ ôóíêöèè f(x, y)

êëàññà L1[0, 1]2 íå ãîäÿòñÿ äàæå â ñìûñëå ñõîäèìîñòè ïî ìåðå,

íî òåì íå ìåíåå äâîéíàÿ ñèñòåìà {ϕk(x)ϕs(y)} Óîëøà ÿâëÿåòñÿ ñèñòå-

ìîé ïðåäñòàâëåíèÿ â êëàññå L1[0, 1]2â ñìûñëå ñõîäèìîñòè â ìåòðèêå

Lp[0, 1)2, p ∈ (0, 1).

Áîëåå òîãî â òðåòüåé ãëàâå äîêàçûâàåòñÿ ñëåäóþùàÿ

Òåîðåìà 3.2. Äëÿ ëþáîãî 0 < p < 1 è äëÿ êàæäîé ôóíêöèè f(x, y) ∈
Lp(0, 1)2 ìîæíî íàéòè ðÿä âèäà

∞∑
k=0

∞∑
s=0

bk,sϕk(x)ϕs(y),

ïî äâîéíîé ñèñòåìå {ϕk(x)ϕs(y)} Óîëøà , êîòîðûé ñõîäèòñÿ ê f(x, y)

ïî÷òè âñþäó â ìåòðèêå Lp[0, 1]2 êàê ïî ñôåðàì òàê è
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ïî ïðÿìîóãîëüíèêàì, âñå íåíóëåâûå ÷ëåíû â ïîñëåäîâàòåëüíîñòè

{|bk,s|} ðàñïîëîæåíû â óáûâàþùåì ïîðÿäêå ïî âñåì íàïðàâëåíèÿì è

∞∑
k,s=1

|bk,s|r <∞,∀r > 2.

Â çàêëþ÷åíèå âûðàæàþ áëàãîäàðíîñòü ïðîôåññîðó Ì.Ã. Ãðèãîðÿíó,

ïîä ðóêîâîäñòâîì êîòîðîãî âûïîëíåíà äàííàÿ ðàáîòà.
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SUMMARY

The main results obtained in this thesis are:

1. For any 0 < ε < 1 there exists a measurable set E ⊂ [0, 1]2 with

measure | E |> 1 − ε such that for any function f(x, y) ∈ L1[0, 1]2 one

can �nd a function f̃ ∈ L1[0, 1]2 coinciding with f on E, such that all non

zero coe�cients in the sequence {|ck,s(f̃)|} are monotonically decreasing by
all directions (here ck,s(f̃)−are the Fourier coe�cients of modi�ed function
f̃(x, y) with respect to the double Walsh system {ϕk(x)ϕs(y)} ) and

lim
R→∞

(∫ ∫
[0,1]2

|SR(x, y, f̃ )− f̃ (x, y))|dxdy

)
= 0.

2. For any 0 < ε < 1 there exists a measurable set E ⊂ [0, 1]2 with

measure | E |> 1 − ε such that for any p ∈ [1,∞) and for each function

f(x, y) ∈ Lp[0, 1]2 one can �nd a function f̃ ∈ L1[0, 1]2 coinciding with

f on E such that all non zero coe�cients in the sequence {|ck,s(f̃)|} are

monotonically decreasing by all directions and

lim
R→∞

(∫ ∫
E

|SR(x, y, (f̃ )− f̃ (x, y))|pdxdy
)1/p

= 0.

3. For any 0 < ε < 1, p ≥ 1 and for each function f ∈ Lp(0, 1)2 one can

�nd a function f̃ ∈ Lp(0, 1) 2, mes{f 6= f̃} < ε such that double Fourier-

Walsh series by spheres of modi�ed function converges with Lp[0, 1]2 norm

and all non zero coe�cients in the sequence {|ck,s(f̃)|} are monotonically

decreasing by all directions.

4. For any 0 < ε < 1 and for each function f ∈
⋂

p≥1 L
p[0, 1]2 one

can �nd a function f̃ ∈ Lp(0, 1) 2, mes{f 6= f̃} < ε such that double

Fourier-Walsh series by spheres of modi�ed funtcion converges to f̃ by all

norms Lp[0, 1]2 and all non zero coe�cients in the sequence {|ck,s(f̃)|} are
monotonically decreasing by all directions.
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5. For any 0 < ε < 1 there exists a measurable set E ⊂ [0, 1]2 with

measure | E |> 1− ε such that for each function f(x, y) ∈ L1[0, 1]2 one can

�nd a function f̃ ∈ L1[0, 1]2 coinciding with f on E, such that

lim
λ→0

(∫ ∫
[0,1]2

|Tλ((x, y), f̃ )− f̃ (x, y))|dxdy

)
= 0

and all non zero coe�cients in the sequence {|ck,s(f̃)|} are monotonically

decreasing by all directions (here ck,s(f̃)−are the Fourier coe�cients

of modi�ed function f̃(x, y) with respect to the double Walsh system

{ϕk(x)ϕs(y)} ).
6. For any 0 < ε < 1 there exists a measurable set E ⊂ [0, 1]2 with

measure | E |> 1 − ε such that for any p ∈ [1, 2) and for each function

f(x, y) ∈ Lp[0, 1]2 one can �nd a function f̃ ∈ L1[0, 1]2 coinciding with f

on E, such that

lim
λ→0

(∫ ∫
E

|Tλ((x, y), f̃ )− f̃ (x, y))|pdxdy
)1/p

= 0.

7. For any 0 < ε < 1 there exists a measurable set E ⊂ [0, 1]2 with

measure | E |> 1 − ε such that for any p ∈ [1, 2) and for each function

f(x, y) ∈
⋂

2>p≥1 L
p[0, 1]2 one can �nd a function f̃ ∈ L1[0, 1]2 coinciding

with f on E, such that

lim
λ→0

(∫ ∫
E

|Tλ((x, y), f̃)− f̃ (x, y))|pdxdy
)1/p

= 0.

8. Let {ϕk(x)}∞k=1 is a normalized basis of space L
p(E), |E| > 0, p > 1.

Than for each measurable function F (x, y), de�ned on a set T = E × E,

there exists double series
∞∑

k,s=1

ck,sϕk(x)ϕs(y)

having the following properties :

1) On set A, where F (x, y) is �nite, series by Pringsheim and by spheres
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asymptotically converges to the F (x, y) in Lp(T ), p > 1 norm, i.e. for any

ε > 0 there exists a set Aε ⊂ A such that

|Aε| > |A| − ε, lim
R→∞

∫ ∫
Aε

|
∑

k2+s2<R2

ck,sϕk(x)ϕs(y)− F (x, y)|pdxdy = 0,

lim
n,m→∞

∫ ∫
Aε

|
n,m∑
k,s=1

ck,sϕk(x)ϕs(y)− F (x, y)|pdxdy = 0,

and on the set T \A series converges to the F (x, y) by norm.

2) limk,s→∞ ck,s = 0.

9. For any 0 < p < 1 and for each function f(x, y) ∈ Lp(0, 1)2 one can

�nd a series ∞∑
k=0

∞∑
s=0

bk,sϕk(x)ϕs(y),

by double system of Walsh {ϕk(x)ϕs(y)} which converges to the f(x, y)
almost everywhere and by norm Lp[0, 1]2 both by spheres and by rectangles,

all non zero coe�cients in the sequence {|bk,s|} are monotonically decreasing
by all directions and

∞∑
k,s=1

|bk,s|r <∞,∀r > 2.
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AM�O�AGIR

Atenaxosow�yownowm stacva� en het yal ardyownqner�`

1. Kamayakan 0 < ε < 1 �vi hamar goyu�yun uni E ⊂ [0, 1]2

�a�eli bazmu�yun` | E |> 1− ε �a�ov, aynpisin, or cankaca� f(x, y) ∈
L1[0, 1]2 funkciayi hamar kareli � gtnel f̃ ∈ L1[0, 1]2 funkcia, or�

ham�nknum � f-i het E-i vra, {|ck,s(f̃)|} hajordakanu�yan bolor

o� zroyakan gor�akicner� bolor u��u�yunnerov monoton nvazo� en

(ayste� ck,s(f̃)−� f̃(x, y) funkciayi Furiei gor�akicnern en �st

{ϕk(x)ϕs(y)} Uol�i krknaki hamakargi)  

lim
R→∞

(∫ ∫
[0,1]2

|SR(x, y, f̃ )− f̃ (x, y))|dxdy

)
= 0 :

2. Kamayakan 0 < ε < 1 �vi hamar goyu�yun uni E ⊂ [0, 1]2

�a�eli bazmu�yun` | E |> 1 − ε �a�ov, aynpisin, or cankaca�

p ∈ [1,∞) �vi  f(x, y) ∈ Lp[0, 1]2 funkciayi hamar kareli �

gtnel f̃ ∈ L1[0, 1]2 funkcia, or� ham�nknum � f-i het E-i vra,

{|ck,s(f̃)|} hajordakanu�yan bolor o� zroyakan gor�akicner� bolor

u��u�yunnerov monoton nvazo� en  

lim
R→∞

(∫ ∫
E

|SR(x, y, (f̃ )− f̃ (x, y))|pdxdy
)1/p

= 0 :

3. Kamayakan 0 < ε < 1, p ≥ 1 �veri  yuraqan�yur f ∈ Lp(0, 1)2

funkciayi hamar kareli � gtnel f̃ ∈ Lp(0, 1) 2, mes{f 6= f̃} < ε

funkcia, ori krknaki Furie-Uol� �arqi sferik masnaki gumarner�

zugamitum en Lp[0, 1]2 normov  {|ck,s(f̃)|} hajordakanu�yan bolor o�
zroyakan gor�akicner� bolor u��u�yunnerov monoton nvazo� en:

4. Kamayakan 0 < ε < 1 �vi  yuraqan�yur f ∈
⋂

p≥1 L
p[0, 1]2

funkciayi hamar kareli � gtnel f̃ ∈ Lp(0, 1) 2, mes{f 6=
f̃} < ε funkcia, ori krknaki Furie-Uol� �arqi sferik

masnaki gumarner� zugamitum en f̃-in bolor Lp[0, 1]2 normerov  

{|ck,s(f̃)|} hajordakanu�yan bolor o� zroyakan gor�akicner� bolor

u��u�yunnerov monoton nvazo� en:

5. Kamayakan 0 < ε < 1 �vi hamar goyu�yun uni E ⊂ [0, 1]2 �a�eli

bazmu�yun` | E |> 1 − ε �a�ov, aynpisin, or yuraqan�yur f(x, y) ∈
L1[0, 1]2 funkciayi hamar kareli � gtnel f-i het E bazmu�yan vra
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ham�nkno� f̃ ∈ L1[0, 1]2 funkcia, aynpisin, or

lim
λ→0

(∫ ∫
[0,1]2

|Tλ((x, y), f̃ )− f̃ (x, y))|dxdy

)
= 0

 {|ck,s(f̃)|} hajordakanu�yan bolor o� zroyakan gor�akicner�

bolor u��u�yunnerov monon nvazo� en (ayste� ck,s(f̃)−� f̃(x, y)

funkciayi Furiei gor�akicnern en �st {ϕk(x)ϕs(y)} Uol�i krknaki

hamakargi):

6. Kamayakan 0 < ε < 1 �vi hamar goyu�yun uni E ⊂ [0, 1]2 �a�eli

bazmu�yun` | E |> 1− ε �a�ov, aynpisin, or cankaca� p ∈ [1, 2) �vi  

cankaca� f(x, y) ∈ Lp[0, 1]2 funkciayi hamar kareli � gtnel f-i het

E bazmu�yan vra ham�nkno� f̃ ∈ L1[0, 1]2 funkcia, aynpisin, or

lim
λ→0

(∫ ∫
E

|Tλ((x, y), f̃ )− f̃ (x, y))|pdxdy
)1/p

= 0 :

7. Kamayakan 0 < ε < 1 �vi hamar goyu�yun uni E ⊂ [0, 1]2 �a�eli

bazmu�yun` | E |> 1 − ε �a�ov, aynpisin, or cankaca� p ∈ [1, 2) �vi

 cankaca� f(x, y) ∈
⋂

2>p≥1 L
p[0, 1]2 funkciayi hamar kareli � gtnel

f-i het E bazmu�yan vra ham�nkno� f̃ ∈ L1[0, 1]2 funkcia, aynpisin,

or

lim
λ→0

(∫ ∫
E

|Tλ((x, y), f̃)− f̃ (x, y))|pdxdy
)1/p

= 0.∀p ∈ [1, 2) :

8. Dicuq {ϕk(x)}∞k=1-in Lp(E), |E| > 0, p > 1 tara�u�yan

normavorva� bazis �: Ayd depqum T = E ×E bazmu�yan vra oro�va�

cankaca� F (x, y) �a�eli funkciayi hamar goyu�yun uni krknaki

�arq
∞∑

k,s=1

ck,sϕk(x)ϕs(y)

orn uni het yal hatku�yunner�.

1) A bazmu�yan vra, orte� F (x, y)-� verjavor �, �arq� �st

Pringsxeymi  �st sferaneri asimptotikoren zugamitum �

F (x, y)-in` Lp(T ), p > 1 normov, aysinqn cankaca� ε > 0 �vi hamar

goyu�yun uni Aε ⊂ A bazmu�yun, aynpisin, or

|Aε| > |A| − ε, lim
R→∞

∫ ∫
Aε

|
∑

k2+s2<R2

ck,sϕk(x)ϕs(y)− F (x, y)|pdxdy = 0,
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lim
n,m→∞

∫ ∫
Aε

|
n,m∑
k,s=1

ck,sϕk(x)ϕs(y)− F (x, y)|pdxdy = 0,

 T \A bazmu�yan vra �arq� zugamitum � F (x, y)-in �st normi

2) limk,s→∞ ck,s = 0:

9. Kamayakan 0 < p < 1 �vi  kamayakan f(x, y) ∈
Lp(0, 1)2 funkciayi hamar kareli � gtnel {ϕk(x)ϕs(y)} Uol�i krknaki

hamakargov �arq.
∞∑
k=0

∞∑
s=0

bk,sϕk(x)ϕs(y),

or� zugamitum � f(x, y)-in hamarya amenureq  Lp[0, 1]2 normov �st

sferaneri  �st u��ankyunneri, {|bk,s|} hajordakanu�yan bolor o�

zroyakan gor�akicner� bolor u��u�yunnerov monoton nvazo� en  

∞∑
k,s=1

|bk,s|r <∞,∀r > 2 :
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