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Îáùàÿ õàðàêòåðèñòèêà ðàáîòû

Àêòóàëüíîñòü òåìû. Â äèññåðòàöèè èññëåäóþòñÿ àâòîìîðôèçìû n-
ïåðèîäè÷åñêèõ ïðîèçâåäåíèé ãðóïï. Èçó÷àþòñÿ âíåøíèå è íîðìàëüíûå àâòî-
ìîðôèçìîâ n-ïåðèîäè÷åñêèõ ïðîèçâåäåíèé íåêîòîðûõ êëàññè÷åñêèõ ãðóïï.

Îïåðàöèè n-ïåðèîäè÷åñêèõ ïðîèçâåäåíèé ãðóïï áûëè ââåäåíû Ñ.È.Àäÿíîì
â ðàáîòå [1]. Èì áûëî óñòàíîâëåíî, ÷òî äëÿ êàæäîãî íå÷åòíîãî n ≥ 665 ìî-
æåò áûòü ïîñòðîåíà íîâàÿ îïåðàöèÿ óìíîæåíèÿ ãðóïï, íàçâàííàÿ ïåðèîäè÷å-

ñêèì ïðîèçâåäåíèåì äàííîãî ïåðèîäà n èëè n-ïåðèîäè÷åñêèì ïðîèçâåäåíèåì.
Ïîñòðîåííûå îïåðàöèè ïåðèîäè÷åñêîãî ïðîèçâåäåíèÿ ãðóïï ðåøàþò ïðîáëåìó
À.È.Ìàëüöåâà î ñóùåñòâîâàíèè îòëè÷íîé îò ñâîáîäíîãî è ïðÿìîãî ïðîèçâäåíèÿ
àññîöèàòèâíîé, òî÷íîé è íàñëåäñòâåííîé ïî ïîäãðóïïàì îïåðàöèè (ñì. òàêæå
[2], [3], [4]). Äîêàçàíî òàêæå (ñì. [5]), ÷òî ïåðèîäè÷åñêîå ïðîèçâåäåíèå íå÷åòíî-
ãî ïåðèîäà n ≥ 665 äàííîãî ñåìåéñòâà ãðóïï ÿâëÿåòñÿ ïðîñòîé ãðóïïîé â òîì
è òîëüêî òîì ñëó÷àå, êîãäà êàæäûé ìíîæèòåëü ýòîãî ïðîèçâåäåíèÿ ñòàíîâèò-
ñÿ åäèíè÷íîé ãðóïïîé ïðè äîáàâëåíèè òîæäåñòâà xn = 1. Óêàçàííûé êðèòåðèé
ïðîñòîòû ïîçâîëÿåò ñòðîèòü íîâûå ñåðèè êîíå÷íî ïîðîæäåííûõ áåñêîíå÷íûõ
ïðîñòûõ ãðóïï â ìíîãîîáðàçèÿõ ïåðèîäè÷åñêèõ ãðóïï íå÷åòíîãî ñîñòàâíîãî ïå-
ðèîäà nk, ãäå k > 1 è n ≥ 665. Ýòèì, â ÷àñòíîñòè, äàåòñÿ ïîëîæèòåëüíûì
îòâåòîì íà ïðîáëåìó 23 èç ìîíîãðàôèè Õ.Íåéìàí [6]: ìîæåò ëè ìíîãîîáðàçèå,
îòëè÷íîå îò ìíîãîîáðàçèÿ âñåõ ãðóïï, ñîäåðæàòü áåñêîíå÷íîå êîëè÷åñòâî íåèçî-
ìîðôíûõ íåàáåëåâûõ ïðîñòûõ ãðóïï?

Ðàáîòîé [1] Ñ.È.Àäÿíà îòêðûëèñü íîâûå âîçìîæíîñòè â òåîðèè ïåðèîäè÷å-
ñêèõ ãðóïï. Â íåé ïîêàçàíî, ÷òî òåîðèÿ Íîâèêîâà-Àäÿíà ìîæåò áûòü ðàñïðî-
ñòðàíåía íà èçó÷åíèå ôàêòîðèçàöèé ñâîáîäíûõ ïðîèçâåäåíèé ïî ñïåöèàëüíî
âûáðàííûì ñîîòíîøåíèÿì âèäà Xn = 1.

Òåîðèÿ Íîâèêîâà-Àäÿíà ïåðâîíà÷àëüíî áûëà ñîçäàíà äëÿ ðåøåíèÿ èçâåñò-
íîé ïðîáëåìû Áåðíñàéäà î êîíå÷íî ïîðîæäåííûõ ïåðèîäè÷åñêèõ ãðóïïàõ. Åñëè
ïîðÿäîê êîíå÷íîé ãðóïïû ðàâåí n, òî â íåé âûïîëíÿåòñÿ òîæäåñòâåííîå ñîîò-
íîøåíèå xn = 1. Ïðîáëåìà Áåðíñàéäà ñïðàøèâàåò îáðàòíîå: áóäåò ëè ëîêàëüíî

êîíå÷íîé âñÿêàÿ ãðóïïà, â êîòîðîé âûïîëíÿåòñÿ òîæäåñòâî xn = 1? Âïåð-
âûå îòðèöàòåëüíîå ðåøåíèå ýòîé ïðîáëåìû áûëî ïîëó÷åíî â ñåðèè ñîâìåñòíûõ
ðàáîò [7]. Â ïîñëåäñòâèè, ñîçäàííàÿ â [7] òåîðèÿ áûëà óñîâåðøåíñòâîâàíà è îïóá-
ëèêîâàíà â ìîíîãðàôèè [8], ãäå áûëî äîêàçàíî, ÷òî äëÿ âñåõ m > 1 è íå÷åòíûõ
n ≥ 665 ñâîáîäíàÿ áåðíñàéäîâàÿ ãðóïïà B(m,n) áåñêîíå÷íà. Ñâîáîäíîé áåðí-
ñàéäîâîé ãðóïïîé B(m,n) ïåðèîäà n è ðàíãà m íàçûâàåòñÿ ãðóïïà, èìåþùàÿ
ñëåäóþùåå çàäàíèå:

B(m,n) = 〈a1, a2, ...am| Xn = 1äëÿ âñåõ ñëîâ X = X(a1, ..., am)〉.

3



Ãðóïïà B(m,n) ñâîáîäíà â ìíîãîîáðàçèè âñåõ n-ïåðèîäè÷åñêèõ ãðóïï, ò.å.
âñåõ ãðóïï, â êîòîðûõ âûïîëíÿåòñÿ òîæäåñòâåííîå ñîîòíîøåíèå xn = 1. Êëþ÷å-
âûå ðåçóëüòàòû î ñâîáîäíûõ áåðíñàéäîâûõ ãðóïïàõ, ïîëó÷åííûå íà áàçå òåîðèè,
ïîñòðîåííîé â ôóíäàìåíòàëüíûõ ðàáîòàõ [7]�[8], ïîêàçûâàþò, ÷òî ãðóïïû ìîíî-
ãðàôèè [8] îáëàäàþò ìíîãèìè ñâîéñòâàìè, àíàëîãè÷íûìè ñâîéñòâàì àáñîëþòíî
ñâîáîäíûõ ãðóïï. Êàê óñòàíîâëåíî Ñ.È. Àäÿíîì â ìîíîãðàôèè, ïðè m > 1 è
ëþáîì íå÷åòíîì n ≥ 665: a) â ãðóïïå B(m, n) ðàçðåøèìû ïðîáëåìû ðàâåíñòâà
è ñîïðÿæåííîñòè, b) âñÿêàÿ êîììóòàòèâíàÿ èëè êîíå÷íàÿ ïîäãðóïïà ãðóïïû
B(m, n) � öèêëè÷åñêàÿ ãðóïïà, c)öåíòð ãðóïïû B(m, n) � òðèâèàëåí, d) äëÿ ëþ-
áîãî êîíå÷íîãî ðàíãàm > 1 ãðóïïà B(m, n) èìååò ïîêàçàòåëüíûé ðîñò, e)ãðóïïà
B(2, n) ñîäåðæèò èçîìîðôíûå êîïèè ñâîáîäíûõ ïåðèîäè÷åñêèõ ãðóïï B(m, n)

ëþáîãî êîíå÷íîãî ðàíãà m ≥ 1, f)ïðè m > 65 (à òàêæå ïðè m > 1 è ñîñòàâíûõ
íå÷åòíûõ n = ks, ãäå k ≥ 665 è (k, s) = 1) ãðóïïà B(m, n) íå óäîâëåòâîðÿåò
óñëîâèÿì ìèíèìàëüíîñòè è ìàêñèìàëüíîñòè äëÿ íîðìàëüíûõ ïîäãðóïï. Êðîìå
òîãî, äëÿ m > 1 è íå÷åòíûõ n ≥ 665 ãðóïïà B(m, n) ìîæåò áûòü ïðåäñòàâëåíà
êàê ïðåäåë áåñêîíå÷íîé ñåðèè ãèïåðáîëè÷åñêèõ ãðóïï, ò.å. ãðóïï, çàäàâàåìûõ
êîíå÷íûì ÷èñëîì îïðåäåëÿþùèõ ñîîòíîøåíèé ñ óñëîâèåì Äåíà, â òî âðåìÿ êàê
ñàìà ãðóïïà B(m, n) íå òîëüêî íåãèïåðáîëè÷íà, íî è íå ìîæåò áûòü çàäàíà êî-
íå÷íîé ñèñòåìîé îïðåäåëÿþùèõ ñîîòíîøåíèé (ñì. [8, ãë.VI, òåîðåìà 2.13]), [9] �
[12]).

Àâòîìîðôèçì ãðóïïû G íàçûâàåòñÿ âíóòðåííèì, åñëè îí èìååò âèä ig(x) =
gxg−1, ò. å. îáðàç âñÿêîãî ýëåìåíòà èç G ïîëó÷àåòñÿ ñîïðÿæåíèåì ôèêñèðîâàí-
íûì ýëåìåíòîì g. Åñëè φ(H) = H äëÿ ëþáîé íîðìàëüíîé ïîäãðóïïû H ãðóïïû
G, òî àâòîìîðôèçì φ íàçûâàåòñÿ íîðìàëüíûì àâòîìîðôèçìîì ãðóïïû G.
ßñíî, ÷òî âñå âíóòðåííèå àâòîìîðôèçìû ÿâëÿþòñÿ íîðìàëüíûìè. Âîçíèêàåò
åñòåñòâåííûé âîïðîñ îá îáðàòíîì âêëó÷åíèè. Â îáùåì ñëó÷àå îòâåò îòðèöàòå-
ëåí, ò.å. ñóùåñòâóþò ãðóïïû, äëÿ êîòîðûõ ñóùåñòâóåò àâòîìîðôèçìû êîòîðûå
ÿâëÿþòñÿ íîðìàëüíûìè íî íå âíóòðåííèì. Ïðèìåðû òàêîãî ðîäà ãðóïï ïîñòðîå-
íû è â äàííîé äèññåðòàöèè. Òåì íå ìåíåå, ñîâïàäåíèå íîðìàëüíûõ è âíóòðåííèõ
àâòîìîðôèçìîâ óñòàíîâëåíî äëÿ ìíîãèõ êëàññîâ ãðóïï.

À. Ëþáîöêèé â [13] è À. Ëþ â [14] íåçàâèñèìî äîêàçàëè, ÷òî êàæäûé íîð-
ìàëüíûé àâòîìîðôèçì íåöèêëè÷åñêîé àáñîëþòíî ñâîáîäíîé ãðóïïû F ÿâëÿ-
åòñÿ âíóòðåííèì, ò.å. èìååò ìåñòî ðàâåíñòâî Inn(F ) = AutN (F ), ãäå Inn(F )
è AutN (F ) � ãðóïïû âñåõ âíóòðåííèõ è íîðìàëüíûõ àâòîìîðôèçìîâ ñîîòâåò-
ñòâåííî. Ñîîòâåòñòâóþùåå ðàâåíñòâî áûëî äîêàçàíî â ðàçíûå ãîäû äëÿ ðàçëè÷-
íûõ èíòåðåñíûõ êëàññîâ ãðóïï (ñì. [13] � [21]). Â ÷àñòíîñòè, Â.Ðîìàíêîâ [16]
ïîêàçàë, ÷î åñëè G � ñâîáîäíàÿ ðàçðåøèìàÿ ãðóïïà êëàññà r ≥ 2, òî åå ãðóïïû
íîðìàëüíûõ è âíóòðåííèõ àâòîìîðôèçìîâ ñîâïàäàþò. Àíàëîãè÷íîå óòâåðæäå-
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íèå äëÿ ñâîáîäíûõ íèëüïîòåíòíûõ ãðóïï ñòóïåíè íèëüïîòåíòíîñòè 2 äîêàçàë
Ã.Ýíäèìèîíè [19], à äëÿ ôóíäàìåíòàëüíûõ ãðóïï çàìêíóòûõ ïîâåðõíîñòåé îòðè-
öàòåëüíîé ýéëåðîâîé õàðàêòåðèñòèêè äîêàçàíî Î.Áîãîïîëñêèì, Å.Êóäðÿâöåâîé
è Õ.Öèøàíãîì [20]. Ì.Â.Íåùàäèì â [22], óñèëèâàÿ ðåçóëüòàòû ðàáîò [13] è
[14], äîêàçàë, ÷òî êàæäûé íîðìàëüíûé àâòîìîðôèçì ñâîáîäíîãî ïðîèçâåäåíèÿ
íåòðèâèàëüíûõ ãðóïï � âíóòðåííèé. À.Ìèíàñÿí è Ä.Îñèí â [21] äîêàçàëè, ÷òî
åñëè G � íåöèêëè÷åñêàÿ îòíîñèòåëüíî ãèïåðáîëè÷åñêàÿ ãðóïïà áåç íåòðèâèàëü-
íûõ êîíå÷íûõ íîðìàëüíûõ ïîäãðóïï, òî Inn(G) = AutN (G).

Âîïðîñ îá èññëåäîâàíèè àâòîìîðôèçìîâ ïåðèîäè÷åñêèõ ãðóïï ïðåäñòàâ-
ëÿåò îñîáûé èíòåðåñ è áûë ïîñòàâëåí À.Þ.Îëüøàíñêèì â êîóðîâñêîé òåòðà-
äè. Çíà÷èòåëüíûå ðåçóëüòàòû â ýòîì íàïðàâëåíèè ïîÿâèëèñü ëèøü ñðàâíèòåëü-
íî íåäàâíî â ðàáîòàõ [24]�[30]. Â ðàáîòå [23] äîêàçàíî, ÷òî êàæäûé íîðìàëü-
íûé àâòîìîðôèçì ñâîáîäíîé áåðíñàéäîâîé ãðóïïû B(m,n) íå÷åòíîãî ïåðèîäà
n ≥ 1003 ÿâëÿåòñÿ âíóòðåííèì. Ïîêàçàíî òàêæå, ÷òî ãðóïïà âíóòðåííèõ àâ-
òîìîðôèçìîâ ãðóïï B(m,n) ÿâëÿåòñÿ ìàêñèìàëüíîé ñðåäè âñåõ òåõ ïîäãðóïï
ãðóïïû Aut(B(m,n)), ïîðÿäêè ýëåìåíòîâ êîòîðûõ îãðàíè÷åíû ÷èñëîì n. Â ðà-
áîòàõ [25]�[26] â Aut(B(m,n)) óêàçàíû ñâîáîäíûå ïîëóãðóïïû äëÿ âñåõ íå÷åò-
íûõ ýêñïîíåíò n ≥ 665 (ñì. òàêæå [27]). Áîëåå òîãî, â ðàáîòå [28] íàéäåíà àá-
ñîëþòíî ñâîáîäíàÿ ïîäãðóïïà â ãðóïïå Aut(B(3, n)) ïðè äîñòàòî÷íî áîëüøèõ
íå÷åòíûõ n.

Öåëü ðàáîòû.

1. Èññëåäîâàíèå àâòîìîðôèçìîâ n�ïåðèîäè÷åñêèõ ïðîèçâåäåíèé áåñêîíå÷-
íûõ öèêëè÷åñêèõ ãðóïï ïðè íå÷åòíûõ n ≥ 665.

2. Îïèñàíèå íîðìàëüíûõ àâòîìîðôèçìîâ n�ïåðèîäè÷åñêèõ ïðîèçâåäåíèé
öèêëè÷åñêèõ ãðóïï íå÷åòíîãî ïîðÿäêà r ≥ 1003, â ñëó÷àÿõ, êîãäà r äåëèò
n.

3. Ïîñòðîåíèå âíåøíèõ íîðìàëüíèõ àâòîìîðôèçìà n�ïåðèîäè÷åñêèõ ïðîèç-
âåäåíèé íåêîòîðûõ ïåðèîäè÷åñêèõ ãðóïï îãðàíè÷åííîãî ïåðèîäà.

4. Èññëåäîâàíèå àâòîìîðôèçìîâ ñâîáîäíûõ ãðóïï, ñòàáèëèçèðóþùèõ íîð-
ìàëüíûå ïîäãðóïïû áåñêîíå÷íîãî èíäåêñà.

Ìåòîäû èññëåäîâàíèÿ. Â ðàáîòå ïðèìåíÿþòñÿ ðàçëè÷íûå ìåòîäû êîì-
áèíàòîðíîé òåîðèè ãðóïï è òåîðèè n-ïåðèîäè÷åñêèõ ïðîèçâåäåíèé, à òàêæå �
ýëåìåíòû òåîðèè Íîâèêîâà-Àäÿíà.

Íàó÷íàÿ íîâèçíà. Âñå ðåçóëüòàòû ðàáîòû ÿâëÿþòñÿ íîâûìè.
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Òåîðåòè÷åñêàÿ è ïðàêòè÷åñêàÿ öåííîñòü. Ðåçóëüòàòû ðàáîòû èìåþò
òåîðåòè÷åñêèé õàðàêòåð. Ðåçóëüòàòû äèññåðòàöèè ìîãóò áûòü èñïîëüçîâàíû ïðè
èçó÷åíèè àâòîìîðôèçìîâ ðàçëè÷íûõ ãðóïï è ïðè èññëåäîâàíèè ïåðèîäè÷åñêèõ
ãðóïï.

Àïðîáàöèÿ ïîëó÷åííûõ ðåçóëüòàòîâ. Îñíîâíûå ðåçóëüòàòû äèññåð-
òàöèè äîêëàäûâàëèñü íà ãîäè÷íûõ íàó÷íûõ êîíôåðåíöèÿõ 2010 ã. è 2011 ã.
Ðîññèéñêî-Àðìÿíñêîãî(Ñëàâÿíñêîãî) óíèâåðñèòåòà, íà ìåæäóíàðîäíûõ êîíôå-
ðåíöèÿõ "Ìàëüöåâñêèå ÷òåíèÿ � Íîâîñèáèðñê, 2011 "Ìåæäóíàðîäíàÿ êîíôåðåí-
öèÿ, ïîñâÿùåííàÿ 100-ëåòèþ ïðîô. Â. Â.Ìîðîçîâà, Êàçàíü-2011".

Ïóáëèêàöèè. Îñíîâíûå ðåçóëüòàòû äèññåðòàöèè îïóáëèêîâàíû â ÷åòûð�åõ
ñòàòüÿõ è äâóõ òåçèñàõ, ñïèñîê êîòîðûõ ïðèâîäèòñÿ â êîíöå àâòîðåôåðàòà. Èç
ñîâìåñòíîé ðàáîòû 1) àâòîðó ïðèíàäëåæèò òåîðåìà 2.1 è ñëåäñòâèå 2.2, à èç
ñîâìåñòíîé ðàáîòû 6) � òåîðåìà 1.

Ñòðóêòóðà è îáúåì äèññåðòàöèè. Äèññåðòàöèÿ èçëîæåíà íà 68 ñòðà-
íèöàõ è ñîñòîèò èç ââåäåíèÿ, ÷åòåðåõ ãëàâ, ñîäåðæàùèõ 23 ïàðàãðàôà, è ñïèñêà
ëèòåðàòóðû èç 76 íàèìåíîâàíèé.

Ñîäåðæàíèå ðàáîòû

Âî ââåäåíèè ïðèâåäåí îáçîð ðåçóëüòàòîâ, ñâÿçàííûõ ñ òåìîé äèññåðòàöèè
à òàêæå êðàòêîå îïèñàíèå ñîäåðæàíèÿ äèññåðòàöèè.

Ñîäåðæàíèå ãëàâû 1. Â ãëàâå 1 èññëåäóþòñÿ àâòîìîðôèçìû n-
ïåðèîäè÷åñêèõ ïðîèçâåäåíèé öèêëè÷åñêèõ ãðóïï. Äîêàçûâàåòñÿ ñòðóêòóðíàÿ
òåîðåìà îá àâòîìîðôèçìàõ n-ïåðèîäè÷åñêèõ ïðîèçâåäåíèé öèêëè÷åñêèõ ãðóïï,
ïîðÿäêè êàòîðûõ èëè áåñêîíå÷íû, èëè ÿâëÿþòñÿ ñîáñòâåííûìè êðàòíûìè ÷èñëà
n, ãäå n ≥ 665 � ïðîèçâîëüíîå íå÷åòíîå ÷èñëî.

Ïåðâîå îñíîâíîå óòâåðæäåíèå ýòîé ãëàâû ÿâëÿåòñÿ òåîðåìà 1.1. Â íåì, â
÷àñòíîñòè, óêàçûâàþòñÿ óñëîâèÿ, êîòîðûì óäîâëåòâîðÿþò âñå àâòîìîðôèçìû
ïåðèîäè÷åñêèõ ïðîèçâåäåíèé áåñêîíå÷íûõ öèêëè÷åñêèõ ãðóïï.

Òåîðåìà 1.1. Ïóñòü F =
∏
i∈I

n〈ai〉 åñòü n−ïåðèîäè÷åñêîå ïðîèçâåäåíèå

öèêëè÷åñêèõ ãðóïï 〈ai〉, i ∈ I, ïîðÿäîê êàæäîé èç êîòîðûõ èëè áåñêîíå÷åí,

èëè åñòü íåêîòîðîå íå÷åòíîå ÷èñëî ni 6= n, äëÿ êîòîðîé íàèáîëüøèé îáùèé

äåëèòåëü (ni, n) > 1. Òîãäà
a. åñëè φ åñòü àâòîìîðôèçì ãðóïïû F , òî äëÿ ëþáîãî i ∈ I ñóùåñòâóåò

òàêîé j ∈ I, ÷òî φ(ai) = uia
s
ju
−1
i , ui ∈ F , s ∈ Z. Ïðè ýòîì, s = ±1, åñëè

ïîðÿäîê ai áåñêîíå÷åí è s âçàèìíî ïðîñò ñ ni, åñëè ïîðÿäîê ai ðàâåí ni;
b. åñëè φ åñòü íîðìàëüíûé àâòîìîðôèçì ãðóïïû F , òî φ(ai) =

uia
s
iu
−1
i , ui ∈ F , i ∈ I. Ïðè ýòîì, s = 1, åñëè ïîðÿäîê ai áåñêîíå÷åí, è s âçàèìíî

ïðîñò ñ ni, åñëè ïîðÿäîê ai ðàâåí ni.
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Èç ýòîãî ïîëó÷àåòñÿ ñëåäóþùåå ñëåäñòâèå äëÿ n−ïåðèîäè÷åñêîãî ïðîèçâå-
äåíèÿ áåñêîíå÷íûõ öèêëè÷åñêèõ ãðóïï.

Ñëåäñòâèå 1.1 Ïóñòü F =
∏
i∈I

n〈ai〉 åñòü n−ïåðèîäè÷åñêîå ïðîèçâåäåíèå

áåñêîíå÷íûõ öèêëè÷åñêèõ ãðóïï. Òîãäà

a. åñëè φ åñòü àâòîìîðôèçì ãðóïïû F , òî äëÿ ëþáîãî i ∈ I ñóùåñòâóåò

òàêîé j ∈ I, ÷òî φ(ai) = uia
ε
ju
−1
i , ãäå ui ∈ F è ε = ±1;

b. åñëè φ åñòü íîðìàëüíûé àâòîìîðôèçì ãðóïïû F , òî φ(ai) =
uiaiu

−1
i , ui ∈ F äëÿ ëþáîãî i ∈ I.
Ïðè äîêàçàòåëüñòâå ïðèâåäåííûõ ðåçóëüòàòîâ ñóùåñòâåííî èñïîëüçóåòñÿ

ñëåäóþùåå ïðåäëîæåíèå, êîòîðîå ïðåäñòàâëÿåò îòäåëüíûé èíòåðåñ.
Ïðåäëîæåíèå 1.1. Ïóñòü G =

∏
i∈I

nGi åñòü n-ïåðèîäè÷åñêîå ïðîèçâåäå-

íèå Gi, i ∈ I, ãäå n ≥ 665 � ïðîèçâîëüíîå íå÷åòíîå ÷èñëî. Òîãäà äëÿ êàæäîé

ïîäãðóïïû Gi ãðóïïû G è äëÿ ëþáîãî x ∈ G, x 6∈ Gi èìååò ìåñòî ðàâåíñòâî

Gi
⋂
xGix

−1 = {1}.
Íàïîìèíàåì, ÷òî ïîäãðóïïà H ãðóïïû G íàçûâàåòñÿ àíòèíîðìàëüíîé

ïîäãðóïïîé, åñëè äëÿ êàæäîãî ýëåìåíòà x ∈ G \ H èìååò ìåñòî ðàâåíñòâî

H
⋂
xHx−1 = {1}.
Òàêèì îáðàçîì, èç ïðåäëîæåíèÿ 1.1 ñëåäóåò, ÷òî ìíîæèòåëè n-

ïåðèîäè÷åñêîãî ïðîèçâåäåíèÿ ÿâëÿþòñÿ àíòèíîðìàëüíûìè ïîäãðóïïàìè âñåãî
ïðîèçâåäåíèÿ.

Ñîäåðæàíèå ãëàâû 2. Â ðàáîòå [23] äîêàçàíî, ÷òî âñå íîðìàëüíûå àâòî-
ìîðôèçìû n-ïåðèîäè÷åñêèõ ïðîèçâåäåíèé öèêëè÷åñêèõ ãðóïï ïîðÿäêà n íå÷åò-
íûõ n ≥ 1003 ÿâëÿþòñÿ âíóòðåííèìè. Ñîâïàäåíèå íîðìàëüíûõ àâòîìîðôèç-
ìîâ ñ âíóòðåííèìè äîêàçàíî è äëÿ íåêîòîðûõ äðóãèõ êëàññîâ ãðóïï: äëÿ ïðî-
êîíå÷íûõ ãðóïï � Ì.Æàðäåíîì [15], äëÿ ñâîáîäíûõ ðàçðåøèìûõ ïðî-p-ãðóïï
ñòóïåíè ðàçðåøèìîñòè ≥ 3 � Í.Ñ.Ðîìàíîâñêèì [17], äëÿ ñâîáîäíûõ íèëüïîòåíò-
íûõ ãðóïï ñòóïåíè íèëüïîòåíòíîñòè 2 � Ã.Ýíäèìèîíè [19], äëÿ ôóíäàìåíòàëü-
íûõ ãðóïï çàìêíóòûõ ïîâåðõíîñòåé îòðèöàòåëüíîé ýéëåðîâîé õàðàêòåðèñòèêè
- Î.Áîãîïîëñêèì, Å.Êóäðÿâöåâîé è Õ.Öèøàíãîì [20].

Ñîâïàäåíèå íîðìàëüíûõ è âíóòðåííèõ àâòîìîðôèçìîâ äëÿ ñâîáîäíîãî
ïðîèçâåäåíèå áåñêîíå÷íûõ öèêëè÷åñêèõ ãðóïï áûë ïîëó÷åí À. Ëþáîöêèì â
[13], à äëÿ ñâîáîäíîãî ïðîèçâåäåíèÿ ïðîèçâîëüíûõ íåòðèâèàëüíûõ ãðóïï �
Ì.Â.Íåùàäèìîì â [21].

Çàìåòèì, ÷òî àíàëîãè÷íîå óòâåðæäåíèå â îáùåì ñëó÷àå íåâåðíî äëÿ n-
ïåðèîäè÷åñêèõ ïðîèçâåäåíèé ãðóïï. Ýòîò âîïðîñ ìû îáñóäèì â ñëåäóþùåé ãëàâå
äèññåðòàöèè.

Â.À.Ðîìàíêîâûì â [16] óêàçàíû äîñòàòî÷íûå óñëîâèÿ, ïðè êîòîðûõ ìíîæå-
ñòâà íîðìàëüíûõ àâòîìîðôèçìîâ è âíóòðåííèõ àâòîìîðôèçìîâ ãðóïïû F/[N,N ]
(ãäå F - àáñîëþòíî ñâîáîäíàÿ ãðóïïà è N � ïðîèçâîëüíàÿ íîðìàëüíàÿ ïîäãðóï-
ïà) ñîâïàäàþò.
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À.Ìèíàñÿíîì è Ä.Îñèíûì â [21] äîêàçûâàåòñÿ, ÷òî åñëè G - íåöèêëè÷åñêàÿ
îòíîñèòåëüíî ãèïåðáîëè÷åñêàÿ ãðóïïà áåç íåòðèâèàëüíûõ êîíå÷íûõ íîðìàëü-
íûõ ïîäãðóïï, òî îïÿòü Inn(G) = AutN (G), ÷òî ÿâëÿåòñÿ óñèëåíèåì àíàëîãè÷-
íûõ óòâåðæäåíèé ðàáîò [15],[16],[22] è [21].

Â íàñòîÿùåé ãëàâå äîêàçûâàåòñÿ, ÷òî åñëè íå÷åòíîå ÷èñëî n äåëèòñÿ íà
íå÷åòíîå ÷èñëî k ≥ 1003, òî âñå íîðìàëüíûå àâòîìîðôèçìû ïåðèîäè÷åñêîãî
ïðîèçâåäåíèÿ öèêëè÷åñêèõ ãðóïï ïîðÿäêà k � âíóòðåííûå. Ýòîò ðåçóëüòàò ÿâ-
ëÿåòñÿ óñèëåíèåì îñíîâíîãî ðåçóëüòàòà ðàáîòû [23]. Ïîëó÷åíî òàêæå äîñòàòî÷-
íîå óñëîâèå, ïðè óäîâëåòâîðåíèè êîòîðîé äàííûé íîðìàëüíûé àâòîìîðôèçì
n-ïåðèîäè÷åñêîãî ïðîèçâåäåíèÿ áåñêîíå÷íûõ öèêëè÷åñêèõ ãðóïï ÿâëÿåòñÿ âíóò-
ðåííèì àâòîìîðôèçìîì.

Äîêàçàíû ñëåäóþùèå îñíîâíûå óòâåðæäåíèÿ.
Òåîðåìà 2.1 Ïóñòü n è r ≥ 1003 � íå÷åòíûå ÷èñëà è F =

∏
i∈I

n〈ai〉 åñòü

n−ïåðèîäè÷åñêîå ïðîèçâåäåíèå öèêëè÷åñêèõ ãðóïï 〈ai〉, i ∈ I, ïîðÿäîê êàæäîé

èç êîòîðûõ ðàâåí r. Òîãäà åñëè n äåëèòñÿ íà r, òî êàæäûé íîðìàëüíûé àâòî-

ìîðôèçì ãðóïïû F =
∏
i∈I

n〈ai〉 ÿâëÿåòñÿ âíóòðåííèì.

Òåîðåìà 2.2 Ïóñòü φ : 〈 a〉 n∗〈b〉 → 〈 a〉 n∗〈b〉 åñòü íîðìàëüíûé àâòîìîð-

ôèçì äâóõ áåñêîíå÷íûõ öèêëè÷åñêèõ ãðóïï. Ôèêñèðóåì ýëåìåíò Z òàêîé, ÷òî

φ(Z) = b9. Òîãäà àâòîìîðôèçì φ ÿâëÿåòñÿ âíóòðåííèì àâòîìîðôèçìîì òîëü-

êî è òîëüêî â òîì ñëó÷àå, êîãäà êîììóòàòîð [ad, Z−1adZ] ñîïðÿæåí â ãðóïïå

〈a〉 n∗〈b〉 ñ êîììóòàòîðîì [ad, b−9 ad b 9].
Ïðè äîêàçàòåëüñòâå òåîðåìû 2.2 ïðèìåíÿëèñü íåêîòîðûå ôàêòîð ãðóï-

ïû ãðóïïû F , ïîñòðîåííûå íà áàçå ãðóïï èç ñîâìåñòíîé ðàáîòû Ñ.È.Àäÿíà è
È.Ã.Ëûñåíêà [29], à òàêæå � íåêîòîðûå èõ ìîäèôèêàöèè, ïîñòðîåííûå â [23].
Ñ ïîìîùüþ ýòèõ ãðóïï ñòðîÿòñÿ ñïîñîáñòâóþùèå äîêàçàòåëüñòâó ïðåäëîæåíèÿ
2.2 íîðìàëüíûå ïîäãðóïïû.

Ñëåäóþùåå óòâåðæäåíèå êàê ñëåäóåò, òàê è îáîáùàåò òåîðåìó 2.1
Ñëåäñòâèå 2.1 Ïóñòü φ :

∏
i∈I

n〈ai〉 →
∏
i∈I

n〈ai〉 åñòü íîðìàëüíûé àâòî-

ìîðôèçì. Ôèêñèðóåì ýëåìåíòû Zi òàêèå, ÷òî φ(Zi) = a9i . Òîãäà, åñëè êîììó-

òàòîðû [adj , Z
−1
i adjZ] è [adj , a

−9
i adj ai

9] ñîïðÿæåíû â ãðóïïå
∏
i∈I

n〈ai〉 äëÿ âñåõ

i 6= j, òî φ ÿâëÿåòñÿ âíóòðåííèì àâòîìîðôèçìîì è íàîáîðîò.

Ñîäåðæàíèå ãëàâû 3. Â ãëàâå 3 ìû èññëåäóåì âíåøíèå àâòîìîðôèçìû
n-ïåðèîäè÷åñêèõ ïðîèçâåäåíèé íåêîòîðûõ ïåðèîäè÷åñêèõ ãðóïï. Íàïîìèíàåì,
÷òî àâòîìîðôèçì ãðóïïû, êîòîðûé íå ÿâëÿåòñÿ âíóòðåííèì àâòîìîðôèçìîì,
íàçûâàåòñÿ âíåøíèì àâòîìîðôèçìîì.

Ôàêòîð ãðóïïó Out(G) = Aut(G)/Inn(G) íàçûâàþò ãðóïïîé âíåøíèõ àâòî-
ìîðôèçìîâ ãðóïïû G. Î÷åâèäíî, êàæäûé íåòðèâèàëüíûé ñìåæíûé êëàññ ôàê-
òîð ãðóïïû Aut(G)/Inn(G) ñîñòîèò èç âíåøíèõ àâòîìîðôèçìîâ. Êàê áûëî îòìå-
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÷åíî â ãëàâå 2, åñëè ãðóïïà G èëè � ñâîáîäíàÿ ãðóïïà, èëè � ñâîáîäíîå ïðîèçâå-
äåíèå íåòðèâèàëüíûõ ãðóïï, òî ôàêòîð ãðóïïà Aut(G)N/Inn(G) � òðèâèàëüíàÿ
ãðóïïà. Âîçíèêàåò åñòåñòâåííûé âîïðîñ: òðèâèàëüíà ëè ãðóïï AutN(G)/Inn(G),
åñëè G � n-ïåðèîäè÷åñêîå ïðîèçâåäåíèå íåòðèâèàëüíûõ ãðóïï.

Ñîãëàñíî îñíîâíîìó ðåçóëüòàòó íàñòîÿùåé ãëàâû, ñóùåñòâóþò n-
ïåðèîäè÷åñêèå ïðîèçâåäåíèÿ ãðóïï, êîòîðûå îáëàäàþò âíåøíèìè íîðìàëüíûìè
àâòîìîðôèçìàìè. ßñíî, ÷òî äëÿ ýòèõ ãðóïï G ôàêòîð ãðóïïà Aut(G)N/Inn(G)
� íåòðèâèàëüíà. Îòñþäà ñëåäóåò, ÷òî ðåçóëàòàòû, ïîëó÷åííûå Ì.Â.Íåùàäèìîì
â [22] äëÿ ñâîáîäíûõ ïðîèçâåäåíèé ãðóïï, â êîòîðûõ óòâåðæäàåòñÿ, ÷òî êàæ-
äûé íîðìàëüíûé àâòîìîðôèçì ñâîáîäíîãî ïðîèçâåäåíèÿ íåòðèâèàëüíûõ ãðóïï
� âíóòðåííèé, íåâîçìîæíî ðàñïðîñòðàíèòü íà n-ïåðèîäè÷åñêèå ïðîèçâåäåíèÿ
ãðóïï.

Äîêàçàòåëüñòâà îñíîâíûõ ðåçóëüòàòîâ ýòîé ãëàâû îïèðàþòñÿ íà íåêîòîðûõ
áàçîâûõ ñâîéñòâàõ n-ïåðèîäè÷åñêèõ ïðîèçâåäåíèé ãðóïï, êîòîðûå ïðèâåäåíû â
ïðåäûäóùåé ãëàâå.

Äîïóñòèì, ÷òî ïîðÿäêè âñåõ ýëåìåíòîâ ãðóïïû G âçàèìíî ïðîñòû ñ çàäàí-
íûì ôèêñèðîâàííûì ÷èñëîì n. Òîãäà, åñëè ê ñèñòåìå îïðåäåëÿþùèõ ñîîòíîøå-
íèé ãðóïïû G äîáàâèòü âñåâîçìîæòûå îïðåäåëÿþùèå ñîîòíîøåíèÿ âèäà an = 1,
ãäå a ïðîáåãàåò ìíîæåñòâî âñåõ ýëåìåíòîâ ãðóïïû G, òî â ðåçóëüòàòå ïîëó÷èì
òðèâèàëüíóþ ãðóïïó. Ýòî â òî÷íîñòè îçíà÷àåò, ÷òî ãðóïïà G ñîâïàäàåò ñî ñâîåé
ïîäãðóïïîé, ïîðîæäåííîé âñåìè n-ûìè ñòåïåíÿìè ýëåìåíòîâ èç G, ò.å. G = Gn.
Î÷åâèäíûìè ïðèìåðàìè ãðóïï, óäîâëåòâîðÿþùèõ óñëîâèþ G = Gn, ÿâëÿþòñÿ
ñâîáîäíûå áåðíñàéäîâû ãðóïïû B(m, k) ñ ïîêàçàòåëåì k, âçàèìíî ïðîñòûì ñ n.
Ïåðâàÿ îñíîâíàÿ òåîðåìà ýòîé ãëàâû îòíîñèòñÿ ê ãðóïïàì ñ óñëîâèåì G = Gn.

Òåîðåìà 3.1 Ïóñòü G ïðîèçâîëüíàÿ ãðóïïà áåç èíâîëþöèé, îáëàäàþùàÿ

àâòîìîðôèçìîì ïîðÿäêà 2. Òîãäà åñëè äëÿ íåêîòîðîãî íå÷åòíîãî ÷èñëà n ≥ 665
ãðóïïà G ñîâïàäàåò ñî ñâîåé ïîäãðóïïîé Gn, òî n-ïåðèîäè÷åñêîå ïðîèçâåäåíèå

G
n∗G îáëàäàåò âíåøíèì íîðìàëüíûì àâòîìîðôèçìîì.

Ñëåäóåò ïîä÷åðêíóòü, ÷òî ñîãëàñíî îñíîâíîìó ðåçóëüòàòó ðàáîòû [23] (ñì.
òàêæå [24], [30]), äëÿ ëþáîãî íå÷�åòíîãî ÷èñëà n ≥ 1003 êàæäûé íîðìàëüíûé
àâòîìîðôèçì ñâîáîäíîé ïåðèîäè÷åñêîé ãðóïïû B(m,n) ðàíãà m > 1 (êîíå÷-
íîãî èëè áåñêîíå÷íîãî) ÿâëÿåòñÿ âíóòðåííèì àâòîìîðôèçìîì, ò.å. èìååò ìåñòî
ðàâåíñòâî Inn(B(m,n)) = AutN (B(m,n)).

Ñîãëàñíî òåîðåìå 5 ðàáîòû [5], eñëè âñå Gi ñóòü ñâîáîäíûå ïåðèîäè÷åñêèå
ãðóïïû ïîêàçàòåëÿ n, òî n-ïåðèîäè÷åñêîå ïðîèçâåäåíèå

∏
i∈I

nGi òàêæå åñòü ñâî-

áîäíàÿ ïåðèîäè÷åñêàÿ ãðóïïà ïîêàçàòåëÿ n, ðàíã êîòîðîé ðàâåí ñóììå ðàíãîâ
ñîìíîæèòåëåé Gi.

Òàêèì îáðàçîì, â òåðìèíàõ n-ïåðèîäè÷åñêèõ ïðîèçâåäåíèé óêàçàííûé ðå-
çóëüòàò ðàáîòû [23] ìîæíî ïåðåôîðìóëèðîâàòü ñëåäóþùèì îáðàçîì: äëÿ ëþáîãî
íå÷�åòíîãî ÷èñëà n ≥ 1003 êàæäûé íîðìàëüíûé àâòîìîðôèçì n-ïåðèîäè÷åñêîãî
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ïðîèçâåäåíèÿ B(m1, n)
n∗B(m2, n) ñâîáîäíûõ ïåðèîäè÷åñêèõ ãðóïï B(m1, n) è

B(m2, n) ðàíãîâ m1, m2 ≥ 1 ÿâëÿåòñÿ âíóòðåííèì àâòîìîðôèçìîì. Áîëåå òî-
ãî, äëÿ ëþáîãî íå÷�åòíîãî ÷èñëà n ≥ 1003 êàæäûé íîðìàëüíûé àâòîìîðôèçì
n-ïåðèîäè÷åñêîãî ïðîèçâåäåíèÿ

∏
i∈I

n〈ai〉 êîíå÷íûõ öèêëè÷åñêèõ ãðóïï ïîðÿäêà

n ÿâëÿåòñÿ âíóòðåííèì àâòîìîðôèçìîì ïðîèçâåäåíèÿ
∏
i∈I

n〈ai〉.

Â ñâÿçè ñ ýòèì îòìåòèì, ÷òî èç òåîðåìû 3.1 âûòåêàåò
Ñëåäñòâèå 3.1 Äëÿ ëþáîãî íå÷�åòíîãî ÷èñëà n ≥ 665 è äëÿ ëþáîãî âçàèìíî

ïðîñòîãî ñ n íå÷åòíîãî ÷èñëà k n-ïåðèîäè÷åñêîå ïðîèçâåäåíèå
∏
i∈I

n〈ai〉, ãäå 〈ai〉

� êîíå÷íûe öèêëè÷åñêèe ãðóïïy ïîðÿäêà k è |I| > 1, îáëàäàåò íîðìàëüíûì

àâòîìîðôèçìîì, êîòîðûé íå ÿâëÿåòñÿ âíóòðåííèì.

Ñïðîâåäëèâî òàêæå
Ñëåäñòâèå 3.2 Äëÿ ëþáîãî íå÷�åòíîãî ÷èñëà n ≥ 665 è äëÿ ëþáîãî âçàèìíî

ïðîñòîãî ñ n íå÷åòíîãî ÷èñëà k n-ïåðèîäè÷åñêîå ïðîèçâåäåíèå B(m, k)
n∗B(m, k)

îáëàäàåò âíåøíèì íîðìàëüíûì àâòîìîðôèçìîì.

Òåîðåìà 3.2 Ïóñòü G1 è G2 � ïðîèçâîëüíûå ãðóïïû, îáëàäàþùèå àâòî-

ìîðôèçìàìè ïîðÿäêà k > 1 è ïîðÿäîê êàæäîãî ýëåìåíòà ãðóïï G1, G2 âçà-

èìíî ïðîñò êàê ñ k, òàê è ñ n, ãäå n ≥ 665 íåêîòîðîå íå÷åòíîå ÷èñëî. Òîãäà

n-ïåðèîäè÷åñêîå ïðîèçâåäåíèå G1
n∗G2 îáëàäàåò âíåøíèì íîðìàëüíûì àâòî-

ìîðôèçìîì.

Ñëåäñòâèå 3.3 Äëÿ ëþáîãî íå÷�åòíîãî ÷èñëà n ≥ 665 è äëÿ ëþáûõ

âçàèìíî ïðîñòûõ ñ n íå÷åòíûõ ÷èñåë k1, k2 n-ïåðèîäè÷åñêîå ïðîèçâåäåíèå

B(m1, k1)
n∗B(m2, k2) îáëàäàåò âíåøíèì íîðìàëüíûì àâòîìîðôèçìîì.

Ñëåäñòâèå 3.4 Ñóùåñòâóåò áåñêîíå÷íîå ìíîæåñòâî íåèçîìîðôíûõ

ãðóïï, n-ïåðèîäè÷åñêèé êâàäðàò êîòîðûõ ïðè ëþáîì ïðîñòîì n ≥ 665 îáëà-

äàåò âíåøíèì íîðìàëüíûì àâòîìîðôèçìîì.

Ñîäåðæàíèå ãëàâû 4. Â ýòîé ãëàâå ìû äîêàæåì, ÷òî âñÿêèé àâòîìîð-
ôèçì ñâîáîäíîé ãðóïïû, ñòàáèëèçèðóþùèé êàæäóþ íîðìàëüíóþ ïîäãðóïïó áåñ-
êîíå÷íîãî èíäåêñà, ÿâëÿåòñÿ âíóòðåííèì àâòîìîðôèçìîì.

Îñíîâíîé ðåçóëüòàò ÿâëÿåòñÿ äîïîëíåíèåì ðåçóëüòàòà Ëþáîöêîãî èç ðàáî-
òû [13], ãäå ïðèíàäëåæíîñòü α ∈ Inn(F ) äîêàçûâàåòñÿ ïðè ïðåäïîëîæåíèè, ÷òî
α(N) = N äëÿ âñåõ íîðìàëüíûõ ïîäãðóïï N ãðóïïû F , èìåþùèõ èíäåêñ ðàâ-
íûé ñòåïåíè ïðîñòîãî ÷èñëà p 6= 2. Îí óñèëèâàåò òàêæå ðåçóëüòàò Ëþý [14], ãäå
ïðèíàäëåæíîñòü α ∈ Inn(F ) äîêàçûâàåòñÿ ïðè ïðåäïîëîæåíèè, ÷òî α(N) = N
äëÿ âñåõ íîðìàëüíûõ ïîäãðóïï N ãðóïïû F .

Òåîðåìà 4.1 Êàæäûé àâòîìîðôèçì α ∈ Aut(F ) íåàáåëåâîé àáñîëþòíî

ñâîáîäíûé ãðóïïû F êîòîðûé ñòàáèëèçèðóåò êàæäóþ íîðìàëüíóþ ïîäãðóïïó

áåñêîíå÷íîãî èíäåêñà, ÿâëÿåòñÿ âíóòðåííèì àâòîìîðôèçìîì.

Â äîêàçàòåëüñòâå ýòîãî ðåçóëüòàòà èñïîëüçóþòñÿ èçâåñòíàÿ òåîðåìà Ìàã-
íóñà î ñâîáîäå è åãî òåîðåìà î òîì, ÷òî åñëè äâà ýëåìåíòà r1 è r2 íåêîòîðîé
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ñâîáîäíîé ãðóïïû F èìåþò îäíî è òî æå íîðìàëüíîå çàìûêàíèå â F òî r1 ñî-
ïðÿæåí ëèáî ñ r2, ëèáî ñ r

−1
2 .
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AM�O�OWM

AMIRJAN LYOVIKI GEVORGYAN

XMBERI n-PARBERAKAN ARTADRYALNERI

AVTOMORFIZMNERI MASIN

Atenaxosow�yown� nvirva� � xmberi n-parberakan artadryalneri

avtomorfizmneri owsowmnasirman�: Xmberi n-parberakan artadryal�

handisanowm � asociativ, ��grit  �a�angakan gor�o�ow�yown: Ayn nermow�vel

� S. I. Adyani ko�mic, orov low�vel � Malc i problem�` bolor xmberi dasowm

ow��i�  azat artadryalneric tarber asociativ, ��grit  �a�angakan

gor�o�ow�yan goyow�yan veraberyal:

Trva� G xmbi φ avtomorfizm� ko�vowm � nerqin, e�e goyow�yown owni

aynpisi g ∈ G tarr, or φ(x) = gxg−1 kamayakan x ∈ G-i hamar: Ayn

avtomorfizm�, orn an�ar� � �o�nowm G-i bolor normal en�axmber�, ko�vowm

� normal avtomorfizm: Sahamnowmneric anmijapes bxowm �, or cankaca�

nerqin avtomorfizm normal �: A�an�naki hetaqrqrow�yown owni hakadar�

harc�, orn owsowmnasirvel � tarber ma�ematikoosneri ko�mic xmberi mi �arq

daseri hamar: Apacowcva� �, or mekic me� �angi kamayakan bacar�ak

azat xmbi (A.Lyowbocki, 1980�.)  kamayakan o� trvial azat artadryali

(M.Ne��adim, 1996�.) normal  nerqin avtomorfizmner� ham�nknowm en: Nerqin

 normal avtomorfizmneri bazmow�yownneri havasarow�yown� apacowcvel �

na bacasakan �yleryan bnow�agri�ov maker owy�neri fowndamental xmberi

hamar (�.Bogopolski, E. Kowdryavc a, H. Ci�ang, 2004�.): Hi�atakman ar�ani

ardyownqneric � o� trivial verjavor normal en�axmber �parownako� o� ciklik

haraberakan hiperbolakan xmberi normal  nerqin avtomorfizmneri xberi

ham�nknowm� (A.Minasyan,D.�sin, 2010�.):

Anverj parberakan xmberi avtomorfizmneri owsowmnasirow�yown�

a�an�naki hetaqrqow�yown � nerkayacnowm  a�ajadrvel � A.�l�anskow ko�mic

Koowrovyan tetrowm (1980�.): Ayd ow��ow�yamb �o�a�eli ardyownqner stacvel

en miayn verjin �rjanowm: Apacowcvel �, or azat bernsaydyan xmbi B(m,n)
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kamayakan normal avtomorfim nerqin avtomorfizm �, orte� n ≥ 1003

kamayakan kent �iv �: Cowyc � trva� na , or nerqin avtomorfizmneri

en�axowmb� maqsimal � Aut(B(m,n)) xmbi bolor ayn en�axmberi dasowm,

oronq parownakowm en Inn(B(m,n))  oronc kamayakan tarri karg �i

gerazancowm n-�: Haytni � na or bavakanin me� kent cowci�neri hamar

Aut(B(m,n)) parownakowm � azat kisaxowmb: Avelin 2010 �. �.Kowloni ko�mic

cowyc � trvel, or Aut(B(3, n)) parownakowm � bacar�ak azat xowmb:

Atenaxosow�yownowm owsowmnasirvowm en ciklik xmberi n-parberakan

artadryalneri avtomorfizmneri xmber�:

• Nkaragrvowm en anverj ciklik xmberi n-parberakan artadryalneri

avtomorfizmner�  normal avtomorfizmner�: Gtnvel � anhra�e�t  bavarar

payman, ori depqowm anverj ciklik xmberi n-parberakan artadryali normal

avtomorfizm� nerqin avtomorfizm �:

• Cowyc � trvel, or e�e r ≥ 1003-� n-i kent ba�anararn �, apa r-kargi

ciklik xmberi n-parberakan artadryali kamayakan normal avtomorfizm

nerqin �: Ays ardyownq� ow�e�acnowm � azat be�nsaydyan B(m,n) xmbi normal

avtomorfizmneri masin ver� hi�atakva� ardyownq�:

• Stacvel � bavarar payman, ori te�i ownenalow depqowm xmberi

n-parberakan artadryal� parownakowm � artaqin normal avtomorfizm,

orte� n ≥ 665 kamayakan kent �iv �:

• Apacowcvel �, or goyow�yown ownen aynpisi xmber, oronc n-parberakan

qa�akowsin kamayakan parz n ≥ 665 �vi hamar parownakowm � artaqin

normal avtomorfizm: Verjinic masnavorapes het owm �, or Ne��adimi

ardyownqi analog� te�i �owni n-parberakan artadryalneri hamar:

• Owsowmnasirvel en na azat xmberi ayn avtomorfizmner�, oronq

kayownacnowm en anverj indeqsi normal en�axmber� (A.Lyowbockow ardyownqi

ow�e�acowm�): Apacowcvel �, or azat xmbi anverj indeqsi normal en�axmber�

kayownacno� kamayakan avtomorfizm nerqin avtomorfizm �:
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SUMMARY

AMIRJAN LYOVIKI GEVORGYAN

ON AUTOMORPHISMS OF n – PERIODIC

PRODUCTS OF GROUPS

Dissertation is devoted to study of automorphisms of n-periodic products of

groups. The n-periodic product of groups is associative, exact and hereditary on

subgroups operation. This operations was introduced by S.I.Adian. The creation

of these operations solved Maltsev’s problem on existence of associative, exact and

hereditary on subgroups operation different from direct and free products defined

on the class of all groups.

For a given group G the automorphism φ is called inner,if there exists an

element g ∈ G, such that φ(x) = gxg−1 for arbitrary x ∈ G. The automorphism

that fixes all the normal subgroups of the group G, is called normal automorphism.

From definition immediately follows, that each inner automorphism is normal. The

inverse question presents special interest.

It was studied by different mathematicians for a series of classes of groups. It

was proved that for each absolutely free group of rank grater than 1 (A.Lyubotzky,

1980) and for any non-trivial free product (M.Neshchadim, 1996), the normal and

inner automorphisms coincide.

The equality of sets of normal and inner automorphisms was also proved for

fundamental groups of surfaces with negative Euler characteristics (O.Bogopolsky,

E. Kudryavtseva, H. Zischang, 2004). It is worth to mention the result about coin-

cidence of normal and inner automorphisms groups of non-cyclic relatively hyper-

bolic groups containing no non-trivial finite normal subgroups (A.Minasian, D.Osin,

2010).

The study of infinite periodic groups is of special interest and was suggested by

A.Yu.Olshanskii’ in Kourovka Notebook (1980). Significant results in this direction

were obtained only recently. It was proved that each normal automorphism of free
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Burnside group B(m,n) is inner for odd n ≥ 1003.

It is also shown that the subgroup of inner automorphisms is maximal among

all the subgroups of the group Aut(B(m,n)) containing Inn(B(m,n)) and whose

each element’s order is not grater than n. It is known that for sufficiently large odd

exponent n the group Aut(B(m,n)) contains a free semigroup. Moreover, R.Coulone

proved that the group Aut(B(3, n)) contains a free group.

In dissertation the automorphism groups of n-periodic products of cyclic groups

are studied.

• The automorphisms and normal automorphisms of n-periodic products of

cyclic groups are characterized. A necessary and sufficient condition was obtained

for which each normal automorphism of n-periodic product of infinite cyclic groups

is inner automorphism.

• It was shown, that if r ≥ 1003 is an odd divisor of n, then each normal

automorphism of n-periodic product of cyclic groups of order r is inner. This result

strengthens the result on normal automorphisms of free Burnside group B(m,n)

mentioned above.

• We obtain a sufficient condition which ensures the existence of the outer

normal automorphism in n-periodic product of some non-trivial groups for any odd

n ≥ 665.

• It was proved that there exist groups whose n-periodic square for any prime

n ≥ 665 contains outer normal automorphism. From this, in particular, immediately

follows that the analogous result of Neschadim for free product of non-trivial groups

does not hold for n-periodic products.

• We also studied the automorphisms of free groups stabilizing normal sub-

groups of infinite index (A strengthening of A.Lubotzky’s result). It was proved

that any normal automorphism stabilizing each infinite index normal subgroup is

inner.
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