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OOmag xapakTepucTuka paboThl

AXKTyaJIbHOCTH TeMBbI. Teopus rnOOCOBCKUX CAyYIalHBIX IOJIeH, KAK BETBb
TEOpUU BEPOSITHOCTEH , BO3HMKIIA B 1960-x rogax, dmaromapst paboram JLobpy-
mmaa [[@, 03, 0@, 4], JTandopaa n Prosasa[Bl], Munnoca [63, B4], Munioca u
Cunas [BS, BY, 0, ET], B KOTOPBIX OHH ONPE/IEJIIIN THOOCOBCKHE CIIydailHbIe
MOJIsT KaK CIEMUATBHBIE BEPOSTHOCTHBIE MEPhI HA MPOCTPAHCTBE HECKOHETHBIX
koHUryparuii. ITO TO3BOJIMIO CO3IATH MaTeMaTudecKuil (hpyHmaMeHT 3amad
CTATUCTUYECKON (PUBHKH, B PAMKAX KOTOPOIO YJIAJIOCH HMOJYy9IUTh CTPOrOe OIH-
canne (peHOMeHa (DABOBBIX MEPEXOIOB B PABHOBECHBIX (DU3WYECKUX CHCTEMAX B
TEepMUHAX HEEJUHCTBEHHOCTH IHOOCOBCKOTO caydaiinoro moss. [lpu stom enun-
CTBEHHOCTH TMODOCOBCKOTO MOJIST OTBEYAET Caabasi 3aBUCUMOCTD €r0 KOMITOHEHT.

Teopua rubGO6COBCKUX CAyIARHBIX MOJEH HAIIA TPUMEHEHHS HEe TOJbKO B
dusuKe, HO U B TEOPUHU PACIO3HABAHMS OOPA30B, TEOPUU HEHPOHHBIX CeTel u
T.JI.

Hauwras ¢ 1970-x, pabors! 0 Teopuu ruOOCOBCKUX CIyYAMHBIX TTOJIeH Be-
auck B otnesne “VHrerpasnbHast U croxacTudeckas reoMmerpust’ UHcTuTyTa Ma-
remarukn HAH Apmenunn. K nHaganbHO# dase 3THX MCCI€I0BAHUNA OTHOCIT-
ca paborbl B. Haxanerana [E3, Bd] o npeiejbHbIM TeOpeMaM [Jid JAUCKDPET-
HBIX TUOOCOBCKUX CJIYUANHBIX TOJEH, a TakyKe pabOThl aBTOpa JUCCEPTAINN IO
HCCJIEOBAHUIO TIOBEIEHUST CTATUCTUIECKON CYMMBI KJIACCUYECKUX CHUCTEM IIPU
Gomprnx obbemax [BY, B, B3| . 3HAYUTENBHBI W OPUTMHAJIBHBIA BKJIAT CO-
craBuad paborsl P. AMbapuyMsiHa 1O OIMCAHUIO HOBBIX KJIACCOB I'MOOCOBCKUX
1oseil, OCHOBaHHBIE HA KOMOMHATOPHOM ([IPUHIMII BKJIIOYEHUS-UCKIIOYCHHS )
noAxo/ie K nocrpoenuto roueunbix poueccos (B, B, A]. (Iloszxe 3ru paborbt Gbl-
s mpogoskensl 2K. JleGosuriiem [BO] u ero rpynmoit B yHueBepcurere Rutgers,
CIITA.)

OtmernMm Takxke HemaBume padborsl B.Haxamerana coBmectro ¢ C. [lams-
uowm [[0, IT], B KoTOPBIX peliena usBecTHas npobaema Jobpyiuuna o6 onucanuu
CIIyYafHBIX MOJIeH € 33/IAaHHBIMU OJJHOTOYEYHBIME YCJIOBHBIME PACIPEIETEHMUSI-
mu. Cosmectro ¢ B. Apsymansuom u B. HaxamersiHoM aBTOpOM JUCCEPTAIIUN
HCCIIEIOBAUCH PA3JIMYHBIE CBOMCTBA, KJIACCUIECKUX PEIIETIATHIX CITMHOBBIX CH-
crem [0, BT, 62, 63, B4] .

OxHuM u3 HauboJiee MOIIHBIX METOI0B MCCIEI0BAHNS THOOCOBCKUX CJIydaii-
HBIX TOJIel aBJgeTcd Mero], Kiaacrepubix passnoxkenuii [[3, Bd] . Ou noszsoss-
€T IPEeJCTABUTD JTIODYIO JIOKAJIbHYIO XapaKTEPUCTHKY TMOOCOBCKOrO CIIyIafiHOTO
nossa (iorapudm CTaTUCTUYECKOH CyMMBbI, CPEIHUE JOKAIbHBIX (DYHKIWI U T.J1.)
B BHUIE aOCOTFOTHO CXONSIIErOCs Psija, IJIABHBIA UI€H KOTOPOrO COOTBETCTBYET



cucreme 6e3 B3ANMOMEHCTBYSA, a TOCTEIYIONINE WIEHBl YIUTHIBAIOT B3aNMOIEH-
creue. Meron sdekTuBern B 00JaCTH MaJbIX B3aUMOAECACTBUN W TIO3BOJISET
MPOBOJMTH MOJHBIM aHAIN3. B 9TOM CMBICTIE, METOM KJIACTEPHBIX Pa3I0KeHUH
BBICTYIIAET B BUJE HEKOTOPOTO BapWaHTa Teopuu BozmymieHwit. Meron nveer
BAXKHBIE [PUMEHEHHUSI B CTATHCTUYECKON (DU3MKe, KBAHTOBONH TEOPHUHU IOJsI U
T.J1.

B muccepranum npemsmoykeH HOBBIH OOIMMI TOAXOM K METOIY KIACTEPHBIX
Pa3I0KeHUA.

OcCHOBHBIM 0DBEKTOM HCCJIETOBAHUA UCCEPTAIMU SIBJIAIOTCA MOJETN B3au-
MOJIEHCTBYONTUX OPOYHOBCKUX TI€TEJIb — KBAHTOBBIE CUCTEMBI B IIPE/ICTABICHUN
Qeitmana — Kama. Takue Moenu BrepBbie ObLIM PACCMOTPEHBI B paboTtax 2Ku-
HuGpa (23, B34, £3] .

[napHBIM PE3yBTATOM AHUCCEPTAIMU SBISIETCS ACHMITOTHIECKOE DA3JIOKe-
Hue jorapudMa CTATHCTHYECKOW CYMMbI KBAHTOBBIX CHCTEM. DTOT DPE3YIbTAT
OCHOBaH HA Pa3pabOTaHHOI B AUCCEPTAIMY TPHHIUITHAILHO HOBOW METOIUKE
BBIBOJIA, ACUMIITOTHYECKUX PA3JIOKEHUHN, KOTOpAsk UCHOJAb3YeT OIEHKH BTOPOIro
CEeMUMHBAPUAHTA, HEe TPUOerast K OIEHKAM CTapIinX CeMUNHBAPUAHTOB. JL1s mo-
JIy9€HUsT OTIEHOK BTOPOTO CEMUMHBAPUAHTA /ISl Fa3a TIeTETh BBOIUTCS KITIOUEBOe
MOHSITYE YOBIBAHUSA (DYHKIIMU, OMUACHIBAIOIIEH B3ANMOJIEHCTBIE IBYX TIETEb IPU
ux gocrarovnoil "ynanexnocrn" [G3].

Citeiyer OTMETHUTD, 9TO MOy YeHHOE PA3JIOKEHUE MOXKET ObITh PACCMOTPEHO
KaK e€CTeCTBEHHOE OOODINEeHNe W3BECTHON 331a9i O BBIUYUCICHUN ACUMITOTHKA
crarucTaeckoit cymmbr Trexp(BA) =Y >7 e A npu 8 — 0 [B2] (cM. Takwxe
[B8]). 3mech A, — cobcTBeHHbIE 3HAUEHUS oneparopa Jlamnaca —A. DTa 3amaga
BocxoauT K paboram I. Jlopenna u I'. Beiina [E3].

OrMernM TakKe, 9TO B MOCJTEHEe BpEeMs MOJETH B3auMOAeHCTBY IOIHUX Opo-
VHOBCKUX TETENb MPUBJIEKAIOT 3HAYUTENLHBIH WHTEPEC, O YeM CBHUJIETEThCTRY-
10T, HarpuMep, padorsl [B, M4, B3, 23, 6d].

ITeap paGoThI.

1. PazpaboTaTh HOBBLIH aOCTPAKTHBIN TTOAXOM K METONY KJIACTEPHBIX PA3JIO-
JKEHUH, TPUMEHUMBIH KaK K KJIACCUIECKHAM, TAK M K KBAHTOBBIM CHCTEMAM
(IMCKPETHBIM U HENPEPBIBHBIM).

2. UccmenosaTh yObIBaHIE KOPPEIAIHi B MOJEISAX B3aUMOAEHCTBYIOINX
OPOYHOBCKHX TIETETb.

3. TomyunTh acCHMTITOTHYECKOE pa3yioykeHne jorapudma CTaTHCTHIeCKO#H
CyMMBI KBAHTOBBIX CHUCTEM.

Metoapl ucciiegoBanus. B pabore ucnoap3yr0TCS METOIbI TEOPUH BEPO-
ATHOCTEH, TEOPUN WHTErPUPOBAHUS B (PYHKIMOHAIBLHBIX MPOCTPAHCTBAX dnd-
dbepeHnnaIbHONl TeoMeTprn, TeOpuH rpachoB I KOMOMHATOPHKH.
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Haquaﬂ HOoBH3HAa. Bee ocHoBHbBIE Pe3yabTaThl pa6OTbI ABJAIOTCA HOBBIMH.

IIpakTUyeckas U TeopeTndecKas MeHHOCTh. Pe3ynbrars paboThl HOCAT
TEOPETUYIECKUNA XapaKTep, OJHAKO MOTYT HAUTHU MPUMEHEHNE B CTATUCTHYECKON
¢dusrKe, KBAHTOBOH TEOPHUU TIOJsI, & TAKKE B TEOPUM PACIO3HOBAHUA 00PA30B,
TEpPUU HEUPOHHBIX CeTEel U T.J.

Anpobanus moJry4eHHbIX Pe3yJibTaToB. QCHOBHBIE PE3YIILTATHI JUCCED-
TAIUHU TOKIAIbIBATUCE W 00CY K TATUCh HA CEMUHApaX: yHuBepcuTera bumedenn
(Tepmanus); yuusepcureros Pum -1, 2, 3 ( Uranusg); yausepcurera Apusona
(Tyccon, CIITA); Mncruryra maremaruku yuusepcurera [lorcaam ( Tepmanus);
B Uccnenosarennckom Ienrpe BiBoS MuacruTyTa MaTeMaTwuky yHUBEPCHTETA
Boun (Tepmanmust); ormesa MHTETpabHONR W CTOXACTHIECKOH reoMeTpun MHCTH-
ryra Maremaruku HAH Apmenuu u jp.,

a TakyKe Ha MEXIYHAPOIHBIX KOHbepeHiusx: “BeposTHOCTHBRIE METOMBI B
maremarudeckoit pusuke”’, Hop-Ambepn, 1988; “Infinite-dimensional stochastic
differential equations in statistical mechanics”, JInnupb (@ pannus), 1998; “Cluster
expansions in statistical mechanics”, TTapuxk, 2000; “Infinite dimensions: The
Minlos effect in mathematics and physics”, Mocksa, 2001; “On the Gibbs path:
a random field trip”, Bunedenn (Fepmanus), 2002; “Mathematical problems
in Dynamics and statistical physics”, Kamepuno (Uramnus) 2004; “Problems in
statistical mechanics”, Ilorcaam (Tepmanust), 2004 u ap.

OcHoOBHBI€ Pe3yJIbTATHI JUCCEPTAIINH OITyOIMKOBAHbI B 21 CTaThAX, CIIH-
COK KOTOPBIX TIPUBOAUTCS B KOHIIE aBTOpedepara.

Crpykrypa u ob6bem juccepramuu. luccepranuontas paboTa W3I02KEeHA
Ha 153 cTpaHuIax, COCTOUT W3 BBEJEHUHA, YeThIpeX IVIaB U CIIUCKA JUTEPATYPHI,
copepxkairero 112 HanMeHOBaHUA.

CopepkaHne padboThbl

Bo Beesenuu (ImaBa 1) naercs 0630p pe3ysbraToB, CB3AHHBIX C TEMOM
JUCCEPTALNH, 8 TAKXKE IPUBOIAMUTCA KPATKOE OIMUCAHKE €€ CONEePKAHHMS.

T'naBa 2 TOCBAIIEHA METOLY KJIACTEPHBIX PA3JIOKEHNI. DTOI TeMaThKe mo-
cesleHo Gosbimoe KonmdectBo pabor. Ormernm, HampuMep, o63opsl [@, B3, O]
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U UTUPOBAHHYIO JIATEPATyPy B MOHOrpadwusx [Bd, E9, E4]. Bee Bospacraroriee
UX GUCJIO CAEJIAJI0 HeOOXOIUMBIM CO3IaHue OBIIIX MOIX0I0B. B 9TOM HampasJie-
HUK BaXKHBIM BKJAJIOM siBjsiercsa pabora Korenkoro u Ilpaiica [29], B kKoTOpOii
JAIOTCA YIODHBIE YCIOBUA CXOTUMOCTH KJTACTEPHBIX PA3JIOKEHU, OMHAKO UX pe-
3yJIBTAT MPUMEHUM TOJIbKO K AUCKPeTHbIM cucremaMm. Cjeyer OTMETUTh, 9TO
KaK 3TOT, TaK W JIpyTHe ODIIHe MOIXOIbI MOTJIH MIPUMEHSATCST TOJBKO TTPHU YCII0-
BUM HEOTPHUIATEILHOCTH TOTEHITHATA B3AUMOIEHCTBUS.

IMoxaxom npecTaBIeHADBIN B 9TOM r1aBe, TPUMEHUM KAK K KJIACCHIECKAM TaK
¥ KBAHTOBBIM CHCTEMaM, ¢ ODIIUM yCTONIUBBIM B3aUMOJEHCTBUEM, BHE 3aBUCH-
MOCTH OT TOIO JUCKDETHBIE 3TU CHCTEMbI WK HenpepbiBhbie [].

IMycrs (X, ) OPOCTPAHCTBO ¢ KOHEYHOH KOMILIEKCHOH Mepoii. PaceMorpum
U3MEPUMBIE KOMIIJIEKCHBIE CHUMMETPUIHBIE (DYHKIIMU U U ¢ HA TPOCTPAHCTBE
X x X, cBa3aHHBIE COOTHOIIEHUEM

gla,y) = MY 1, (1)

BermmecTBernas 9acTh u MOXKET TIPUHUMATH 3HAYEHUE +00, ¢ TIPU ITOM TOJara-
ercst pasubiM —1. B npusnoxkenusx, u(z,y) oObl9HO OpeicTaBiger coboil B3au-
MOieficTBre MeXK Ty OObeKTaMU T U Y , & 3HAYEHHE 400 COOTBETCTBYET TBEPIOH
cepanesute. Qupeneaum HOPMAIBHO CTATHCTUYECKYIO CYMMY

o faer fan) T G

n>0 1<i<j<n

(upu n = 0, COOTBETCTBYIOIIUI WIEH Ps/Ia [1OJAIACTCs PABHBIM €AUHULE).
[Tpusenem ycaoBust Ha (DYHKIHIO ¢, UCIOJIB3YEMbIE [TPU TIOJIYI€HUS KIaCTED-
HBIX PA3JI0ZKEHUIA.
Yeaosue 1.Cyuwecmeyem neompuyamenrvras Gynkyus b na X maxas, wmo

OAs BCET M U NOYWINU 6CET T1,...,Ty € X,
n
S, b(z;
H ’1+CI(ZL¢,.LJ')|§H€(I).
1<i<j<n i=1

OO6bBI4HOE yCIIOBHE YCTONYUBOCTHU MOIYYALTCS KOTIA b €CTh KOHCTAHTA.
Yeaosue 2. Cyuecmeyem HEOMPUYAMEALHAA PYHKUUA 0 HA X ,Maxad,
wmo dasa nowmu ecex x € X,

/dlu\(y) lq(z,y)[e®@ T2 < q(a).

Mpbr Takke OyaeM MOIb30BATHCA U CACAYIOMUM, 6016 CUIbHBIM YCIOBHEM.
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Yeaosue 3. Cyuecmsyem Heompuuamervhas GYHKUUA @ HE X U Y4UCAO
p, 0 <p <1 ,maxue, wmo das nowmu ecexr r € X,

/ A1 (v) la(z, )" P+ a(y) < pa(z) 3)

2de a(y) = max(a(y),1).

O6osnaunm vepes C,, MHOKECTBO BCEX CBA3HBIX HEOPUEHTHPOBAHHBIX IIPO-
crbix (6e3 neresib) rpados ¢ n BepruHaMu. BBeaeM CIeayionyn KOMOUHATOP-
Hylo GyHKnuio (Ha3blBaeMyIo @ynkyuel Ypceanra) HA KOHEUHBIX TOCIIEI0BA-
TENbHOCTAX (L1, . .., Ty ) SITEMEHTOB U3 X

( ] ifn=1, @
P\T1y - Tn) = .
ZGEC,,, H{m}eG gz, xj) ifn>2.

3neck pousBenenne bepercs 1Mo Beem pebpam rpada G.
Teopema 1(Kuacrepuoe paznoxenue). Iycmob evnoanens, Yeaosus 1 u 2.
Ipednonosicum maxaice, wmo [ d|u|(y)|e®®+2W) < co. Tozda

7 — exp 2;1 /duxl du(x )(p(:vl,...,gcn)}. (5)

IIpu smom psd 6 sxcnonenme crodumcs abcoaromno. Hanee, das nowmu ecex
1 € X umeem Mecmo oueHKa

> [l [ dlul(n) oo, oa)] < (€)= D). (o)

Beenem ommouacruunbe §(x1) U ABydYacTHdHble (X1, T2) KOPPEIANMOHHBIE
dbyHKIIMEN, ONpeenTeMbe COOTBETCTBEHHO PABCHCTBAMHA

L, Z /du 22) /du(a:n) I (+a@z) @
1<i<j<n
( wsen coorpercrByrowuii n = 1 mosaraercs: paBabiM 1) u
o) =2 Y e [autw) [ante) T[T (+atwn) @

rL>2 1<i<j<n

(usieH cooTBETCTBYIONMI N = 2 moaaraercsi paBHbIM 1 + q(x1, T2)).
Hanee, onpemenuM ciegyiomue GpyHKINY, HA3BIBACMDIE KIACTEPHBIMY

o) = 3 oty [ o) [ o) etz )

n—1)!
n>1
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o(x1,22) = 2(7112)!/du(xg).../du(xn)w(ml,...,xn). (10)

B auccepranuu gokazano (Pasmen 2.3, Teopema 2.2), 94TO B HPEANOIOMKEHU-
ax Teopembl 1, dyukuuu o(x1) u o(z1,T2) KOPPEKTHO ONPEIEIEHbI (B CMbICTE
abCOJTFOTHOM CXOIUMOCTH 3THX DSIJIOB).

B crarucTutdeckoii MexaHuKe BaXKHYIO pOJIb UIPaeT ycedeHHas JIBYydacTH-
Has KOppensauonHast GYHKIHsA (AHAJIOT BTOPOTO CEMUMHBAPUAHTA, ):

s(z,22)  s(a1)s(z2)
Z AR

Teopema 2. B npednosoorcenuar Teopemvr 1 umeem

S (1‘1) o (:v )
Z 1)
< (IC 1, Jﬂ2)
A
Orcroma crenyer, 9To B yeaoBuax Teopembr 1, BTOpoil CeMUMHBAPHAHT COBIIAIA-
eT ¢ KaacTepHoil GyHKImen o(x1,x2). 10T GaKT CymEeCTBEHHO MCIONb3YeT s
IPH BBIBOAE PA3JMYHBIX OLEHOK Ha o (1, T2).

(11)

=o(z1)o(x2) + o(x1,x2).

B I'imaBe 3 Mbl n3yvaem yObIBaHHe KOPPEJIAINH B KBAHTOBBIX CHCTEMAX, Y-
TEM CBEIEHMs UX K MOJE/IAM B3aUMOIEHCTBYIONMX GPOYHOBCKUX [eTe/b (pe-
crasyenue Peiimana - Kana). 10 no3Bosier UCNoab30BaTh METO, KJIACTEPHBIX
pasioykenuil, pa3BuTbIl B npeapiaynieil rnaBe. OyHIAMEHTATBHBIM SIBISETCS
BOIIPOC OnHMCaHus yObIBAHUS KOPPEIANNl B MOJENSX B3aUMOIEHCTBYIONUX TIe-
TeJib, KOTOPhIE MMEIOT CJIO0KHYI0O MaTeMaTHYIecKyio cTpyktypy. B I'mase 3 BBO-
murcs noHgTue "ynajgenHoctr " OPOYHOBCKUX TI€TEJB, C IOMOIIBI0 KOTOPOrO
yJaercs mosyduThb 3 MeKTUBHBIE ONEHKN BTOPOIO CEMUMHBAPUAHTA.

IIpuBemem obmmit pe3ynabTaT 06 yOBIBAHWE KOPPESIii, KOTOPBIH SIBISETCS
OCHOBHBIM B 3TOH IJaBe.

Teopema 3 (Y6wuisanne koppesnsiimit). B npednoaoscenusr Teopemor 1, das
nowmu 6cex T,y € X,

()] < @20 S [ dul(e).. [ dlul(on) [T lates i)

m>0 =0
. e®(@i)+2b(xi) (12)

20e To = T, Timy1 = y. YieH psga coorBercrByomuii m = 0 mosaraercst pas-
ue |q(, y)|e?@+20()  Bo muorux mpuiokenusax mpucyrcTByer "Masibrii na-
pamerep "(0GBIYHO TO AKTHBHOCTH Z), KOTODBIH obecriednBaer abCOIOTHYIO
cx0auMOCTh paga (12).



PezynbpraTer rnaBbl 2, a Takxke Teopema 3 momydeHbl B coBMecTHOH ¢ /I
Yavau pabore [[[]. Teopema 3, B HECKOJIBKO HHOM BHJIE, TJOKA3aHA DaHEe B COB-
mecrroii ¢ I'. Ileccunom crarse [B3].

Teopema 4 (Uurerpasnbhas ouenka). [ycms ewnoanenv, Yeaosue 1 u 3.
Tozda das nowmu ecex x € X,

[ Al o) < 22 L (13)

Jlamee, B 3TO# IJlaBe M3y4aeTCsd KBAHTOBBIN ra3, cocroamuii n3 N OIMHAKO-
BBIX GECCIIMHOBBIX YaCTHIL B OrpaHmdeHHoi obmactu A C R? u B3amMmozmeiicTBy-
IOIIUX C ITOMOIIBIO TTAPHOTO moTeHa I ¢. Ilpeanonaraercs, 9To ¢ — neicTBu-
TebHAs YeTHAs KYCOUYHO-HENPEPhIBHASA (DYHKIUS, YIOBIETBOPSIONIAS YCIOBUIO
ycToiianBocTr ¢ KoHCTaHToi B > 0. PaccmarpuBaioTes Takyke yCTOWYHUBBIE MO-
TEHIWATBI ¢ TBePAOH cepanesmnoit: ¢(u) = +oo for |u| < ¢, rme ¢ — pammyc
TBEPAOH CepeBUHbI. B 3TOM CIydae ¢ npeanoiaraercs KyCOIHO-HEIPePbIBHOMN
U CyMMEpPYEMOii BHe mapa |u| < c.

ITycTh cucTeMa OMUCHIBAETCS TAMWILTOHMAHOM BUIA,

N
Hy(A) ==Y Ai+T, (14)
i=1

rae A; — oneparop Jlammaca i-0if 9acTUIbI ¢ TPAHUIHBIMU yeaoBusIMEU Jupuxiie,
a U — omeparop yMHOXKEHWsI, BUIA,

U(ug, - ,un) = Z o(u; — uy).

1<i<j<N

PaccmarpuBaiorcs cucreMbl, TOTIHHAIONIAECS CTaTucTukaM MakcBemna -
Bonpumana (MB-crarncruka), Bose - Ditamreiina (BY-crarncruka) nu ®epmn
- HMupaka (®-crarncruka). TmanbepTOBBIM TPOCTPAHCTBOM cHCTeMBl ¢ MB-
cTaTuCTHKO# cyuT mpocrpanctso L2(AY) KoMIIeKCHOZHAYHEBIX KBaIpaTHd-
HO WHTerpupyembix ¢yukimit or N nepemenubix. /s onucanus cucrem ¢ BI-
craructukoii (603oub1) 1 DJ-crarucrukoii (HepMHUOHBI), UCIOIB3YIOTCH MO~
npocrpancrsa L2(AY), (¢ = +) npocrpancrsa L2(AY), cocrosamee u3 dyHk-
upii cuMMeTpUYHbIX (€ = +) , COOTBETCIBEHHO, (DYHKLUI aHTUCUMMETPUIHBIX

(¢ = —) OTHOCHTENILHO MEPECTAHOBKY apTyMEHTOB.
O60zmaumM wepes S. = S. y mpoekTop Ha mommpoctparctso L2 (AN):
1 2AN
sz(ula o ,UN) = ﬁ Z 8(7T)f(uﬂ.(1), e 7u7r(N))a f €L (A )a
TELN



rae Iy - CUMMETpUYecKad TPYIa MepecTaHoBok u3 N spemenTos, e(mw) = 1
st 6030HOB, Jjisi bepMUOHOB £(7) paBeH 1 Ha YETHBIX ,u —1 HA HEYETHBIX
MMEPECTAHOBKAX .

Crarucrudeckas cyMmMa HONBITOr0 KaHOHHYIeCKoro ancambiga ['ubbca kBaH-
TOBOIO T'a3a B OrpaHm4YeHHoi obmactu A 3amaerca dhopMymaoi

oo Zn
Z(A) = Z_% — T exp(—BHy(A)) (15)
B ciydae ctaTuctuku MB, n
Zo(A) =) 2"TrS.exp(—BH(A)). (16)
n=0

B cay4dae cratuctuk BY wiu @I, rme z > 0 mapamerp, HA3BIBAEMbBIH AKTHB-
nocreio. IIpeacrasmenna @eiimana - Kama cTaTucTUYecKnx CyMM HMEIOT B/,

([, [8])

Z(A) = i %7: / ﬁdui/ﬁdPEi’“i(xi)lA(wi)x
n=0 =1 =1
ol Y i)

COOTBETCTBEHHO
20 =25 3 e [ TTow [ TTari o
=0 """ rez, Ar i i=1
~exp{f Z g%(xl - xj)},

1<i<j<n
rie 1a(z) = 1, ecim x(t) € A mast Beex 0 < t < § w paBeH HYJIHO B MPOTUBHOM
ciydae, Py" - nenopMuposanuas ycosHas Mepa Bunepa na npocrpamncrie A"
6POYHOBCKIX TpaeKTopmii u3 u B v 3a Bpems 3, u,v € R?. Hakowmernr,

B
Mz —y) = / dt p(a(t) — y(t)), T,y € XL, (17)

IMpu srom pax qus Z(A) cxogurcsa npu jobom z > 0, a pag gusa Ze(A)
TOJIBKO TIpU 2 < e BB,

Beipaxkenus mus Z(A) u Z.(A) ynoGHO TPeICTaBAATE B TEPMUHAX OPOYHOB-
ckux neresb. g sToro pacemorpum npocrpancrso C([0, 8], R?) seex snemen-
rapubix (6poynosckux) Tpaekropuii B R " ymnet" 4 > 0. Iycrs

Xjﬁ = {X € C([Ovjﬁ]’Rd) |X(O) :X(Jﬁ)}a j: 1a2a"' .
10



DJIeMeHTHI IPOCTPAHCTBA Xjg OyIeM HA3BIBATH CIOKHBIME HETIAMHA JJIHHLL 5.
B Tomosornm paBHOMEPHOH CXOTMMOCTH, TPOCTPAHCTBO X3 ABIAETCH HOTBCKAM
IPOCTPAHCTBOM, ¢ GopesieBckoil o-anrebpoii. O6o3naunm depe3 X (AU3bIOHKT-
HYI0) CYMMY TOHOJIOTHYECKUX OPOCTPaHcTB Xjg: X = Ujoil Xjg.

Bynem roBoputh, 4T0 371€MEHTAPHAS TPACKTOPUS T SABILETCS IEMEHTAPHON
cocTapiisiiorneit cinoxkuoit et X € X w nucarb € X ecam cyIiecTByer
1,0 < i < |X| Takoe, uto z(t) = X(t +i6),t € [0,5]. 3necy | X| = j, ecnm
X € X;p. Ona u € RY monoxum

X = (X € Xjp | X(0) = X(jB) = u}, A =[]

j=1
Omnpeneninm mepy P B npocrpancrse X", dbopmy:oi

gli=1zi

P =3 SR 0z )

Jj=1

rae € = 1 nyst 6030H0B U € = —1 g depmuonos. [loap3ysch KaHOHWYECKOIT
Guekrmeit T Mexxy mpocrpancreamu X u X0 x R? ompenemnm mepy Pe,» Ha
B(X) dopmynoit

Pe,z = (P&.O,’Z0 X A) or7 1, (19)

rae A Mepa JleGera ma RY.
Hamnee, pacemorpum npocrpanctso M = M(X) KOHEIHBIX TIOMMHOMKECTB
(koudurypanuit ) npocrpancrsa X u o- koneunywo mepy W,_ . Ha Hem, nosaras

£,z

o] 1
W,. . (h) = E E/ dpe - (X1) - - - dpe . (Xn) (X1, ..., X) (20)
n—O . n

rae h : M — Ry, npu srom pan wmaamuaerca ¢ h(0), [63]. dasa orpanmaen-
Hoit obmactum A C R?, onpenenmv muoxkectso M(X(A)) = M(A) xomedHbx
kordwurypamuii nerens B A, momarags M(A) = {w € M|w C X(A)}, tne
XA ={X eX|X(t)e A, Vte|0,B8X]]}.

Iycrs W, — orpanrudenue meper W, ma M(A). Torma W,_ ., — orpa-
unuennag Mepa ¢ W, (M(A)) = exp(pe,.(X(A))). CoorsercrByromas Be-
posiTHOCTHAsE Mepa, eXp(—pe (X (A)))W,_ _ | HA3BIBAETCS NYACCOHOBCKUM NPO-
yeccom 6 X (A) ¢ UMMEHCUBHOCBIO Pe », UM UDEAALHBIM 2a30M TEMeAb 6 A,
¢ akmusnocmvro 2 u co cmamucmukamu B uau Q1.

Ecnu Bmecto X B3ATH €0 MOMIPOCTPAHCTBO X3 & BMECTO MepHI P , — €ro
orpanudenue Ha Xz, PABHOE Zpg, TO, IO AHATIOTHH C BBINTECKA3AHHBIM, MBI TIPH-
JIeM K OIPEJIENICHUI0  Udeanvrozo 2a3a nemesv 6 A ¢ axmusnocmovio z u MB-
cemamucmurod, kak eepoammuocmnot mepos exp(—zpg(Xs (A>))szﬁ,/\'

11



Oupenenum suepruio U(w) KOHEUHOH KOH(DUTYPAIUYT CJIOKHBIX TETEb W 110
dopmyte
1
Uw) = Z Ul(X)+§ Z U2(X,Y), (21)
Xew X, Yew
rie .
D(X)=5 Y éla—y), LEY)= Y da-y), (22
z,yeX zeX,yeY
¢ ¢, ompenenennoit popmymoii (17). Torma pacupenenenne ubGea Qe,2,A HA
M(A) umeer Bug,
exp(=U)
Z:(A, z)

rae OOJIBIIAS CTATUCTUYECKAS CyMMa

QE,Z,A = WS,Z,A7 (23)

Z.(A,z) = Z%/ Pe2(AX1)oope (X)) exp(—U(X1, ..., X)), (24)
n=0 A

Mpbr nazbiBaeM Qe .. A 2a30M nemeas 6 A ¢ axmuenocmvio 2 U 83aumodeticmeu-
em ¢, nodwunmouwuxrca bI-cmamucmure usu O-cmamucmure .

B Paznmenax 3.4 u 3.5 uccimenyercs yobiBaHue KOPPEIAIUil B MOJAEIAX B3a-
umozeiicrBytomux neresib. I3secrno [28], uro ecsiu unrerpuposarsb OyHKUUIO
¢(z,y) OTHOCUTESILHO MEPBL P , MO MHOMKECTBY IETeNb Y, KOTOPbIE BBLIE3AI0T
3a map paauyca R+ r B R, B T0 BpeMsi, KaK IeT/Is T OCTAETCS B IIApPe PAH-
yca R, 1o maTerpas ybonIBaeT mo 7 CTEmeHHBIM 00pa3oM. DTO CBOMCBO Oepercs
3a, OmpeesieHne CTEeNeHHOro yObIBaHms (QPyHKIHA oT AByX mnerenab. B Pasmene
3.5, paccMaTpuBast PA3IUIHBIE MOJEN ra3a MeTeslb, Mbl JOKA3bIBAEM, UTO MIPH
€CTECTBEHHDBIX OTPAHUYEHUAX HA MOTEHIHAT ¢ , oA (x,y) yOBIBAET CTEMEHHBIM
00pazoM. DTOT PaKT CTAHOBUTCS TVIABHBIM T€XHUIECKHM CPEICTBOM IPH BBIBO-
JIe aCUMIITOTHYECKOTO PA3JIOKEHUs JIOrapudMa, CTATUCTUIECKON CYMMBbI KBaH-
TOBBIX cucTeM B [1ase 5.

B Pazgaesne 3.4, c ucionp3oannem Teopemsbr 3, oty 4eHbI OOIIHE OIIEHKH JBY-
YACTUYHBIX CEMUMHBAPUAHTOB /Il T'a3a IIE€TeJib, [PU ITOM Cjiydan abCOTIOTHO
WHTETNPYEMBIX MOTEHIINAJIOB U MOTEHIINAJIOB C TBEPIOH CEepAleBUHOU HCCIem0-
BAHBI OTIEIBHO.

Hycrs X = X(A), du(r) = dpe.(z)e V1@ g(z,y) = e 2@9) — 1 e
A—npousBosbHasg OrpaHuYeHHAsT 0DIACTb.

YeaoBue 4. Cywecmeyem neompuuyemenrvhai Gyrnkyus a ne X u 4ucao
p, 0 <p<1,maxue, wmo daal >0 ur >0,

a(l Yy) A r -l
/ AW ot )@ Dagy) < pa)(1+2) 7, (25
X<¢(Bo(R+r))

12



ona nowmu ecex © € X(By(R)), ede By(R)—wap paduyca R ¢ RY, a(y) =
max(a(y), 1).

Nmeer mecto

Teopema 5 (OcHoBHas OleHKa: uHTErpupyembiii norenuuasn). [lycms 6oi-
noanenss yeaosus 1, 8 u 4 , mozda dasn ecex nososcumenrvnur R, r > 0 u das
noumu ecex € X (By(R)),

/ dlul(y)loalz,y)| < O, p)e” @ @a(a)(1+r)~". (26)
X<e(Bo(R+r))

Janmee, 6ynem obo3HaYaTh BCe KOHCTAHTHI uepe3 C' yKa3bIBash TPU HEOOXO-
JIUMOCTH TOJIbKO 3aBUCHMOCTH OT MapaMeTpOB.

st uccnenoprust yObIBaHNUS KOPPEIANNN B CUCTEMAX ¢ MOTEHITHAIOM TBEP-
JOM CEepAIEBUHBI HAM TTOHAT00NTCS CASAYIONAaa MOANMUKAINA YCIOBHUT 4 .

YeaoBue 5. Cywecmeyem neompuuyemenvhai Gyrnkyus a nae X u “4ucao
p, 0 < p <1 makue, wmo dan l > 0 u ecex r > 2¢, 2de ¢ - paduyc meepdoti
cepouesuH,

R !
/ dps () ol )" Vay) < pa(e) (14 2) " @1)
X<(Bo(R+7r))

daa nowmu ecex © € X(Bo(R)), 2de a(y) = max(a(y),1).

B cayuae moTeHnmasioB ¢ TBEPAOH CEPAUEBUHON BEPHA CACAYOIIAI TEOPEMA,
anasnornynasa Teopewme 5.

Teopema 6 (OcHOBHAS OINEHKA: TBEPAAst CepANECBHHA). [Tycmb 6bimoaner

yeaosua 1, 8 u § , moeda daa ecex moaoocumesvnorr R, v > 0 u daa nowmu
scex © € X(By(R)),

/ dpl)loa(z.y)] < CL )@ P@a(m) 1+ 7)™ (28)
X<(Bo(R+7))

Bamerum, 4To oneHkn (26) u (28) paBHOMEpHBI 10 A, 94TO JesIaeT uX moses-
HBIMH MDY U3y 9YE€HNH [OBEJAEHNS JoraprudMa CTATCyMMBI B TEPMOAUHAMAIECKOM
npeserne.

YacTo ObIBAIOT [OJIE3HBIME OLEHKH, IIOJIYyYaIONINeCsd NPH JONOIHATE]bHOM
UHTErPUPOBAHUY TIO .

Teopema 7 (Ouenka asoitnoro unrerpana). ITycmo h : X X X — C us-
mepumas Gyrryua. IIpednoioscum, wmo cyuecmeyem usMepumas GyYHKuus

o HaG XO makaAa Ymo d/l,.ﬁ, GCETL TNONOHCUMENBHHLT R, r>0u d/l,.}?, noYvmu 6Cex
T e X(BO(R))7

/ dul(y)|h(z,y)| < a(z®)(1 +7)" (29)
X<(Bo(R+1))
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/X | @) Ih(z, 9)] < a(2?). (30)
Ecau npu samom dynkuus o ydosiemeopaem yYcaio8uro
[ dulada) < ca+m, @1
M(R)
mo
[ are.) | dul (), y)| < Cla, HA+R)L. (32)
X0 Xe¢(Bo(R))

B Pazaese 3.5, HakiaapBasg Pa3/IMdHbIe OTPDAHUYEHUS HA MOTEHIIAAT ¢ MBI
JOKa3bIBAEM CTEIEHHOE yObIBAHHE yCEIeHHOH IBYYIACTHUIHON KOPPEIaInOHHOMN
byHKIINK A1 COOTBETCTBYIONMX MOeel ra3a merens. [Ipu srom, B cumy Teo-
peMm 5 m 6, TOKA3aTEIbCTBA CBOJSATCH K MPOBEPKE COOTBETCBYIOMIMX YCJIOBUMA
1—5. Mbr paccMaTprBaeM CIEIYIONIME YCIOBUSA HA TTOTEHITHAI TAPHOTO B3AUMO-
JeficTBUs @ :

(1) ¢ - ernas dynxuus, oupejenentas na R,

(2) ¢ yIOBIETBOPSET YCAOBUIO YCTONUMBOCTH ¢ KOHCTaHTON B > 0: a1t Beex
PA3IMIHBIX U, - - -, Uy € RY,

> d(u; —uy) > —nB,

i<j

(3) ¢ mmeer mmeeT chepUIECKH CUMMETPHIHYIO TEEPLYTO CEP/IICBUHY DIy~
cac >0, re., ¢(u) =400 mna |u| < ¢; ¢ HEMPEPHIBHA BHE TBEPIOH CEP/IIEBAHB,

\|¢l|\1=/ duléi(u)] < 0o, 120,
]Rd

Pes(d) = / el < +oc, 120,

rae ¢i(u) = ¢(u)(1 + [ul)’, 120, ¢ = ¢.
Paccmorpum cHagasa caydail ommaakusatousezo nomenyuana (¢ > 0).

Teopema 8 (OrrankuBaiomuii unrerpupyembiii norennmas,[Bl]). Hycmo

nomenyuaa ¢ > 0 u ewnoanens, Yeaosus (1) u (4). Hyemv 2 < e73 u

Zc(dvl)H(blHlC(g"’1)[317%(14-5%71) <p<l (33)
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Tozda dan ecex noaosicomesvnor R, v u das nowmu ecex x € X(By(R)),

/ dps . (V)oa(X,Y)| < CLp)eX X1+ (34)
X<¢(Bo(R+r))

Teopema 9 (Vcroiiuusbiii uaTerpupyembiii norernuan). Iycmo sonoanens
yeaosus (1), (2) u (4). Hycmo z < e 30+85) 4,

zO(d,l)Hd)lHlC(g v 1)6""%5/31—% (1 + /3%—1) <p<l. (35)

Tozda das ecex nososicumervhox R, r v das nowmu ecex x € X(By(R)),

/ dpy - (V)oa(X,Y)| < CULp)eX X1 +7) (30)
JX¢(Bo(R+T))

PaccymoTrpum ciydaii ra3a meresnb, B3aUMOASHCTBYIONINX C MOMOIIBIO YCTOM-
YMBOI'O IOTEHILINAJa C TBEPAOH CEepAIEBUHON. 3aMeTHM, 9YTO HaJUYKEe TBEPHOM
CEP/IIIEBUHBI 3aMETHO OCJIOKHAET CUTYAINIO, T.K. TPUXOJINTCS OIEHNBATH WHTE-
TPaJibl OT T.H. BUHEPOBCKUX COCUCOK, UTO, CAMO IO cede, COMPSIKEHO C OIpee-
JISHHBIMU TpyAHocTaMU. MbI paccMorpum cay4dait MB crarucTukm B Ipemoso-
JKEHUH, 9TO HOTeHnuas ¢ yaosiersopser yeaosusam (1), (2), (3) u (47).

Buneposckaa cocucka S(x), nopoxaennas merneii © € X, onpemensercs
dopmymoit

S(z) ={ueR* | |z(t) —u| < ¢ for some t € [0, 5]}.
IIycrs
(k) = [ AP0 EONISEOP gk =012 @37)
e uepes | S ()| obosnaven o6rem cocnckn S(z). (CXOmMMOCTh 3ITHX UHTETPAOB
nokazana B Jlemme 3.13 auccepranum, oM. takxke [B3]). [omoxum
E =max(F;(1),4/E;(2),j =0,1,2), (38)

a TaKzKe
¢=eBYE, n=eBBp. (¢), (39)

rae pe,i($) onpeneneno B ycmosun (47).

Teopema 10 (Ycroitunpblil oTeHIMAN ¢ TBEpAOH cepuernHOM [B3]).
Iyemo evnoanenss yeaosus (1), (2) , (3) u (4°) na nomenyuas ¢ u nycmo 2z
YA06.AEMBOPAET, COOMHOUEHUIO

OB P+ P pp(0) (1455 ) <p<1, (40)
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2de b, - obvem wapa paduyca ¢ ¢ R?. Tozda dasn ecex R > 0,7 > 2c¢ u no-
ymu ecex * € X(Bo(R)), ycewernnas 08yHacmushas KOpPpeatstyuontas Gynryus
Y006.4eMEOPALTN, OULHKE

z / dp(y)|oa(z,y)| < C(1p)e T2BelSOI(|S ()| + 1)(1 + )7L,
X<¢(Bo(R+a))

Kombunupys aror pesyasrar ¢ Teopemoii 7, monydaem
Cuaeacrsue 1. B ycaosusax Teopemov, 10 umeem mecmo caedyiowas ouenka

o[ appe) | dp(y)lon(a® +u, )] < C(6. B, 7. d, )(1+ R)~"
X0 X“(Bu(R))

ons ecex u >0 u R > 6c.

B konre Paznena 3.5 mbl paccmarpuBaem ras mereas B A ¢ MB crarucrukoit
M yCTOHYMBBIM MHTErPUPYEMBIM HOTEHIUAIOM.

Teopema 11 [B3]. Fcau ¢ ydosremeopaem ycaosuam (1), (2) and (4), a
AKMUBHOCTNY 2 YO0BAEMEOPAET, COOTNHOUEHUN)

20(d,1)||u][1e* PP B~ (14 87) <p < 1, (41)

mo das ecex R > 0, ycenennas 08ynacmuunas KOppessyuonnas Gyuryus yoo-
BACTNEOPAET, OUEHKE

. / 4P () / dp()loa (@) < C(1+ R)™
X0 Xe(Bo(R))

¢ konemanmot C = C(P, 5, z,d).
DTOT pesyabraT SBJSeTCs OCHOBHLIM TEXHHYECKUM CPeICTBOM, MCIOJIb3ye-
MBIM TIPH BBIBOJIA, ACUMITOTUYIECKOTO pasoxkenus 1is In Z(A, z).

TnaBa 4 mocBsIeHa KJIACCUYECKUM HEMPEPBIBHBIM W JUCKPETHBIM CITHHO-
BBIM CHCTEMaM. 37eCh, B ITOM CPABHUTEJHHO MPOCTON CHUTYAIUU, MBI JE€MOH-
CTpUpYeM HOBBIN MeTON W3ydeHWs acuMnToTuku InZ(A,z) mpwm Gompmmx A,
KOTODBIN 3aTeM IPUMEHSETCH K MOJEJSAM B3aUMOIEHCTBYIOMNX OPOYyHOBCKHUX
TIeTEeh.

Acumnrorvka In Z(A, z) B ciiydae KIacCMYeCKUX CUCTEM U3yYaJIaCh PA3HbBI-
Mu aBropamu. [aBHbIil uieH 611 oy deH B paborax JIu u fura [B2], Ban-Xosa
[E8], Bropoil usieH Jjis JUCKPETHBIX cucreM — B paborax Jobpymmua [[8], Du-
wepa u Karunanna [B2]. JaabHeliinue 4ieHbl aCUMITOTHKY JIJIsT KJIACCUIECKUX
HEeIPEPbIBHBIX cucTeM Obliu 10J1yYeHbl apropoM gucceprauuu [B0]. Kose u Tan-
son [B], mpuMeHsist IpyToOil METOJ JOKA3ATENHCTBA, YTOUHNUINA 3TOT DE3YJILTAT.
JIJ1s KJTaCcCUYeCcKuX NUCKPETHBIX CIMHOBBIX CHCTEM ¢ ODIIUM B3aMMOIEHCTBAEM

16



aBTOPOM NMCCEPTANY AHAJOTMYHBLIN PE3yAbTAT ObLI MOJIyYeH B COABTOPCTBE
¢ ApsymansHom n HaxanersimoM [B0, BJ]. AcuMOToTHYecKre pa3ioxKeHUs JJIsi
InZ(A, z), B cydae HEMPEPHIBHBIX U JUCKPETHBIX CIIMHOBBIX CHCTEM, TIPHBEIIE-
wvol B Pazgenax 4.2 u 4.3 guccepramuu. Bo Bcex mepevyncaennpix paborax, s
[OJIyYEeHHs JTAJbHEHIINX YJIEHOB ACUMIITOTUKE HCIOJIb30BAJINCH OIEHKU BCEX
CeMMUHBAPHUAHTOB cucTeMbl. [IpeiaraemMbrii HAMM TTOJIXOM, MCTIOIBL3YET OIEHKH
TOJILKO BTOPOTO ceMunHBapuanTa |68, 62

Ilepeiimem k crmuOBBIM cucTtemaM. llycrs Y crangapTHOe MPOCTPAHCTBO C
o-aarebpoit ). 1o 03HaYaeT, 4TO Y SABISETCA HOAIPOCTPAHCTBOM HEKOTOPO-
I'0 HOJIbCKOI'O IPOCTPAHCTBA H IIPH 3TOM CJieJ] COOTBETCTBYIOMmel 6openeBCKoil
o-anrebpnl cormamaet ¢ V. Bremem moroe mpocrpancteo Y = {Y, 0} ¢ snemen-
ToM (), KOTOpEIl MBI HAa30BEM GakyyMoM. LlyCTh m — Mepa Ha Y TaKas, 9To
€ro OrpaHuYeHre Ha Y eCTh KOHEUHas (J/ig MPOCTOTHI, BEPOITHOCTHAS) MEPA U
m(0) = 1. Iycts M — MHOXKeCTBO Beex oTobpaskenuii 1) : Z¢ — Y Takux, uro
n(u) # ) TompKO My KOHEewHOTO WHCTa U € Z%:

Mz{n:Zd—>§~/’

s(n)| < oo}, (42)

rae s(n) = suppn = {u € Z% n(u) # 0}. M apngercsa KoHBUIYPAIMOHHBIM TIPO-
CTPAHCTBOM Halefl CIMHOBOH MOJIEIH C IPOCTPAHCTBOM CHHHOB Y. DJIeMeHTHI
M MBI HA3BIBAEM CIMHOBBIME KOH(HrypauusMu. [Iycrs

M) ={n:Z* Y | s(n) C A}, AcCZ (43)

PaccmarpuBaroTcst CIMHOBBIE CHCTEMBI C MHOTOYACTHYHBIM TIOTEHITAIOM ¢,
KOTOPBIN ABJIIeTCs AeHCTBUTENBHON m3Mepumoit dyukiueit Ha M. Bymem roso-
PHUTB, 9TO () — IBKIHMI0BO WHBAPUAHTHBIH noTeHnnai, eciu ¢(gn) = ¢(n) nas
mo6oro asromopduama g pemerku Z4, rae (gn)(u) = 1n(g(u)). Hakonern, noren-
UaJl ¢ HA30BEM TPAHCIANHOHHO-UHBAPUAHTHBLIM, eciiu ¢(1,) = ¢(n), mnsa Beex
a€Z, rae na(u) = n(u — a),

IIycrs § — TPaHCIAINMOHHO-HHBAPHAHTHAS MeTpuka Ha Z%. JIj1s KOHeaHOro
noxMuOKecTBa, pemerku Z4, obosnaunm uepes Ls(&) Munnmym mmun (oTHOCH-
TEJIbHO METPHUKH §) J€PEBbEB C BEPIIUHAMU HA & U, BO3MOXKHO, IPOM3BOJIHHBIX
JPYTUX TOUKAX perreTku. MbI mojaraeM, 94To ¢ yAOBJIETBOPSIET YCIOBUIO

ps(@) =Y sup e"@lp(n)] < oo (44)
EEM,0€€ ”]15(7])25

¢ METPHUKOH § Takoi, 910
1
Ds(l) = Z (1 + |u|) exp (—25(O,u)) < oo, I>d. (45)
u€Zd
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Onpemenum 3HEPrU0 KOHGUTYpAIMK 1) (DOPMYIIOLL:

Un)= Y. én) (46)

JCs(n)

rne ns(t) =n(t), t € Junst)=0,teZ\ J.

Pacnpenenenne Tu66ca Qa wa mpocrpanrctee M(A), crimroBBIX KOHDUTY-
pammii B kKoHewHOM Ob6beme A C Z%, samaerca mrorrocthio Z 1(A)exp(—U),
OTHOCHTE/IBHO MEPBI MA = [ [,cp M¢, My = m, rie HOPMUPYIONME MHOKHUTED

= m e U,
Z(A) /M(A) [T amso (47)

B pazuene 4.3, npumeHsia OLEHKUA CEMUMHBAPHAHTOB 10 Jepebam [0, B
(Ha3bIBaeMble TaKKe CHJIBHBIMH KJacrepHbiMu onenkamu |20, BI]) , Mbr goka-
3BIBAEM JIOKAJIbHYIO IPEJEILHYIO TeopeMy (JIILT.) JJIs YUC/Ia YaCTHUIL B OCPAHU-
genHoi obractu A.

Mycrs |n| = |s(n)] — wmcno wactan & xkordurypamuw € M(A). Mer cka-
JKEM, 9TO IS CIOydaiiHol semmawmnasr ||, n € M(A), umeer mMecTo J.ILT. ecam
npu |A] — 00, cooTHOImEHNE

(N — E[n|)®

Qa(n € M(A) : [ = N) = (2xDly|)~% exp { 2Dy

] (I+0(1)) (48)
MUMEeT MECTO PABHOMEPHO oTHOCuTensHO N € Z, Takux,aro N — E(n) ~ \A|%.

3nech
Elnl =Y NQa(ln| = N), Dln|=E(|n| — Eln|)*. (49)

N>0

DopMysupyeMas HUKE TEOPEMa JTaeT YCJIOBUAS Ha MOTEHIUAJ, TPH KOTOPHIX
JILIL.T. IJId YUACJIA YaCTUI] CJIEJIyeT U3 COOTBETCBYIOMIEH IIEHTPAJAbHON NIPEAeJIbHON
Teopembl (IL.1.T.) MBI ckazkem, 9TO Cay4qaiiHas BeawawHa |7)| (qmcno gacrui B
orpaHuveHHoit obractu A ) ynosaersopsier 1L.ILT. , ecam D{n| ~ D|A|, D > 0w

T b
Qa (77 e M(A) w < :z:) — (2#)7% / ef§dt, (50)
(Dlnl)= —oo
rae v € RY |A] — oo.
... a5 rubGCOBCKUX CTyTIaiiHBIX IOl oIy deHa, HampuMep, B paborax
(2, 2.
Mycrs 2(n) = e~ ?M | |s(n)| = 1 u nycrs 2 = sup,, [2(n)].
Teopema 12 [B2, B4]. ITycmb MPpancasyuonno uheapuaHmHbll nomenyuan
¢ ydosaemeopsem ycaosuam B4 u B ¢ | > 8d u nycmo

2Cs(p)(2eDs(1) +1) < 1 (51)
18



20e
Cs(¢) = 2exp(ps(¢) + (¥ — 1), (52)

Tozda a.n.m. 0as wucaa wacmuy, ciedyem usd uy.n.m..

Kowm6uuupyst Teopemy 12 ¢ Teopemoii 9.5.4 u3 paborsr [I2], monyuaem

Teopema 13 (JLILT. [BA]) ITpu yeaosusx Teopemsvr 12 wucao wacmuy |1
ydossemeopaem A.n.m..

Crenytomas TeopemMa JaeT ONeHKY CKOPOCTH CXOJWUMOCTH B JIILT. JIJIs GHACTIA
JACTHII,

Teopema 14 [E4]. [Tyems 36K4ud060 unBaPUAHMHBLT NOMENHYLUAL ¢ YOOBAE-
meopaem ycaosuam Teopemw, 12. Tozda, das mobozo napasresenuneda A C Z%
8EPHA CACOYIOULAA OUEHKQ

N — Eln|)?
|77>] < ¢ C>0.

2D|n| VK

Teopembr 12 u 13 monmydenst B cormectroit ¢ B. Apsymansuom u b. Haxaners-

HOM crarbax [B4, B2|. Teopema 14 nomywena B cosmectHolt ¢ b. Haxanersmom
crarbe [64].

B xonme I'taBbr 4 MBI paccMaTpPUBaEM KJIACCHUECKHE pPelreTdaThie THOOCOB-
CKHe CJIy9daiitble [0 B KOHedHOM oObeme A C Z%. Mbl mpuMeHseM acHMI-
TorUYecKoe pazsoxkenue Jorapudma crarcymmbl (cMm. Teopemy 4.2 nuccepra-
yH, a Takyke padorsl [B, B2| ) ay1st momydeHust JILILT. [JIs BEPOSTHOCTEH GO
MIMX YKJIOHEHUH YUC/Ia YacTHI[ B OOJBIIOM KAHOHMYECKOM aHcaMbie B A mpu
|A] = co. JokazaTemsCcTBO HCMONMB3yeT MOAUMUKAITAIO XOPOIIO W3BECTHOTO Mé-
rona Kpamepa [[] misg usyuenus BepositHOCTEH GONBIINX YKIOHEHHUH i CyMM
HE3aBUCUMbIX OJIMHAKOBO PACIPEIETEHHBIX CIIy YaiiHBIX BEJMIHH, 8 TAKIKE JI.ILT.
s aucna gactur (Teopemy 14). JIjis mpocToThl MBI (DOPMYIUPYEM DE3YIBTAT
s caydas d = 2.

Teopema 15 (Bosabmwe ykionenus, [B9, BY]. ITycmov seékiudoso uneapu-
anmmbli nomenyuas ¢ ydosaemeopaem ycarosusm Teopemwv, 12. Ioroocum
o =a(A,B,2) = N — Eln|. Ecau alA|"2 > 1 u a = o(|A]), mo daa awbozo
napaaresenuneda A C 72 eepra caedyrowan ouenxka

Pr(wEM(AR)‘\M:N) m\/ XRZ ep( 2|A| AR,())

a” n «
cexp | —[Arl Y AT Q) (o) {1+o(|AR|)],

n>3

sup | (@rDln)t P(n] = N) — exp {—(
NEZ+

20e Qnp () — m.n. Pynkyua yxaonenud (8], Komopas seasemces arnasumu-
weckotll pynkyuet om T 6 HeKomopoti OKPECTNHOCIIU Ha4aAa Koopdunam . Boaee
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mM020, 6MOPaA U MpemvAa npoussoduve Gynkuun Qp, () no x umerom ciedy-
OULUE PA3AOAHCEHUA:

" 0
A|7\;() - [a0(¢7 Z)R2|A‘ + a1(¢7 Z>R|8A‘ + a2(A7 (bv Z) + T(Aa ¢7 Z)]71
U
X/R,z(o) 2 —3
W = - |:a/0(¢7 Z)R |A| + a1 (¢7 Z)R|0A| + a2 (A7 ¢7 Z) + T(A7 (ba Z):|
8a0(¢’ Z) 2 aal(¢7 Z) aaQ (A7 ¢7 Z) 37’(/\, ¢7 Z)
. [ d(In z) RAL+ d(lnz) RIoAl + O(Inz) * d(ln z) }’
2de Dr(Anb.7)
AR, 9, 2) .
W —0(1), R*}OO7 ¥ —0,1

B TuaBe 5 Mbl paccMaTpuBaeM KBAHTOBBIN ra3, COCTOSIIHN U3 OIUHAKOBBIX
6eCCIMHOBBIX YacTUll B OrpaHudYeHHol obiactu A ¢ riankoii rpanuneii. Bynem
CYUTATH, YTO 007ACTh A — OTKPBITOE BBITYKJIOE OrPAHUYEHHOE TOIMHOXKECTBO
R? ¢ KOHETHEIM YHCIOM 3aMKHYTHIX BBITYKJILIX ALIP. 1IpH 3TOM, CBA3HEIE KOM-
MOHEHTHI rpaHuIlbl OA obmactu A, ABASIOTCS 3AMKHYTBIMUA OJHOMEPHBIMH MHO-
roobpasusmu kmacca CF, k=1,2,... Ilycrs O} — K1acc Takux obIaCTei.

Mper mosaraeM, 9To 9aCTHIIBI B3AUMOAEHCTBYIOT € TTOMOIIBIO TAPHOTO yCTOM-
YMBOTO HOTEHIMATA ¢ , Tae ¢ — UeTHAS HempepbiBHAs byHKIms HA R2,

Ocuosnoit pesynbrar Pasnena 5.1 onucbiBaeT mepBbie Ba UI€HA ACHUMIITO-
TUYECKOrO pasJiokeHus Jjorapudma crarcyMMbl In Z(Ag, z) KBAHTOBOrO rasa
Bonbimana. [lepsbrit 4jien nmeer TOPSA0K IJIONIAN, 8 BTOPOH — TOPSIOK JJTH-
HbI TpaHulbl obgactu Ag.

Teopema 16 [B3]. [Iycms nomenyuas ¢ ydosaemeopsarom yeaosusm (1),(2)
u (4), ¢l > 16. Tozda das 6cex z u3 UHMEPEAAG

-1

o<z <] [ aulowia+u 53)

u 060U obaacmu A € Oz, soeapudm cmamucmuneckols cymmos KEGHMOE020
203a Boavumana umeem caedyrousee pasiodcerue

In Z(Ag,2) = R*|A| Bp(0,2) + Rb(A, ¢, 2) + o(R) (54)

npu R — 400, 2de xosduyuenmo, p(@, z) u b(A, ¢, z) 3adaromes asHvimu 6bi-
PAAHCEHUAMU, 6 MEPMUHAT SUHEPOSCKUL UHMEZPAA06 om Pynkyuu Ypceara.
Teopema 16 mony4ena B cosmectHoit I. Ieccunom crarse [B3)].

20



B Paznese 5.2, namaras 6oJiee OrpaHUaUTeIbHBIE YCIOBUS HA, TIOTEHIIAAT ¢ U
06sacTh A, MBI BEIBOAUM TPeTuil (IIOpsIKa KOHCTAHTHI) YIEH ACUMITOTHYECKOrO
pas3ioKeHus Jorapudma CTATHCTHIECKOM CyMMbI KBAHTOBOTO ra3a Boabimana.
Mgt Tpebyem, 9T06bI TAPHBIH YCTONYIUBBIN TOTEHIHANT ¢ ObLT anddepeHImpyemM
U OPAHUYEH BMECTE CO CBOMMU [IPOU3BOIHBIMHE, IIPU ITOM

p(u)] < M, ||¢i]l = /R du|gy(u)| < 00, 1> 16 (55)

Vo) < 20" (196l = [ dulVou)] < -+x. (56)

Teopema 17 [B2]. Iycms nomenyuar ¢ u obascms A ydosaemeopsrom
CPOPMYNUPOBAHHBIM BBIUE YCAOBUAM U NYCMb AKMUBHOCTIS 2 YJOBAEMBOPA-
em COOMHOULEHUIO

0 < z < [2'8eBTE X max(M, ||¢i]|1, || V|]1)] L. (57)

Tozda dan moboii obaacmu A € O3z, aozapudm cmamucmumeckol Cymmbl KeaH-
moeoeo za3a bBoavumana umeem caedyrousee passorHcerue

In Z(Ag,2) = R*|A| Bp(¢, 2) + Rb(A, ¢,2) + c(A, ¢,2) +0(1)  (58)

npu R — 400, 2de xoadpuyuenmuve p(¢, z),b(A, ¢, 2) u c(A, &, 2) sadmomen ae-
HOLMU SUPAHCEHUAMUY, 6 MEPMUHAT EUHEPOSCKUT UHMEPAN0s om dyrKruuyu Yp-
ceana. Ecau nomenyuas ¢ 6006660K UHEAPUAHTIEH OMHOCUMEALHO 6PAULEHUT],
mo xoouyuenmo, b(A, ¢, 2) u c(A, ¢, z) mooicHo ynpocmums:

In Z(Ag, 2) = R?|A| Bp(0,2) + RIOA|b(¢, z) + 2mx(A) c(p, 2) + o(1).  (59)

Ipwu stom p(¢, z) nmeer cvbica nasnernd, b(¢p, z) MOKHO WHTEPIPETHPOBATH
KaK [OBEPXHOCTHOE HaTsxkenue, a X (A) — xapakrepucruka ditnepa - Ilyankape
objactu A .

BameTuM, 9TO ecsii MOJOKUTL ¢ = 0 B pasyoxeHud (62) TO, KAK YACTHBI
cay4ait Teopembr 17, momy4aem pesysbrar paborsl [B3] o6 acHMITOTHYECKOM
pasnoxernu 1n Z;4(Ag, z) 1st maeamsHOTO GOIBIMAHOBCKOTO TA3A.

Pazzen 5.3 u3y4aer KBaHTOBBI ra3 B orpanndeHnoii obmactu A C RY, d > 2
co crarucTukoii boze - Ditammreiina. BHavyane MbI BHIBOIUM ACUMIITOTHYECKOE
pasioxkenue jorapudgMa CTATUCTHYECKON CYyMMBI I WAeaJIhHOrO Bo3se rasa.
Barem, A4 caydas B3auMOaeicTByomero bose ra3a B orpannyenHoit 0bsacTu,
MBI TIOJIy9aeM sIBHOE BBIpasKeHUe IJid [JIABHOTO UJIEHA PABIOKEHUS U MOKA3bI-
BAaeM, 9TO MONPABKa mMeeT mopsaok R4,
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Jlorapudm crarucTuaeckoil cyMMbl naeasbHOro bose raza nMeer Bum:

InZ;4(A, z) = / P2 (X).
X(n)
Iycres F' — rpamcnanmonno naBapuanTHas dyrakmus #a X ( F(X +u) =
F(X), nnsaseex X € X0 wu € RY), rakas,aro F € Lo(X°, PY) aas nekoToporo
> 0.

Teopema 18 [B3]. Jaa npouseoavrot obaracmu A € Oz u ecex z us unmep-
sana 0 < z < Z umeem mecmo caAedyouLee Passodicenue

x|

F(X)dps (X)) =R Alag(F,z) + R ay (A, F, 2)
X(AR)
+ R 2a5(A, F, 2) + o(R7?)

npu R — 00. B cayuae, xozda dynxyua F, uneapuanmmna maxoice ommocu-
MeAbHO 8paeHUll, KoIPPHuyuenmbL a1 U Qg NPUHUMEIOM bosee nPpocmotl sud:

a1 (A, F,z) = |0A| @1 (F, 2), a2(A, F,z) = /HA(T’) do(r)ax(F, z).
OA

Kosgpuyuenmus ag, a1, az, a maxoce a1, az, 360aGH0MCA AGHBLMU SOLPANCEHUAMU
6 MEPMUHAL BUHEPOBCKUL UHMEZPAAOE OM HYHKYUL Ypceaaa.

Bamerum, 9TO B 9acTHOM caydae, npu F = 1, Teopema 18 maer passoxkenue
InZ;4(AR, 2), B xoropom npu d = 2 kK03bDUIHUEHT Go YUCTO TOMOJOrHUECKHIA,
Kak 970 caeayer u3 reopembl [aycca - Bornme. OH paBen xapakTepuctuke Jiiepa
- ITyankape obmactu A.

Caenytomuil pe3ynbTar 1aeT ABHbBIH BUJ, [JIABHOTO YJIEHA ACUMIITOTUKH
In Z(AR, z) nna s3anmogneiicrsyiomero Bose rasa.

Teopema 19 [Ed].[Tycmb neompuyameavruli nomenyuar ¢ ydosaemeopa-
em yeaosuam (1) u (4), ¢l > 1, u nyemo z npunadaescum unmepsary

1—4 d -1
0<z<[c@nlalhs#(5+1)] (60)
Tozda das m0boti ozparnunennoti obracmu A C RY,
InZ(Ag,z) = RYA|p(, z) + O(R™)

npu R — oo, ade

po.s) = [ariio) [ LIRS

lw] +1
M(X)
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B 3akmountensaoM pazzesne 5.4 auccepTanii Mbl pACCMATPUBAEM B3aUMO-
geiictBytommuii bo3ze ra3z B MHOrOyrombHo# obmactu. Ilpumenss MeTom, OTand-
HBI OT TOT'0, KOTOPBIA MPUMEHSIICA B ClIydae obIacTeil ¢ TIaakol rpaHuIeit,
MBI BBIBOJIMM BCe HEYOBIBAIOIIME YIeHbl acuMITOTHKY In Z (AR, 2).

IIycts A — BEITYKJIAsS MHOTOYTOMBHAA 001acTh B R? ¢ yromavm 01, ..., 0,,.

Teopema 20 [BA]. ITycms Heompuuamesbhvld U UHBEPUGHMEHBLT OTMHOCU-
meabHo epawenudi nomenyuan ¢ ydosaemeopsem ycaosuio (4) ¢l > 1. Tozda
dns 060t evinykaoti mnozoyzosvnoti obracmu 6 R? u das ecex z us unmep-
8a.na

0 <z <[CWlll¢ @) (61)

UMEETN, MECTNO c./ledymugee Pa3noaHcerue

InZ(Ag, B,2) = R*|Alp(¢, B, 2) + ROAD(¢, B, 2)

+ Z c(0;,9,8,z)+ o(1) (62)

npu R — 0o , 2de xoopduvuenmo, p(o, 5, 2),b(d, B,2) u c(0,¢,5,2) sadaemea
AGHUMU SUPANCCHUAMYU, 6 MEPMUHAL GUHEPOSCKUT UHMEZPAA0E OM PYHKUUY
Vpceanra.
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Summary

The thesis presents a new general approach to the cluster expansion method,
one of the most powerful methods for the study of Gibbs random fields. This
approach can be applied to classical and quantum systems both discrete and
continuous.

With the help of this method a useful inequality for the abstract two-point
semiinvariant is proved. This inequality becomes a basis for other more detailed
estimates of two-point semiinvariants of the Gibbs random fields in bounded
domains which are proved in this work.

All these estimates are independent of the size of the domain which makes
them efficient in the study of asymptotic properties of Gibbs distributions in
thermodynamic limit.

The main object of investigation is the partition function of the Gibbs
distribution of quantum gases with various statistics.

To apply the bound of abstract semiinvariants to the study of quantum
systems, the so-called Feynman - Kac representation of a quantum gas as a
system of interacting Brownian loops (interacting loop gas) is used.

For a function of two Brownian loops an integral type decay property is
introduced. It is proved that if the classical pair potential has a power decay
then the two-point semiinvariant of the corresponding loop gas has the same
type of decay.

The cases of repulsive integrable, general stable integrable potentials and
potentials with hard core are considered and corresponding bounds for the two-
point semiinvariants are obtained.

These bounds are the main technical tool for the derivation of the large
volume asymptotic expansion of the log-partition function.

Such expansions are proved for classical gases with pair potential as well as
for lattice spin models with general many body potential.

As an application of these results we prove the central local limit theorem,
give a bound for the convergence rate and prove the local limit theorem for
the probabilities of large deviations of the particle number in a grand canonical
ensemble.

The proof of the large volume asymptotics is based on a new method for the
derivation of such expansions. This approach, in contrast to the existing ones,
uses bounds for the two-point semiinvariants only.
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A modification of this method is applied to derivation of the asymptotic
expansion of the log-partition function of quantum gases.

For interacting Bolzmann and the ideal Bose gases in planar domains with
smooth boundary it is proved that the coefficients of the expansion depend on
the area, the boundary and the Euler-Poincare characteristic of the domain.

By using another method a similar result is obtained also for interacting
Bose gas in polygonal domains.

Withnthwghp

Wpbbwpnun pjntimd wnwewnyuwd £ inp phnphwinip dnptignid Ghpuywb
wunpuhwljmb nuoptiph nuumduuhpimb wikiiwhgnp dGpnnitnhg dayh uu-
iptinuyht ypineymbotph dbennh tJunpdudp: Wu dnpbignidn Yhpuntih £ pouw-
Jqub b pyubpuwyhb, hbswtu wipinhuy, wybybu twb ponhwp hwdwljupgbph
hwdwn:

Uoywd dbpnnh oqlnipjudp wpugyud £ jupunp wihwjuwuwmpmpmb tGpglb-
pubh wpuyppulpyp ubdhhoJuphwbypbtinh hwdwnp:

Wu wihwjwuwpnipyndp hhdp t hwinpuwbnd vwhdwbupwly phpnyend
Ghpuywl wuypwhwlwi nupptph tphiypwoh vbdhhbjuphwigbtph pupptip
qhwhwpuubtbtpn wyugnigbnt hudwp: Wu gbwhwpujubbbtpp wpnymawybig
LU ptpinphtwihujub vwhdwbmd, pmbh np Juhqwsd s6b pphpnyeh swthubiphg:

Munuibwuppnpjud hpdtwwd wowpub E pubypuhtt quqbph Shpuyub
puphumdtitiph Ypdwugpujut gnudwpp: Yhypupynd &b ypupptip ypdwugnne-
Pynibbbp:

Upuppulyp utidhhtJuwphwowpbtph qwhwypujubp jhpwetine byuquyny
ogqypugnpdymu £ pyubpughtl qugh, wyumbu Yngjud dhjdwb-Gugh btipjujw-
gnuip nptiu thnpowgnnn Apnmbyub onwitph hwdwljwpg:

Bpynt Apnmbywb onuitphg $mbghuyh hwdwnp tqupugpud £ hoptigpuy
phyh jugqiwb hunpynieymib, npp hhdtwpuwp nbp £ jugpupnd htipugqu nhypaap-
ynuddipnud: Ququgmgyud k, np tph nuuwud qnyq yniptitighwp tJugmd £ wu-
phéwbwyht aunyg wwu Gpyytypwth vbdhhtjupphwignd mbh Gnyb phuh tJugnud:

THhpuiplynid G wopbbghwibbph puppbp guuobn. Joing hinptigpth, pogho-
Unip Yuynih htnpbgnpbih, htgytu twl whin Ynphgny: Wu popnp nhwptiph hudwnp
wyugngynd b gbwhuwpuubttip hwdwuyugpuupiub Gpyytyputh ubdhhtguph-
whypbbtiph hwdwn:

Uoywd giwhunpujubbtpp hwbnhuwimd &0 wgh hhdbwluwb phiubhiulub
gnnohpp, nph dhongny upugymd Gh nuuwiui b pyuigpuyhtt hwdwlupgtph
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Jhwugnujwd gnudwpp (nquphpyh wuhduppngply yapndmeymbitpp: Liwh
phugp Yytipmdnipyniditn wyyugmgywd b qniyq wniptitighwny nuuwljwd quqgbi-
nh, hosytu twb pinhunp uyhbwghtt Unnbiobph hwdwnp:

Nputiu wyu wpnymbpbbtiph Yhpwemd dkbp wuyqugnigmd Gop Yahppnbwub
nqu vwhdwiuyhtt phinptd, qiwhwypmy thp gniqudhypmpyul wpugnipnip L
wyugnignid Gip (nu uvwhdwiuyht pinptd vwhywbwthwy phpnypnd twubhy-
ttiph pYh dkd stinmuibttph hwywbwljwbmpymbbbph hwdwn:

Yhtwhugpujub gnuwnph nquphpdh wehdupgpophl eponsnyeniop waw-
gnigbiim hwdwp oquipugnpdymud k tnp dbenng: Wyu dnipligndt h ypupptipnmpeynid wy;
gnynipymb mbtignnbtiph ogypugnpdmu £ dpuyb Gpiytypwdh utdhhtuphwbgpbbph
gbwhunpujmbbtipn:

Wu dbpnnh upuptjugnpdywd grupptpuln Ghpunymd hnpuwgnnn pjuo-
ypuyht qugh yhewjugpujud gmiwph wuhdupypniphy Ybpndniegymbp wupugni-
gtiim hwdwip: Onnply uwhdwbbbtpny hwpe phpmpitpnd Anjguwdh thnpuwgnnn b
Pnqbih hnbwmub qugbinh hwiwp wyugnigywd &, np yppmdmpub gnpduljhg-
Utipp Jupuguwd &b phpnyph dwuybptuh, Gqpnugdh Gplupmpyut b EjGp-Mmwubu-
nbh ponipwgnhshg:

Pwuqiubyymb phpnypnmd hnjuwqnnn Angtih gqugh hundwp uypugud £ odwb
wnrynihp wy dbpnnh Jhpundudp:
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