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Îáùàÿ õàðàêòåðèñòèêà ðàáîòû

Àêòóàëüíîñòü òåìû. Òåîðèÿ ãèááñîâñêèõ ñëó÷àéíûõ ïîëåé, êàê âåòâü
òåîðèè âåðîÿòíîñòåé , âîçíèêëà â 1960-õ ãîäàõ, áëàãîäàðÿ ðàáîòàì Äîáðó-
øèíà [14, 15, 16, 17], Ëàíôîðäà è Ðþýëÿ[31], Ìèíëîñà [36, 37], Ìèíëîñà è
Ñèíàÿ [38, 39, 40, 41], â êîòîðûõ îíè îïðåäåëèëè ãèááñîâñêèå ñëó÷àéíûå
ïîëÿ êàê ñïåöèàëüíûå âåðîÿòíîñòíûå ìåðû íà ïðîñòðàíñòâå áåñêîíå÷íûõ
êîíôèãóðàöèé. Ýòî ïîçâîëèëî ñîçäàòü ìàòåìàòè÷åñêèé ôóíäàìåíò çàäà÷
ñòàòèñòè÷åñêîé ôèçèêè, â ðàìêàõ êîòîðîãî óäàëîñü ïîëó÷èòü ñòðîãîå îïè-
ñàíèå ôåíîìåíà ôàçîâûõ ïåðåõîäîâ â ðàâíîâåñíûõ ôèçè÷åñêèõ ñèñòåìàõ â
òåðìèíàõ íååäèíñòâåííîñòè ãèááñîâñêîãî ñëó÷àéíîãî ïîëÿ. Ïðè ýòîì åäèí-
ñòâåííîñòè ãèááñîâñêîãî ïîëÿ îòâå÷àåò ñëàáàÿ çàâèñèìîñòü åãî êîìïîíåíò.

Òåîðèÿ ãèááñîâñêèõ ñëó÷àéíûõ ïîëåé íàøëà ïðèìåíåíèÿ íå òîëüêî â
ôèçèêå, íî è â òåîðèè ðàñïîçíàâàíèÿ îáðàçîâ, òåîðèè íåéðîííûõ ñåòåé è
ò.ä.

Íà÷èíàÿ ñ 1970-õ, ðàáîòû ïî òåîðèè ãèááñîâñêèõ ñëó÷àéíûõ ïîëåé âå-
ëèñü â îòäåëå �Èíòåãðàëüíàÿ è ñòîõàñòè÷åñêàÿ ãåîìåòðèÿ� Èíñòèòóòà ìà-
òåìàòèêè ÍÀÍ Àðìåíèè. Ê íà÷àëüíîé ôàçå ýòèõ èññëåäîâàíèé îòíîñÿò-
ñÿ ðàáîòû Á. Íàõàïåòÿíà [43, 44] ïî ïðåäåëüíûì òåîðåìàì äëÿ äèñêðåò-
íûõ ãèááñîâñêèõ ñëó÷àéíûõ ïîëåé, à òàêæå ðàáîòû àâòîðà äèññåðòàöèè ïî
èññëåäîâàíèþ ïîâåäåíèÿ ñòàòèñòè÷åñêîé ñóììû êëàññè÷åñêèõ ñèñòåì ïðè
áîëüøèõ îáüåìàõ [59, 46, 47] . Çíà÷èòåëüíûé è îðèãèíàëüíûé âêëàä ñî-
ñòàâèëè ðàáîòû Ð. Àìáàðöóìÿíà ïî îïèñàíèþ íîâûõ êëàññîâ ãèááñîâñêèõ
ïîëåé, îñíîâàííûå íà êîìáèíàòîðíîì (ïðèíöèï âêëþ÷åíèÿ-èñêëþ÷åíèÿ )
ïîäõîäå ê ïîñòðîåíèþ òî÷å÷íûõ ïðîöåññîâ [2, 3, 4]. (Ïîçæå ýòè ðàáîòû áû-
ëè ïðîäîëæåíû Æ. Ëåáîâèòöåì [30] è åãî ãðóïïîé â óíèâåðñèòåòå Rutgers,
ÑØÀ.)

Îòìåòèì òàêæå íåäàâíèå ðàáîòû Á.Íàõàïåòÿíà ñîâìåñòíî ñ Ñ. Äàøÿ-
íîì [10, 11], â êîòîðûõ ðåøåíà èçâåñòíàÿ ïðîáëåìà Äîáðóøèíà îá îïèñàíèè
ñëó÷àéíûõ ïîëåé ñ çàäàííûìè îäíîòî÷å÷íûìè óñëîâíûìè ðàñïðåäåëåíèÿ-
ìè. Ñîâìåñòíî ñ Â. Àðçóìàíÿíîì è Á. Íàõàïåòÿíîì àâòîðîì äèññåðòàöèè
èññëåäîâàëèñü ðàçëè÷íûå ñâîéñòâà êëàññè÷åñêèõ ðåøåò÷àòûõ ñïèíîâûõ ñè-
ñòåì [50, 51, 52, 53, 54] .

Îäíèì èç íàèáîëåå ìîùíûõ ìåòîäîâ èññëåäîâàíèÿ ãèááñîâñêèõ ñëó÷àé-
íûõ ïîëåé ÿâëÿåòñÿ ìåòîä êëàñòåðíûõ ðàçëîæåíèé [13, 34] . Îí ïîçâîëÿ-
åò ïðåäñòàâèòü ëþáóþ ëîêàëüíóþ õàðàêòåðèñòèêó ãèááñîâñêîãî ñëó÷àéíîãî
ïîëÿ (ëîãàðèôì ñòàòèñòè÷åñêîé ñóììû, ñðåäíèå ëîêàëüíûõ ôóíêöèé è ò.ä.)
â âèäå àáñîëþòíî ñõîäÿùåãîñÿ ðÿäà, ãëàâíûé ÷ëåí êîòîðîãî ñîîòâåòñòâóåò
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ñèñòåìå áåç âçàèìîäåéñòâèÿ, à ïîñëåäóþùèå ÷ëåíû ó÷èòûâàþò âçàèìîäåé-
ñòâèå. Ìåòîä ýôôåêòèâåí â îáëàñòè ìàëûõ âçàèìîäåéñòâèé è ïîçâîëÿåò
ïðîâîäèòü ïîëíûé àíàëèç. Â ýòîì ñìûñëå, ìåòîä êëàñòåðíûõ ðàçëîæåíèé
âûñòóïàåò â âèäå íåêîòîðîãî âàðèàíòà òåîðèè âîçìóùåíèé. Ìåòîä èìååò
âàæíûå ïðèìåíåíèÿ â ñòàòèñòè÷åñêîé ôèçèêå, êâàíòîâîé òåîðèè ïîëÿ è
ò.ä.

Â äèññåðòàöèè ïðåäëîæåí íîâûé îáùèé ïîäõîä ê ìåòîäó êëàñòåðíûõ
ðàçëîæåíèé.

Îñíîâíûì îáüåêòîì èññëåäîâàíèÿ äèññåðòàöèè ÿâëÿþòñÿ ìîäåëè âçàè-
ìîäåéñòâóþùèõ áðîóíîâñêèõ ïåòåëü � êâàíòîâûå ñèñòåìû â ïðåäñòàâëåíèè
Ôåéìàíà � Êàöà. Òàêèå ìîäåëè âïåðâûå áûëè ðàññìîòðåíû â ðàáîòàõ Æè-
íèáðà [26, 24, 25] .

Ãëàâíûì ðåçóëüòàòîì äèññåðòàöèè ÿâëÿåòñÿ àñèìïòîòè÷åñêîå ðàçëîæå-
íèå ëîãàðèôìà ñòàòèñòè÷åñêîé ñóììû êâàíòîâûõ ñèñòåì. Ýòîò ðåçóëüòàò
îñíîâàí íà ðàçðàáîòàííîé â äèññåðòàöèè ïðèíöèïèàëüíî íîâîé ìåòîäèêå
âûâîäà àñèìïòîòè÷åñêèõ ðàçëîæåíèé, êîòîðàÿ èñïîëüçóåò îöåíêè âòîðîãî
ñåìèèíâàðèàíòà, íå ïðèáåãàÿ ê îöåíêàì ñòàðøèõ ñåìèèíâàðèàíòîâ. Äëÿ ïî-
ëó÷åíèÿ îöåíîê âòîðîãî ñåìèèíâàðèàíòà äëÿ ãàçà ïåòåëü ââîäèòñÿ êëþ÷åâîå
ïîíÿòèå óáûâàíèÿ ôóíêöèè, îïèñûâàþùåé âçàèìîäåéñòâèå äâóõ ïåòåëü ïðè
èõ äîñòàòî÷íîé "óäàëåííîñòè"[65].

Ñëåäóåò îòìåòèòü, ÷òî ïîëó÷åííîå ðàçëîæåíèå ìîæåò áûòü ðàññìîòðåíî
êàê åñòåñòâåííîå îáîáùåíèå èçâåñòíîé çàäà÷è î âû÷èñëåíèè àñèìïòîòèêè
ñòàòèñòè÷åñêîé ñóììû Tr exp(β∆) =

∑∞
n=1 e

−βλn ïðè β → 0 [62] (ñì. òàêæå
[68]). Çäåñü λn � ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà Ëàïëàñà −∆. Ýòà çàäà÷à
âîñõîäèò ê ðàáîòàì Ã. Ëîðåíöà è Ã. Âåéëÿ [28].

Îòìåòèì òàêæå, ÷òî â ïîñëåäíåå âðåìÿ ìîäåëè âçàèìîäåéñòâóþùèõ áðî-
óíîâñêèõ ïåòåëü ïðèâëåêàþò çíà÷èòåëüíûé èíòåðåñ, î ÷åì ñâèäåòåëüñòâó-
þò, íàïðèìåð, ðàáîòû [5, 19, 35, 23, 69].

Öåëü ðàáîòû.

1. Ðàçðàáîòàòü íîâûé àáñòðàêòíûé ïîäõîä ê ìåòîäó êëàñòåðíûõ ðàçëî-
æåíèé, ïðèìåíèìûé êàê ê êëàññè÷åñêèì, òàê è ê êâàíòîâûì ñèñòåìàì
(äèñêðåòíûì è íåïðåðûâíûì).

2. Èññëåäîâàòü óáûâàíèå êîððåëÿöèé â ìîäåëÿõ âçàèìîäåéñòâóþùèõ
áðîóíîâñêèõ ïåòåëü.

3. Ïîëó÷èòü àñèìïòîòè÷åñêîå ðàçëîæåíèå ëîãàðèôìà ñòàòèñòè÷åñêîé
ñóììû êâàíòîâûõ ñèñòåì.

Ìåòîäû èññëåäîâàíèÿ. Â ðàáîòå èñïîëüçóþòñÿ ìåòîäû òåîðèè âåðî-
ÿòíîñòåé, òåîðèè èíòåãðèðîâàíèÿ â ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ äèô-
ôåðåíöèàëüíîé ãåîìåòðèè, òåîðèè ãðàôîâ è êîìáèíàòîðèêè.
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Íàó÷íàÿ íîâèçíà. Âñå îñíîâíûå ðåçóëüòàòû ðàáîòû ÿâëÿþòñÿ íîâûìè.

Ïðàêòè÷åñêàÿ è òåîðåòè÷åñêàÿ öåííîñòü. Ðåçóëüòàòû ðàáîòû íîñÿò
òåîðåòè÷åñêèé õàðàêòåð, îäíàêî ìîãóò íàéòè ïðèìåíåíèå â ñòàòèñòè÷åñêîé
ôèçèêå, êâàíòîâîé òåîðèè ïîëÿ, à òàêæå â òåîðèè ðàñïîçíîâàíèÿ îáðàçîâ,
òåðèè íåéðîííûõ ñåòåé è ò.ä.

Àïðîáàöèÿ ïîëó÷åííûõ ðåçóëüòàòîâ. Îñíîâíûå ðåçóëüòàòû äèññåð-
òàöèè äîêëàäûâàëèñü è îáñóæäàëèñü íà ñåìèíàðàõ: óíèâåðñèòåòà Áèëåôåëä
(Ãåðìàíèÿ); óíèâåðñèòåòîâ Ðèì -1, 2, 3 ( Èòàëèÿ); óíèâåðñèòåòà Àðèçîíà
(Òóññîí, ÑØÀ); Èíñòèòóòà ìàòåìàòèêè óíèâåðñèòåòà Ïîòñäàì ( Ãåðìàíèÿ);
â Èññëåäîâàòåëüñêîì Öåíòðå BiBoS Èíñòèòóòà ìàòåìàòèêè óíèâåðñèòåòà
Áîíí (Ãåðìàíèÿ); îòäåëà èíòåãðàëüíîé è ñòîõàñòè÷åñêîé ãåîìåòðèè Èíñòè-
òóòà ìàòåìàòèêè ÍÀÍ Àðìåíèè è äð.,

à òàêæå íà ìåæäóíàðîäíûõ êîíôåðåíöèÿõ: �Âåðîÿòíîñòíûå ìåòîäû â
ìàòåìàòè÷åñêîé ôèçèêå�, Íîð-Àìáåðä, 1988; �In�nite-dimensional stochastic
di�erential equations in statistical mechanics�, Ëèëëü (Ôðàíöèÿ), 1998; �Cluster
expansions in statistical mechanics�, Ïàðèæ, 2000; �In�nite dimensions: The
Minlos e�ect in mathematics and physics�, Ìîñêâà, 2001; �On the Gibbs path:
a random �eld trip�, Áèëåôåëä (Ãåðìàíèÿ), 2002; �Mathematical problems
in Dynamics and statistical physics�, Êàìåðèíî (Èòàëèÿ) 2004; �Problems in
statistical mechanics�, Ïîòñäàì (Ãåðìàíèÿ), 2004 è äð.

Îñíîâíûå ðåçóëüòàòû äèññåðòàöèè îïóáëèêîâàíû â 21 ñòàòüÿõ, ñïè-
ñîê êîòîðûõ ïðèâîäèòñÿ â êîíöå àâòîðåôåðàòà.

Ñòðóêòóðà è îáúåì äèññåðòàöèè.Äèññåðòàöèîííàÿ ðàáîòà èçëîæåíà
íà 153 ñòðàíèöàõ, ñîñòîèò èç ââåäåíèÿ,÷åòûðåõ ãëàâ è ñïèñêà ëèòåðàòóðû,
ñîäåðæàùåãî 112 íàèìåíîâàíèé.

Ñîäåðæàíèå ðàáîòû

Âî ââåäåíèè (Ãëàâà 1) äàåòñÿ îáçîð ðåçóëüòàòîâ, ñâÿçàííûõ ñ òåìîé
äèññåðòàöèè, à òàêæå ïðèâîäèòñÿ êðàòêîå îïèñàíèå åå ñîäåðæàíèÿ.

Ãëàâà 2 ïîñâÿùåíà ìåòîäó êëàñòåðíûõ ðàçëîæåíèé. Ýòîé òåìàòèêå ïî-
ñâÿùåíî áîëüøîå êîëè÷åñòâî ðàáîò. Îòìåòèì, íàïðèìåð, îáçîðû [7, 45, 1]
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è öèòèðîâàííóþ ëèòåðàòóðó â ìîíîãðàôèÿõ [34, 49, 27]. Âñå âîçðàñòàþùåå
èõ ÷èñëî ñäåëàëî íåîáõîäèìûì ñîçäàíèå îáùèõ ïîäõîäîâ. Â ýòîì íàïðàâëå-
íèè âàæíûì âêëàäîì ÿâëÿåòñÿ ðàáîòà Êîòåöêîãî è Ïðàéñà [29], â êîòîðîé
äàþòñÿ óäîáíûå óñëîâèÿ ñõîäèìîñòè êëàñòåðíûõ ðàçëîæåíèé, îäíàêî èõ ðå-
çóëüòàò ïðèìåíèì òîëüêî ê äèñêðåòíûì ñèñòåìàì. Ñëåäóåò îòìåòèòü, ÷òî
êàê ýòîò, òàê è äðóãèå îáùèå ïîäõîäû ìîãëè ïðèìåíÿòñÿ òîëüêî ïðè óñëî-
âèè íåîòðèöàòåëüíîñòè ïîòåíöèàëà âçàèìîäåéñòâèÿ.

Ïîäõîä ïðåäñòàâëåííûé â ýòîé ãëàâå, ïðèìåíèì êàê ê êëàññè÷åñêèì òàê
è êâàíòîâûì ñèñòåìàì, ñ îáùèì óñòîé÷èâûì âçàèìîäåéñòâèåì, âíå çàâèñè-
ìîñòè îò òîãî äèñêðåòíûå ýòè ñèñòåìû èëè íåïðåðûâíûå [70].

Ïóñòü (X, µ) ïðîñòðàíñòâî ñ êîíå÷íîé êîìïëåêñíîé ìåðîé. Ðàññìîòðèì
èçìåðèìûå êîìïëåêñíûå ñèììåòðè÷íûå ôóíêöèè u è q íà ïðîñòðàíñòâå
X× X, ñâÿçàííûå ñîîòíîøåíèåì

q(x, y) = e−u(x,y) − 1. (1)

Âåùåñòâåííàÿ ÷àñòü u ìîæåò ïðèíèìàòü çíà÷åíèå +∞, q ïðè ýòîì ïîëàãà-
åòñÿ ðàâíûì −1. Â ïðèëîæåíèÿõ, u(x, y) îáû÷íî ïðåäñòàâëÿåò ñîáîé âçàè-
ìîäåéñòâèå ìåæäó îáüåêòàìè x è y , à çíà÷åíèå +∞ ñîîòâåòñòâóåò òâåðäîé
ñåðäöåâèíå. Îïðåäåëèì ôîðìàëüíî ñòàòèñòè÷åñêóþ ñóììó

Z =
∑
n≥0

1

n!

∫
dµ(x1) . . .

∫
dµ(xn)

∏
1≤i<j≤n

(
1 + q(xi, xj)

)
. (2)

(ïðè n = 0, ñîîòâåòñòâóþùèé ÷ëåí ðÿäà ïîëàãàåòñÿ ðàâíûì åäèíèöå).
Ïðèâåäåì óñëîâèÿ íà ôóíêöèþ q, èñïîëüçóåìûå ïðè ïîëó÷åíèÿ êëàñòåð-

íûõ ðàçëîæåíèé.
Óñëîâèå 1.Ñóùåñòâóåò íåîòðèöàòåëüíàÿ ôóíêöèÿ b íà X òàêàÿ, ÷òî

äëÿ âñåõ n è ïî÷òè âñåõ x1, . . . , xn ∈ X,

∏
1≤i<j≤n

∣∣1 + q(xi, xj)
∣∣ ≤ n∏

i=1

eb(xi).

Îáû÷íîå óñëîâèå óñòîé÷èâîñòè ïîëó÷àåòñÿ êîãäà b åñòü êîíñòàíòà.
Óñëîâèå 2. Ñóùåñòâóåò íåîòðèöàòåëüíàÿ ôóíêöèÿ a íà X ,òàêàÿ,

÷òî äëÿ ïî÷òè âñåõ x ∈ X,∫
d|µ|(y) |q(x, y)|ea(y)+2b(y) ≤ a(x).

Ìû òàêæå áóäåì ïîëüçîâàòüñÿ è ñëåäóþùèì, áîëåå ñèëüíûì óñëîâèåì.
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Óñëîâèå 3. Ñóùåñòâóåò íåîòðèöàòåëüíàÿ ôóíêöèÿ a íà X è ÷èñëî
p, 0 < p < 1 ,òàêèå, ÷òî äëÿ ïî÷òè âñåõ x ∈ X,∫

d|µ|(y) |q(x, y)|ea(y)+2b(y)â(y) ≤ pa(x) (3)

ãäå â(y) = max(a(y), 1).
Îáîçíà÷èì ÷åðåç Cn ìíîæåñòâî âñåõ ñâÿçíûõ íåîðèåíòèðîâàííûõ ïðî-

ñòûõ (áåç ïåòåëü) ãðàôîâ ñ n âåðøèíàìè. Ââåäåì ñëåäóþùóþ êîìáèíàòîð-
íóþ ôóíêöèþ (íàçûâàåìóþ ôóíêöèåé Óðñåëëà) íà êîíå÷íûõ ïîñëåäîâà-
òåëüíîñòÿõ (x1, . . . , xn) ýëåìåíòîâ èç X

φ(x1, . . . , xn) =

{
1 if n = 1,∑

G∈Cn

∏
{i,j}∈G q(xi, xj) if n ≥ 2.

(4)

Çäåñü ïðîèçâåäåíèå áåðåòñÿ ïî âñåì ðåáðàì ãðàôà G.
Òåîðåìà 1(Êëàñòåðíîå ðàçëîæåíèå). Ïóñòü âûïîëíåíû Óñëîâèÿ 1 è 2.

Ïðåäïîëîæèì òàêæå, ÷òî
∫
d|µ|(y)|ea(y)+2b(y) < ∞. Òîãäà

Z = exp
{∑
n≥1

1

n!

∫
dµ(x1) . . .dµ(xn)φ(x1, . . . , xn)

}
. (5)

Ïðè ýòîì ðÿä â ýêñïîíåíòå ñõîäèòñÿ àáñîëþòíî. Äàëåå, äëÿ ïî÷òè âñåõ
x1 ∈ X èìååò ìåñòî îöåíêà∑
n≥2

1

(n− 1)!

∫
d|µ|(x2) . . .

∫
d|µ|(xn) |φ(x1, . . . , xn)| ≤ (ea(x1)−1)e2b(x1). (6)

Ââåäåì îäíî÷àñòè÷íûå ς(x1) è äâó÷àñòè÷íûå ς(x1, x2) êîððåëÿöèîííûå
ôóíêöèè, oïðåäåëÿåìûå ñîîòâåòñòâåííî ðàâåíñòâàìè

ς(x1) = Z−1
∑
n≥1

1

(n− 1)!

∫
dµ(x2) . . .

∫
dµ(xn)

∏
1≤i<j≤n

(
1 + q(xi, xj)

)
(7)

( ÷ëåí ñîîòâåòñòâóþùèé n = 1 ïîëàãàåòñÿ ðàâíûì 1) è

ς(x1, x2) = Z−1
∑
n≥2

1

(n− 2)!

∫
dµ(x3) . . .

∫
dµ(xn)

∏
1≤i<j≤n

(
1 + q(xi, xj)

)
(8)

(÷ëåí ñîîòâåòñòâóþùèé n = 2 ïîëàãàåòñÿ ðàâíûì 1 + q(x1, x2)).
Äàëåå, îïðåäåëèì ñëåäóþùèå ôóíêöèè, íàçûâàåìûå êëàñòåðíûìè :

σ(x1) =
∑
n≥1

1

(n− 1)!

∫
dµ(x2) . . .

∫
dµ(xn)φ(x1, . . . , xn), (9)
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è

σ(x1, x2) =
∑
n≥2

1

(n− 2)!

∫
dµ(x3) . . .

∫
dµ(xn)φ(x1, . . . , xn). (10)

Â äèññåðòàöèè äîêàçàíî (Ðàçäåë 2.3, Òåîðåìà 2.2), ÷òî â ïðåäïîëîæåíè-
ÿõ Òåîðåìû 1, ôóíêöèè σ(x1) è σ(x1, x2) êîððåêòíî îïðåäåëåíû (â ñìûñëå
àáñîëþòíîé ñõîäèìîñòè ýòèõ ðÿäîâ).

Â ñòàòèñòè÷åñêîé ìåõàíèêå âàæíóþ ðîëü èãðàåò óñå÷åííàÿ äâó÷àñòè÷-
íàÿ êîððåëÿöèîííàÿ ôóíêöèÿ (àíàëîã âòîðîãî ñåìèèíâàðèàíòà ):

ς(x1, x2)

Z
− ς(x1) ς(x2)

Z 2
.

Òåîðåìà 2. Â ïðåäïîëîæåíèÿõ Òåîðåìû 1 èìååì

ς(x1)

Z
= σ(x1),

ς(x1, x2)

Z
= σ(x1)σ(x2) + σ(x1, x2).

(11)

Îòñþäà ñëåäóåò, ÷òî â óñëîâèÿõ Òåîðåìû 1, âòîðîé ñåìèèíâàðèàíò ñîâïàäà-
åò ñ êëàñòåðíîé ôóíêöèåé σ(x1, x2). Ýòîò ôàêò ñóùåñòâåííî èñïîëüçóåòñÿ
ïðè âûâîäå ðàçëè÷íûõ îöåíîê íà σ(x1, x2).

Â Ãëàâå 3 ìû èçó÷àåì óáûâàíèå êîððåëÿöèé â êâàíòîâûõ ñèñòåìàõ, ïó-
òåì ñâåäåíèÿ èõ ê ìîäåëÿì âçàèìîäåéñòâóþùèõ áðîóíîâñêèõ ïåòåëü (ïðåä-
ñòàâëåíèå Ôåéìàíà - Êàöà). Ýòî ïîçâîëÿåò èñïîëüçîâàòü ìåòîä êëàñòåðíûõ
ðàçëîæåíèé, ðàçâèòûé â ïðåäûäóùåé ãëàâå. Ôóíäàìåíòàëüíûì ÿâëÿåòñÿ
âîïðîñ îïèñàíèÿ óáûâàíèÿ êîððåëÿöèé â ìîäåëÿõ âçàèìîäåéñòâóþùèõ ïå-
òåëü, êîòîðûå èìåþò ñëîæíóþ ìàòåìàòè÷åñêóþ ñòðóêòóðó. Â Ãëàâå 3 ââî-
äèòñÿ ïîíÿòèå "óäàëåííîñòè " áðîóíîâñêèõ ïåòåëü, ñ ïîìîùüþ êîòîðîãî
óäàåòñÿ ïîëó÷èòü ýôôåêòèâíûå îöåíêè âòîðîãî ñåìèèíâàðèàíòà.

Ïðèâåäåì îáùèé ðåçóëüòàò îá óáûâàíèè êîððåëÿöèé, êîòîðûé ÿâëÿåòñÿ
îñíîâíûì â ýòîé ãëàâå.

Òåîðåìà 3 (Óáûâàíèå êîððåëÿöèé). Â ïðåäïîëîæåíèÿõ Òåîðåìû 1, äëÿ
ïî÷òè âñåõ x, y ∈ X,

|σ(x, y)| ≤ ea(y)+2b(y)
∑
m≥0

∫
d|µ|(x1) . . .

∫
d|µ|(xm)

m∏
i=0

|q(xi, xi+1)|

· ea(xi)+2b(xi) (12)

ãäå x0 ≡ x, xm+1 ≡ y. ×ëåí ðÿäà ñîîòâåòñòâóþùèé m = 0 ïîëàãàåòñÿ ðàâ-
íûì |q(x, y)|ea(x)+2b(x). Âî ìíîãèõ ïðèëîæåíèÿõ ïðèñóòñòâóåò "ìàëûé ïà-
ðàìåòåð "(îáû÷íî ýòî àêòèâíîñòü z), êîòîðûé îáåñïå÷èâàåò àáñîëþòíóþ
ñõîäèìîñòü ðÿäà (12).
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Ðåçóëüòàòû ãëàâû 2, à òàêæå Òåîðåìà 3 ïîëó÷åíû â ñîâìåñòíîé ñ Ä.
Óëü÷è ðàáîòå [70]. Òåîðåìà 3, â íåñêîëüêî èíîì âèäå, äîêàçàíà ðàíåå â ñîâ-
ìåñòíîé ñ Ã. Öåññèíîì ñòàòüå [65].

Òåîðåìà 4 (Èíòåãðàëüíàÿ îöåíêà). Ïóñòü âûïîëíåíû Óñëîâèå 1 è 3.
Òîãäà äëÿ ïî÷òè âñåõ x ∈ X,∫

d|µ|(y) |σ(x, y)| ≤ ea(x)+2b(x)a(x)
p

1− p
. (13)

Äàëåå, â ýòîé ãëàâå èçó÷àåòñÿ êâàíòîâûé ãàç, ñîñòîÿùèé èç N îäèíàêî-
âûõ áåññïèíîâûõ ÷àñòèö â îãðàíè÷åííîé îáëàñòè Λ ⊂ Rd è âçàèìîäåéñòâó-
þùèõ ñ ïîìîùüþ ïàðíîãî ïîòåíöèàëà ϕ. Ïðåäïîëàãàåòñÿ, ÷òî ϕ � äåéñòâè-
òåëüíàÿ ÷åòíàÿ êóñî÷íî-íåïðåðûâíàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèþ
óñòîé÷èâîñòè ñ êîíñòàíòîé B ≥ 0. Ðàññìàòðèâàþòñÿ òàêæå óñòîé÷èâûå ïî-
òåíöèàëû ñ òâåðäîé ñåðäöåâèíîé: ϕ(u) = +∞ for |u| ≤ c, ãäå c � ðàäèóñ
òâåðäîé ñåðäöåâèíû. Â ýòîì ñëó÷àå ϕ ïðåäïîëàãàåòñÿ êóñî÷íî-íåïðåðûâíîé
è ñóììèðóåìîé âíå øàðà |u| ≤ c.

Ïóñòü ñèñòåìà îïèñûâàåòñÿ ãàìèëüòîíèàíîì âèäà

HN (Λ) = −
N∑
i=1

∆i + U, (14)

ãäå∆i � îïåðàòîð Ëàïëàñà i-îé ÷àñòèöû ñ ãðàíè÷íûìè óñëîâèÿìè Äèðèõëå,
à U � îïåðàòîð óìíîæåíèÿ, âèäà

U(u1, · · · , uN ) =
∑

1≤i<j≤N

ϕ(ui − uj).

Ðàññìàòðèâàþòñÿ ñèñòåìû, ïîä÷èíÿþùèåñÿ ñòàòèñòèêàì Ìàêñâåëëà -
Áîëüöìàíà (ÌÁ-ñòàòèñòèêà), Áîçå - Ýéíøòåéíà (ÁÝ-ñòàòèñòèêà) è Ôåðìè
- Äèðàêà (ÔÄ-ñòàòèñòèêà). Ãèëüáåðòîâûì ïðîñòðàíñòâîì ñèñòåìû ñ ÌÁ-
ñòàòèñòèêîé ñëóæèò ïðîñòðàíñòâî L2(ΛN ) êîìïëåêñíîçíà÷íûõ êâàäðàòè÷-
íî èíòåãðèðóåìûõ ôóíêöèé îò N ïåðåìåííûõ. Äëÿ îïèñàíèÿ ñèñòåì ñ ÁÝ-
ñòàòèñòèêîé (áîçîíû) è ÔÄ-ñòàòèñòèêîé (ôåðìèîíû), èñïîëüçóþòñÿ ïîä-
ïðîñòðàíñòâà L2

ε(Λ
N ), (ε = ±) ïðîñòðàíñòâà L2(ΛN ), ñîñòîÿùåå èç ôóíê-

öèé ñèììåòðè÷íûõ (ε = +) , ñîîòâåòñòâåííî, ôóíêöèé àíòèñèììåòðè÷íûõ
(ε = −) îòíîñèòåëüíî ïåðåñòàíîâêè àðãóìåíòîâ.

Îáîçíà÷èì ÷åðåç Sε = Sε,N ïðîåêòîð íà ïîäïðîñòðàíñòâî L2
ε(Λ

N ):

Sεf(u1, · · · , uN ) =
1

N !

∑
π∈IN

ε(π)f(uπ(1), · · · , uπ(N)), f ∈ L2(ΛN ),
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ãäå IN - ñèììåòðè÷åñêàÿ ãðóïïà ïåðåñòàíîâîê èç N ýëåìåíòîâ, ε(π) ≡ 1
äëÿ áîçîíîâ, äëÿ ôåðìèîíîâ ε(π) ðàâåí 1 íà ÷åòíûõ ,è −1 íà íå÷åòíûõ
ïåðåñòàíîâêax .

Ñòàòèñòè÷åñêàÿ ñóììà áîëüøîãî êàíîíè÷åñêîãî àíñàìáëÿ Ãèááñà êâàí-
òîâîãî ãàçà â îãðàíè÷åííîé îáëàñòè Λ çàäàåòñÿ ôîðìóëîé

Z(Λ) =
∞∑

n=0

zn

n!
Tr exp(−βHn(Λ)) (15)

â ñëó÷àå ñòàòèñòèêè ÌÁ, è

Zε(Λ) =

∞∑
n=0

znTrSε exp(−βH(Λ)). (16)

â ñëó÷àå ñòàòèñòèê ÁÝ èëè ÔÄ, ãäå z > 0 ïàðàìåòð, íàçûâàåìûé àêòèâ-
íîñòüþ. Ïðåäñòàâëåíèÿ Ôåéìàíà - Êàöà ñòàòèñòè÷åñêèõ ñóìì èìåþò âèä
([26], [6])

Z(Λ) =

∞∑
n=0

zn

n!

∫
Λn

n∏
i=1

dui

∫ n∏
i=1

dPui,ui

β (xi)1Λ(xi)×

exp
{
−

∑
1≤i<j≤n

ϕ̂(xi − xj)
}
,

ñîîòâåòñòâåííî

Zε(Λ) =
∞∑

n=0

zn

n!

∑
π∈In

ε(π)

∫
Λn

n∏
i=1

dui

∫ n∏
i=1

dP
ui,uπ(i)

β (xi)

· exp
{
−

∑
1≤i<j≤n

ϕ̂(xi − xj)
}
,

ãäå 1Λ(x) = 1, åñëè x(t) ∈ Λ äëÿ âñåõ 0 ≤ t ≤ β è ðàâåí íóëþ â ïðîòèâíîì
ñëó÷àå, Pu,v

β - íåíîðìèðîâàííàÿ óñëîâíàÿ ìåðà Âèíåðà íà ïðîñòðàíñòâå X u,v
β

áðîóíîâñêèõ òðàåêòîðèé èç u â v çà âðåìÿ β, u, v ∈ Rd. Íàêîíåö,

ϕ̂(x− y) =

∫ β

0

dt ϕ(x(t)− y(t)), x, y ∈ X u,v
β . (17)

Ïðè ýòîì ðÿä äëÿ Z(Λ) ñõîäèòñÿ ïðè ëþáîì z > 0, à ðÿä äëÿ Zε(Λ)
òîëüêî ïðè z ≤ e−βB .

Âûðàæåíèÿ äëÿ Z(Λ) è Zε(Λ) óäîáíî ïðåäñòàâëÿòü â òåðìèíàõ áðîóíîâ-
ñêèõ ïåòåëü. Äëÿ ýòîãî ðàññìîòðèì ïðîñòðàíñòâî C([0, β],Rd) âñåõ ýëåìåí-
òàðíûõ (áðîóíîâñêèõ) òðàåêòîðèé â Rd "äëèíû"β > 0. Ïóñòü

Xjβ = {X ∈ C([0, jβ],Rd) | X(0) = X(jβ)}, j = 1, 2, · · · .
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Ýëåìåíòû ïðîñòðàíñòâà Xjβ áóäåì íàçûâàòü ñëîæíûìè ïåòëÿìè äëèíû jβ.
Â òîïîëîãèè ðàâíîìåðíîé ñõîäèìîñòè, ïðîñòðàíñòâî Xjβ ÿâëÿåòñÿ ïîëüñêèì
ïðîñòðàíñòâîì, ñ áîðåëåâñêîé σ-àëãåáðîé. Îáîçíà÷èì ÷åðåç X (äèçüþíêò-
íóþ) ñóììó òîïîëîãè÷åñêèõ ïðîñòðàíñòâ Xjβ : X =

∪∞
j=1 Xjβ .

Áóäåì ãîâîðèòü, ÷òî ýëåìåíòàðíàÿ òðàåêòîðèÿ x ÿâëÿåòñÿ ýëåìåíòàðíîé
ñîñòàâëÿþùåé ñëîæíîé ïåòëè X ∈ X è ïèñàòü x ∈ X åñëè ñóùåñòâóåò
i, 0 ≤ i < |X| òàêîå, ÷òî x(t) = X(t + iβ), t ∈ [0, β]. Çäåñü |X| = j, åñëè
X ∈ Xjβ . Äëÿ u ∈ Rd ïîëîæèì

X u,u
jβ = {X ∈ Xjβ | X(0) = X(jβ) = u}, X u,u =

∞∪
j=1

X u,u
jβ .

Îïðåäåëèì ìåðó Pu,u
ε,z â ïðîñòðàíñòâå X u,u, ôîðìóëîé

Pu,u
ε,z =

∞∑
j=1

εj−1zj

j
Pu,u
jβ , 0 < z ≤ 1, (18)

ãäå ε = 1 äëÿ áîçîíîâ è ε = −1 äëÿ ôåðìèîíîâ. Ïîëüçóÿñü êàíîíè÷åñêîé
áèåêöèåé τ ìåæäó ïðîñòðàíñòâàìè X è X 0,0 × Rd îïðåäåëèì ìåðó ρε,z íà
B(X ) ôîðìóëîé

ρε,z = (P 0,0
ε,z × λ) ◦ τ−1, (19)

ãäå λ ìåðà Ëåáåãà íà Rd.
Äàëåå, ðàññìîòðèì ïðîñòðàíñòâî M = M(X ) êîíå÷íûõ ïîäìíîæåñòâ

(êîíôèãóðàöèé ) ïðîñòðàíñòâà X è σ- êîíå÷íóþ ìåðóWρε,z íà íåì, ïîëàãàÿ

Wρε,z (h) =

∞∑
n=0

1

n!

∫
Xn

dρε,z(X1) · · · dρε,z(Xn)h(X1, ..., Xn) (20)

ãäå h : M → R+, ïðè ýòîì ðÿä íà÷èíàåòñÿ ñ h(∅), [65]. Äëÿ îãðàíè÷åí-
íîé îáëàñòè Λ ⊂ Rd, îïðåäåëèì ìíîæåñòâî M(X (Λ)) = M(Λ) êîíå÷íûõ
êîíôèãóðàöèé ïåòåëü â Λ, ïîëaãàÿ M(Λ) = {ω ∈ M|ω ⊂ X (Λ)}, ãäå
X (Λ) = {X ∈ X |X(t) ∈ Λ, ∀t ∈ [0, β|X|]}.

Ïóñòü Wρε,z,Λ � oãðàíè÷åíèå ìåðû Wρε,z íà M(Λ). Òîãäà Wρε,z,Λ � îãðà-
íè÷åííàÿ ìåðà ñ Wρε,z,Λ(M(Λ)) = exp(ρε,z(X (Λ))). Ñîîòâåòñòâóþùàÿ âå-
ðîÿòíîñòíàÿ ìåðà exp(−ρε,z(X (Λ)))Wρε,z,Λ íàçûâàåòñÿ ïóàññîíîâñêèì ïðî-
öåññîì â X (Λ) ñ èíòåíñèâíîñòüþ ρε,z, èëè èäåàëüíûì ãàçîì ïåòåëü â Λ,
ñ àêòèâíîñòüþ z è ñî ñòàòèñòèêàìè ÁÝ èëè ÔÄ.

Åñëè âìåñòî X âçÿòü åãî ïîäïðîñòðàíñòâî Xβ à âìåñòî ìåðû ρε,z � åãî
îãðàíè÷åíèå íà Xβ , ðàâíîe zρβ , òî, ïî àíàëîãèè ñ âûøåñêàçàííûì, ìû ïðè-
äåì ê îïðåäåëåíèþ èäåàëüíîãî ãàçà ïåòåëü â Λ ñ àêòèâíîñòüþ z è ÌÁ-
ñòàòèñòèêîé, êàê âåðîÿòíîñòíîé ìåðû exp(−zρβ(Xβ(Λ)))Wzρ

β,Λ .
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Îïðåäåëèì ýíåðãèþ U(ω) êîíå÷íîé êîíôèãóðàöèè ñëîæíûõ ïåòåëü ω ïî
ôîðìóëå

U(ω) =
∑
X∈ω

U1(X) +
1

2

∑
X,Y ∈ω

U2(X,Y ), (21)

ãäå

U1(X) =
1

2

∑
x,y∈X

ϕ̂(x− y), U2(X,Y ) =
∑

x∈X,y∈Y

ϕ̂(x− y), (22)

ñ ϕ̂, îïðåäåëåííîé ôîðìóëîé (17). Òîãäà ðàñïðåäåëåíèå Ãèááñà Qε,z,Λ íà
M(Λ) èìååò âèä

Qε,z,Λ =
exp(−U)

Zε(Λ, z)
Wε,z,Λ, (23)

ãäå áîëüøàÿ ñòàòèñòè÷åñêàÿ ñóììà

Zε(Λ, z) =
∞∑

n=0

1

n!

∫
Xn

Λ

ρε,z(dX1)...ρε,z(dXn) exp(−U(X1, ..., Xn)). (24)

Ìû íàçûâàåì Qε,z,Λ ãàçîì ïåòåëü â Λ ñ àêòèâíîñòüþ z è âçàèìîäåéñòâè-
åì ϕ, ïîä÷èíÿþùèõñÿ ÁÝ-ñòàòèñòèêå èëè ÔÄ-ñòàòèñòèêå .

Â Ðàçäåëàõ 3.4 è 3.5 èññëåäóåòñÿ óáûâàíèå êîððåëÿöèé â ìîäåëÿõ âçà-
èìîäåéñòâóþùèõ ïåòåëü. Èçâåñòíî [26], ÷òî åñëè èíòåãðèðîâàòü ôóíêöèþ
q(x, y) îòíîñèòåëüíî ìåðû ρε,z ïî ìíîæåñòâó ïåòåëü y, êîòîðûå âûëåçàþò
çà øàð ðàäèóñà R + r â Rd, â òî âðåìÿ, êàê ïåòëÿ x îñòàåòñÿ â øàðå ðàäè-
óñà R, òî èíòåãðàë óáûâàåò ïî r ñòåïåííûì îáðàçîì. Ýòî ñâîéñâî áåðåòñÿ
çà îïðåäåëåíèå ñòåïåííîãî óáûâàíèÿ ôóíêöèé îò äâóõ ïåòåëü. Â Ðàçäåëå
3.5, ðàññìàòðèâàÿ ðàçëè÷íûå ìîäåëè ãàçà ïåòåëü, ìû äîêàçûâàåì, ÷òî ïðè
åñòåñòâåííûõ îãðàíè÷åíèÿõ íà ïîòåíöèàë ϕ , σΛ(x, y) óáûâàåò ñòåïåííûì
îáðàçîì. Ýòîò ôàêò ñòàíîâèòñÿ ãëàâíûì òåõíè÷åñêèì ñðåäñòâîì ïðè âûâî-
äå àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ëîãàðèôìà ñòàòèñòè÷åñêîé ñóììû êâàí-
òîâûõ ñèñòåì â Ãëàâå 5.

Â Ðàçäåëå 3.4, ñ èñïîëüçîâàíèåì Òåîðåìû 3, ïîëó÷åíû îáùèå îöåíêè äâó-
÷àñòè÷íûõ ñåìèèíâàðèàíòîâ äëÿ ãàçà ïåòåëü, ïðè ýòîì ñëó÷àè àáñîëþòíî
èíòåãèðóåìûõ ïîòåíöèàëîâ è ïîòåíöèàëîâ ñ òâåðäîé ñåðäöåâèíîé èññëåäî-
âàíû îòäåëüíî.

Ïóñòü X = X (Λ), dµ(x) = dρε,z(x) e
−U1(x), q(x, y) = e−U2(x,y) − 1, ãäå

Λ�ïðîèçâîëüíàÿ îãðàíè÷åííàÿ îáëàñòü.
Óñëîâèå 4. Ñóùåñòâóåò íåîòðèöàòåëüíàÿ ôóíêöèÿ a íà X è ÷èñëî

p, 0 < p < 1 ,òàêèå, ÷òî äëÿ l > 0 è r > 0,∫
X c(B0(R+r))

d|µ|(y)| |q(x, y)|ea(y)+2b(y)â(y) ≤ p a(x)
(
1 +

r

2

)−l

, (25)
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äëÿ ïî÷òè âñåõ x ∈ X (B0(R)), ãäå B0(R)�øàð ðàäèóñà R â Rd, â(y) =
max(a(y), 1).

Èìååò ìåñòî
Òåîðåìà 5 (Îñíîâíàÿ îöåíêà: èíòåãðèðóåìûé ïîòåíöèàë). Ïóñòü âû-

ïîëíåíû óñëîâèÿ 1, 3 è 4 , òîãäà äëÿ âñåõ ïîëîæèòåëüíûõ R, r > 0 è äëÿ
ïî÷òè âñåõ x ∈ X (B0(R)),∫

X c(B0(R+r))

d|µ|(y)|σΛ(x, y)| ≤ C(l, p)ea(x)+2b(x)a(x)(1 + r)−l. (26)

Äàëåå, áóäåì îáîçíà÷àòü âñå êîíñòàíòû ÷åðåç C óêàçûâàÿ ïðè íåîáõî-
äèìîñòè òîëüêî çàâèñèìîñòü îò ïàðàìåòðîâ.

Äëÿ èññëåäîâíèÿ óáûâàíèÿ êîððåëÿöèé â ñèñòåìàõ ñ ïîòåíöèàëîì òâåð-
äîé ñåðäöåâèíû íàì ïîíàäîáèòñÿ ñëåäóþùàÿ ìîäèôèêàöèÿ Óñëîâèÿ 4 .

Óñëîâèå 5. Ñóùåñòâóåò íåîòðèöàòåëüíàÿ ôóíêöèÿ a íà X è ÷èñëî
p, 0 < p < 1 ,òàêèå, ÷òî äëÿ l > 0 è âñåõ r > 2c, ãäå c - ðàäèóñ òâåðäîé
ñåðäöåâèíû,∫

X c(B0(R+r))

dρ+,z(y) |q(x, y)|ea(y)+2b(y)â(y) ≤ p a(x)
(
1 +

r

2

)−l

(27)

äëÿ ïî÷òè âñåõ x ∈ X (B0(R)), ãäå â(y) = max(a(y), 1).
Â ñëó÷àå ïîòåíöèàëîâ ñ òâåðäîé ñåðäöåâèíîé âåðíà ñëåäóþùàÿ òåîðåìà,

àíàëîãè÷íàÿ Òåîðåìå 5.
Òåîðåìà 6 (Îñíîâíàÿ îöåíêà: òâåðäàÿ ñåðäöåâèíà). Ïóñòü âûïîëíåíû

óñëîâèÿ 1, 3 è 5 , òîãäà äëÿ âñåõ ïîëîæèòåëüíûõ R, r > 0 è äëÿ ïî÷òè
âñåõ x ∈ X (B0(R)),∫

X c(B0(R+r))

d|µ|(y)|σΛ(x, y)| ≤ C(l, p)ea(x)+2b(x)a(x)(1 + r)−l. (28)

Çàìåòèì, ÷òî îöåíêè (26) è (28) ðàâíîìåðíû ïî Λ, ÷òî äåëàåò èõ ïîëåç-
íûìè ïðè èçó÷åíèè ïîâåäåíèÿ ëîãàðèôìà ñòàòñóììû â òåðìîäèíàìè÷åñêîì
ïðåäåëå.

×àñòî áûâàþò ïîëåçíûìè îöåíêè, ïîëó÷àþùèåñÿ ïðè äîïîëíèòåëüíîì
èíòåãðèðîâàíèè ïî x.

Òåîðåìà 7 (Îöåíêà äâîéíîãî èíòåãðàëà). Ïóñòü h : X × X → C èç-
ìåðèìàÿ ôóíêöèÿ. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò èçìåðèìàÿ ôóíêöèÿ
α íà X 0 òàêàÿ ÷òî äëÿ âñåõ ïîëîæèòåëüíûõ R, r > 0 è äëÿ ïî÷òè âñåõ
x ∈ X (B0(R)), ∫

X c(B0(R+r))

d|µ|(y)|h(x, y)| ≤ α(x0)(1 + r)−l (29)
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è ∫
X
d|µ|(y)|h(x, y)| ≤ α(x0). (30)

Åñëè ïðè ýòîì ôóíêöèÿ α óäîâëåòâîðÿåò óñëîâèþ∫
M(R)

d|µ|(x0)α(x0) ≤ C(1 +R)−l, (31)

òî ∫
X 0

dP 0
+,z(x

0)

∫
X c(B0(R))

d|µ|(y)|h(x, y)| ≤ C(α, l)(1 +R)−l. (32)

Â Ðàçäåëå 3.5, íàêëàäûâàÿ ðàçëè÷íûå îãðàíè÷åíèÿ íà ïîòåíöèàë ϕ ìû
äîêàçûâàåì ñòåïåííîå óáûâàíèå óñå÷åííîé äâó÷àñòè÷íîé êîððåëÿöèîííîé
ôóíêöèè äëÿ ñîîòâåòñòâóþùèõ ìîäåëåé ãàçà ïåòåëü. Ïðè ýòîì, â ñèëó Òåî-
ðåì 5 è 6, äîêàçàòåëüñòâà ñâîäÿòñÿ ê ïðîâåðêå ñîîòâåòñâóþùèõ Óñëîâèé
1�5. Ìû ðàññìàòðèâàåì ñëåäóþùèå óñëîâèÿ íà ïîòåíöèàë ïàðíîãî âçàèìî-
äåéñòâèÿ ϕ :

(1) ϕ - ÷åòíàÿ ôóíêöèÿ, îïðåäåëåííàÿ íà Rd,
(2) ϕ óäîâëåòâîðÿåò óñëîâèþ óñòîé÷èâîñòè ñ êîíñòàíòîé B ≥ 0: äëÿ âñåõ

ðàçëè÷íûõ u1, · · · , un ∈ Rd,

n∑
i<j

ϕ(ui − uj) ≥ −nB,

(3) ϕ èìååò èìååò ñôåðè÷åñêè ñèììåòðè÷íóþ òâåðäóþ ñåðäöåâèíó ðàäèó-
ñà c ≥ 0, ò.e., ϕ(u) = +∞ äëÿ |u| ≤ c; ϕ íåïðåðûâíà âíå òâåðäîé ñåðäöåâèíû,

(4)

||ϕl||1 =

∫
Rd

du|ϕl(u)| < ∞, l ≥ 0,

(4')

pc,l(ϕ) =

∫
|u|>c

du|ϕl(u)| < +∞, l ≥ 0,

ãäå ϕl(u) = ϕ(u)(1 + |u|)l, l ≥ 0, ϕ0 ≡ ϕ.
Ðàññìîòðèì ñíà÷àëà ñëó÷àé îòòàëêèâàþùåãî ïîòåíöèàëà (ϕ ≥ 0).
Òåîðåìà 8 (Îòòàëêèâàþùèé èíòåãðèðóåìûé ïîòåíöèàë,[61]). Ïóñòü

ïîòåíöèàë ϕ ≥ 0 è âûïîëíåíû Óñëîâèÿ (1) è (4). Ïóñòü z < e−3 è

zC(d, l)||ϕl||1ζ
(d
2
+ 1

)
β1− d

2

(
1 + β

l
4−1

)
≤ p < 1. (33)
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Òîãäà äëÿ âñåõ ïîëîæîòåëüíûõ R, r è äëÿ ïî÷òè âñåõ x ∈ X (B0(R)),∫
X c(B0(R+r))

dρ+,z(Y )|σΛ(X,Y )| ≤ C(l, p)e|X||X|(1 + r)−l. (34)

Òåîðåìà 9 (Óñòîé÷èâûé èíòåãðèðóåìûé ïîòåíöèàë). Ïóñòü âûïîëíåíû
óñëîâèÿ (1), (2) è (4). Ïóñòü z < e−3(1+βB) è

zC(d, l)||ϕl||1ζ
(d
2
+ 1

)
e

3βB
2 β1− d

2

(
1 + β

l
4−1

)
≤ p < 1. (35)

Òîãäà äëÿ âñåõ ïîëîæèòåëüíûõ R, r è äëÿ ïî÷òè âñåõ x ∈ X (B0(R)),∫
X c(B0(R+r))

dρ+,z(Y )|σΛ(X,Y )| ≤ C(l, p)e|X||X|(1 + r)−l. (36)

Ðàññìîòðèì ñëó÷àé ãàçà ïåòåëü, âçàèìîäåéñòâóþùèõ ñ ïîìîùüþ óñòîé-
÷èâîãî ïîòåíöèàëà ñ òâåðäîé ñåðäöåâèíîé. Çàìåòèì, ÷òî íàëè÷èå òâåðäîé
ñåðäöåâèíû çàìåòíî îñëîæíÿåò ñèòóàöèþ, ò.ê. ïðèõîäèòñÿ îöåíèâàòü èíòå-
ãðàëû îò ò.í. âèíåðîâñêèõ ñîñèñîê, ÷òî, ñàìî ïî ñåáå, ñîïðÿæåíî ñ îïðåäå-
ëåííûìè òðóäíîñòÿìè. Ìû ðàññìîòðèì ñëó÷àé ÌÁ ñòàòèñòèêè â ïðåäïîëî-
æåíèè, ÷òî ïîòåíöèàë ϕ óäîâëåòâîðÿåò óñëîâèÿì (1), (2), (3) è (4').

Âèíåðîâñêàÿ ñîñèñêà S(x), ïîðîæäåííàÿ ïåòëåé x ∈ Xβ , îïðåäåëÿåòñÿ
ôîðìóëîé

S(x) = {u ∈ Rd
∣∣ |x(t)− u| ≤ c for some t ∈ [0, β]}.

Ïóñòü

Ej(k) =

∫
X 00

dP 00
β (y0) ek|S(y0)| |S(y0)|j j, k = 0, 1, 2, · · · , (37)

ãäå ÷åðåç |S(x)| îáîçíà÷åí îáüåì ñîñèñêè S(x). (Ñõîäèìîñòü ýòèõ èíòåãðàëîâ
äîêàçàíà â Ëåììå 3.13 äèññåðòàöèè, ñì. òàêæå [63]). Ïîëîæèì

E = max(Ej(1),
√

Ej(2), j = 0, 1, 2), (38)

à òàêæå
ξ = e2βB+1E, η = e2βBβpc,l(ϕ), (39)

ãäå pc,l(ϕ) îïðåäåëåíî â óñëîâèè (4').
Òåîðåìà 10 (Óñòîé÷èâûé ïîòåíöèàë ñ òâåðäîé ñåðäöåâèíîé [63]).

Ïóñòü âûïîëíåíû óñëîâèÿ (1), (2) , (3) è (4') íà ïîòåíöèàë ϕ è ïóñòü z
óäîâëåòâîðÿåò ñîîòíîøåíèþ

zC(d, l)Ee2βB+1(b−1
c + e2βBβpc,l(ϕ))

(
1 + β

l−d
4

)
≤ p < 1, (40)
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ãäå bc - îáüåì øàðà ðàäèóñà c â Rd. Òîãäà äëÿ âñåõ R > 0, r > 2c è ïî-
÷òè âñåõ x ∈ X (B0(R)), óñå÷åííàÿ äâó÷àñòè÷íàÿ êîððåëÿöèîííàÿ ôóíêöèÿ
óäîâëåòâîðÿåò îöåíêå

z

∫
X c(B0(R+a))

dρ(y)|σΛ(x, y)| ≤ C(l, p)e1+2βBe|S(x)|(|S(x)|+ 1)(1 + r)−l.

Êîìáèíèðóÿ ýòîò ðåçóëüòàò ñ Òåîðåìîé 7, ïîëó÷àåì
Ñëåäñòâèå 1. Â óñëîâèÿõ Òåîðåìû 10 èìååò ìåñòî ñëåäóþùàÿ îöåíêà

z

∫
X 0

dP 00
β (x0)

∫
X c(Bu(R))

dρ(y)|σΛ(x
0 + u, y)| ≤ C(ϕ, β, z, d, c)(1 +R)−l

äëÿ âñåõ u > 0 u R > 6c.
Â êîíöå Ðàçäåëà 3.5 ìû ðàññìàòðèâàåì ãàç ïåòåëü â Λ ñ ÌÁ ñòàòèñòèêîé

è óñòîé÷èâûì èíòåãðèðóåìûì ïîòåíöèàëîì.
Òåîðåìà 11 [68]. Åñëè ϕ óäîâëåòâîðÿåò óñëîâèÿì (1), (2) and (4), à

àêòèâíîñòü z óäîâëåòâîðÿåò ñîîòíîøåíèþ

zC(d, l)||ϕl||1e1+βBβ1− d
2 (1 + β

l
2 ) ≤ p < 1, (41)

òî äëÿ âñåõ R > 0, óñå÷åííàÿ äâó÷àñòè÷íàÿ êîððåëÿöèîííàÿ ôóíêöèÿ óäî-
âëåòâîðÿåò îöåíêå

z

∫
X 0

dP 00
β (x0)

∫
X c(B0(R))

dρ(y)|σΛ(x
0, y)| ≤ C(1 +R)−l

ñ êîíñòàíòîé C = C(Φ, β, z, d).
Ýòîò ðåçóëüòàò ÿâëÿåòñÿ îñíîâíûì òåõíè÷åñêèì ñðåäñòâîì, èñïîëüçóå-

ìûì ïðè âûâîäà àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ äëÿ lnZ(Λ, z).

Ãëàâà 4 ïîñâÿùåíà êëàññè÷åñêèì íåïðåðûâíûì è äèñêðåòíûì ñïèíî-
âûì ñèñòåìàì. Çäåñü, â ýòîé ñðàâíèòåëüíî ïðîñòîé ñèòóàöèè, ìû äåìîí-
ñòðèðóåì íîâûé ìåòîä èçó÷åíèÿ àñèìïòîòèêè lnZ(Λ, z) ïðè áîëüøèõ Λ,
êîòîðûé çàòåì ïðèìåíÿåòñÿ ê ìîäåëÿì âçàèìîäåéñòâóþùèõ áðîóíîâñêèõ
ïåòåëü.

Àñèìïòîòèêà lnZ(Λ, z) â ñëó÷àå êëàññè÷åñêèõ ñèñòåì èçó÷àëàñü ðàçíû-
ìè àâòîðàìè. Ãëàâíûé ÷ëåí áûë ïîëó÷åí â ðàáîòàõ Ëè è ßíãà [32], Âàí-Õîâà
[48], âòîðîé ÷ëåí äëÿ äèñêðåòíûõ ñèñòåì � â ðàáîòàõ Äîáðóøèíà [18], Ôè-
øåðà è Êàãèíàëïà [22]. Äàëüíåéøèå ÷ëåíû àñèìïòîòèêè äëÿ êëàññè÷åñêèõ
íåïðåðûâíûõ ñèñòåì áûëè ïîëó÷åíû àâòîðîì äèññåðòàöèè [60]. Êîëå è Äàí-
ëîï [8], ïðèìåíÿÿ äðóãîé ìåòîä äîêàçàòåëüñòâà, óòî÷íèëè ýòîò ðåçóëüòàò.
Äëÿ êëàññè÷åñêèõ äèñêðåòíûõ ñïèíîâûõ ñèñòåì ñ îáùèì âçàèìîäåéñòâèåì
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àâòîðîì äèññåðòàöèè àíàëîãè÷íûé ðåçóëüòàò áûë ïîëó÷åí â ñîàâòîðñòâå
ñ Àðçóìàíÿíîì è Íàõàïåòÿíîì [51, 52]. Àñèìïòîòè÷åñêèå ðàçëîæåíèÿ äëÿ
lnZ(Λ, z), â ñëó÷àå íåïðåðûâíûõ è äèñêðåòíûõ ñïèíîâûõ ñèñòåì, ïðèâåäå-
íû â Ðàçäåëàõ 4.2 è 4.3 äèññåðòàöèè. Âî âñåõ ïåðå÷èñëåííûõ ðàáîòàõ, äëÿ
ïîëó÷åíèÿ äàëüíåéøèõ ÷ëåíîâ àñèìïòîòèêè èñïîëüçîâàëèñü îöåíêè âñåõ
ñåìèèíâàðèàíòîâ ñèñòåìû. Ïðåäëàãàåìûé íàìè ïîäõîä èñïîëüçóåò îöåíêè
òîëüêî âòîðîãî ñåìèèíâàðèàíòà [68, 62].

Ïåðåéäåì ê ñïèíîâûì ñèñòåìàì. Ïóñòü Y ñòàíäàðòíîå ïðîñòðàíñòâî ñ
σ-àëãåáðîé Y. Ýòî îçíà÷àåò, ÷òî Y ÿâëÿåòñÿ ïîäïðîñòðàíñòâîì íåêîòîðî-
ãî ïîëüñêîãî ïðîñòðàíñòâà è ïðè ýòîì ñëåä ñîîòâåòñòâóþùåé áîðåëåâñêîé
σ-àëãåáðû ñîâïàäàåò ñ Y. Ââåäåì íîâîå ïðîñòðàíñòâî Ỹ = {Y, ∅} ñ ýëåìåí-
òîì ∅, êîòîðûé ìû íàçîâåì âàêóóìîì. Ïóñòü m � ìåðà íà Ỹ òàêàÿ, ÷òî
åãî îãðàíè÷åíèå íà Y åñòü êîíå÷íàÿ (äëÿ ïðîñòîòû, âåðîÿòíîñòíàÿ) ìåðà è
m(∅) = 1. Ïóñòü M � ìíîæåñòâî âñåõ îòîáðàæåíèé η : Zd → Ỹ òàêèõ, ÷òî
η(u) ̸= ∅ òîëüêî äëÿ êîíå÷íîãî ÷èñëà u ∈ Zd:

M = {η : Zd → Ỹ
∣∣ |s(η)| < ∞}, (42)

ãäå s(η) = supp η = {u ∈ Zd, η(u) ̸= ∅}.M ÿâëÿåòñÿ êîíôèãóðàöèîííûì ïðî-
ñòðàíñòâîì íàøåé ñïèíîâîé ìîäåëè ñ ïðîñòðàíñòâîì ñïèíîâ Y . Ýëåìåíòû
M ìû íàçûâàåì ñïèíîâûìè êîíôèãóðàöèÿìè. Ïóñòü

M(Λ) = {η : Zd → Ỹ
∣∣ s(η) ⊂ Λ}, Λ ⊂ Zd. (43)

Ðàññìàòðèâàþòñÿ ñïèíîâûå ñèñòåìû ñ ìíîãî÷àñòè÷íûì ïîòåíöèàëîì ϕ,
êîòîðûé ÿâëÿåòñÿ äåéñòâèòåëüíîé èçìåðèìîé ôóíêöèåé íà M. Áóäåì ãîâî-
ðèòü, ÷òî ϕ � ýâêëèäîâî èíâàðèàíòíûé ïîòåíöèàë, åñëè ϕ(gη) = ϕ(η) äëÿ
ëþáîãî àâòîìîðôèçìà g ðåøåòêè Zd, ãäå (gη)(u) = η(g(u)). Íàêîíåö, ïîòåí-
öèàë ϕ íàçîâåì òðàíñëÿöèîííî-èíâàðèàíòíûì, åñëè ϕ(ηa) = ϕ(η), äëÿ âñåõ
a ∈ Zd , ãäå ηa(u) = η(u− a),

Ïóñòü δ � òðàíñëÿöèîííî-èíâàðèàíòíàÿ ìåòðèêà íà Zd. Äëÿ êîíå÷íîãî
ïîäìíîæåñòâà ðåøåòêè Zd, îáîçíà÷èì ÷åðåç Lδ(ξ) ìèíèìóì äëèí (îòíîñè-
òåëüíî ìåòðèêè δ) äåðåâüåâ ñ âåðøèíàìè íà ξ è, âîçìîæíî, ïðîèçâîëüíûõ
äðóãèõ òî÷êàõ ðåøåòêè. Ìû ïîëàãàåì, ÷òî ϕ óäîâëåòâîðÿåò óñëîâèþ

pδ(ϕ) =
∑

ξ∈M0, 0∈ξ

sup
η:s(η)=ξ

eLδ(ξ)|ϕ(η)| < ∞ (44)

ñ ìåòðèêîé δ òàêîé, ÷òî

Dδ(l) =
∑
u∈Zd

(1 + |u|)l exp
(
−1

2
δ(0, u)

)
< ∞, l > d. (45)
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Îïðåäåëèì ýíåðãèþ êîíôèãóðàöèè η ôîðìóëîé:

U(η) =
∑

J⊂s(η)

ϕ(ηJ) (46)

ãäå ηJ (t) = η(t), t ∈ J è ηJ(t) = ∅, t ∈ Zd \ J .
Ðàñïðåäåëåíèå Ãèááñà QΛ íà ïðîñòðàíñòâå M(Λ), ñïèíîâûõ êîíôèãó-

ðàöèé â êîíå÷íîì îáüåìå Λ ⊂ Zd, çàäàåòñÿ ïëîòíîñòüþ Z−1(Λ) exp(−U),
îòíîñèòåëüíî ìåðû mΛ =

∏
t∈Λ mt, mt = m, ãäå íîðìèðóþùèé ìíîæèòåëü

Z(Λ) =

∫
M(Λ)

∏
t∈Λ

dmΛ(η)e
−U(η). (47)

Â ðàçäåëå 4.3, ïðèìåíÿÿ îöåíêè ñåìèèíâàðèàíòîâ ïî äåðåâüÿì [51, 53]
(íàçûâàåìûå òàêæå ñèëüíûìè êëàñòåðíûìè îöåíêàìè [20, 21]) , ìû äîêà-
çûâàåì ëîêàëüíóþ ïðåäåëüíóþ òåîðåìó (ë.ï.ò.) äëÿ ÷èñëà ÷àñòèö â îãðàíè-
÷åííîé îáëàñòè Λ.

Ïóñòü |η| = |s(η)| � ÷èñëî ÷àñòèö â êîíôèãóðàöèè η ∈ M(Λ). Ìû ñêà-
æåì, ÷òî äëÿ ñëó÷àéíîé âåëè÷èíû |η|, η ∈ M(Λ), èìååò ìåñòî ë.ï.ò. åñëè
ïðè |Λ| → ∞, ñîîòíîøåíèå

QΛ(η ∈ M(Λ) : |η| = N) = (2πD|η|)− 1
2 exp

[
− (N − E|η|)2

2D|η|

]
(1 + o(1)) (48)

èìååò ìåñòî ðàâíîìåðíî îòíîñèòåëüíî N ∈ Z+, òàêèõ,÷òî N −E(η) ∼ |Λ| 12 .
Çäåñü

E|η| =
∑
N≥0

NQΛ(|η| = N), D|η| = E(|η| − E|η|)2. (49)

Ôîðìóëèðóåìàÿ íèæå òåîðåìà äàåò óñëîâèÿ íà ïîòåíöèàë, ïðè êîòîðûõ
ë.ï.ò. äëÿ ÷èñëà ÷àñòèö ñëåäóåò èç ñîîòâåòñâóþùåé öåíòðàëüíîé ïðåäåëüíîé
òåîðåìû (ö.ï.ò.) Ìû ñêàæåì, ÷òî ñëó÷àéíàÿ âåëè÷èíà |η| (÷èñëî ÷àñòèö â
îãðàíè÷åííîé îáëàñòè Λ ) óäîâëåòâîðÿåò ö.ï.ò. , åñëè D|η| ∼ D|Λ|, D > 0 è

QΛ

(
η ∈ M(Λ)

∣∣∣ |η| − E|η|
(D|η|) 1

2

< x

)
→ (2π)−

1
2

∫ x

−∞
e−

t2

2 dt, (50)

ãäå x ∈ R1, |Λ| → ∞.
Ö.ï.ò. äëÿ ãèááñîâñêèõ ñëó÷àéíûõ ïîëåé ïîëó÷åíà, íàïðèìåð, â ðàáîòàõ

[42, 12].
Ïóñòü z(η) = e−ϕ(η), |s(η)| = 1 è ïóñòü ẑ = supη |z(η)|.
Òåîðåìà 12 [52, 54]. Ïóñòü òðàíñëÿöèîííî èíâàðèàíòíûé ïîòåíöèàë

ϕ óäîâëåòâîðÿåò óñëîâèÿì 44 è 45 ñ l > 8d è ïóñòü

ẑCδ(ϕ)(2eDδ(l) + 1) < 1 (51)
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ãäå
Cδ(ϕ) = 2 exp(pδ(ϕ) + epδ(ϕ) − 1). (52)

Òîãäà ë.ï.ò. äëÿ ÷èñëà ÷àñòèö ñëåäóåò èç ö.ï.ò..
Êîìáèíèðóÿ Òåîðåìó 12 ñ Òåîðåìîé 9.5.4 èç ðàáîòû [42], ïîëó÷àåì
Òåîðåìà 13 (Ë.Ï.Ò. [54]) Ïðè óñëîâèÿõ Òåîðåìû 12 ÷èñëî ÷àñòèö |η|

óäîâëåòâîðÿåò ë.ï.ò..
Ñëåäóþùàÿ òåîðåìà äàåò îöåíêó ñêîðîñòè ñõîäèìîñòè â ë.ï.ò. äëÿ ÷èñëà

÷àñòèö.
Òåîðåìà 14 [57]. Ïóñòü ýâêëèäîâî èíâàðèàíòíûé ïîòåíöèàë ϕ óäîâëå-

òâîðÿåò óñëîâèÿì Òåîðåìû 12. Òîãäà, äëÿ ëþáîãî ïàðàëëåëåïèïåäà Λ ⊂ Zd

âåðíà ñëåäóþùàÿ îöåíêà

sup
N∈Z+

∣∣∣∣∣ (2πD|η|) 1
2P (|η| = N)− exp

[
− (N − E|η|)2

2D|η|

] ∣∣∣∣∣≤ C√
|Λ|

, C > 0.

Tåîðåìû 12 è 13 ïîëó÷åíû â ñîâìåñòíîé ñ Â. Àðçóìàíÿíîì è Á. Íàõàïåòÿ-
íîì ñòàòüÿõ [54, 52]. Tåîðåìà 14 ïîëó÷åíà â ñîâìåñòíîé ñ Á. Íàõàïåòÿíîì
ñòàòüå [57].

Â êîíöå Ãëàâû 4 ìû ðàññìàòðèâàåì êëàññè÷åñêèå ðåøåò÷àòûå ãèááñîâ-
ñêèå ñëó÷àéíûå ïîëÿ â êîíå÷íîì îáüåìå Λ ⊂ Zd. Ìû ïðèìåíÿåì àñèìï-
òîòè÷åñêîå ðàçëîæåíèå ëîãàðèôìà ñòàòñóììû (ñì. Òåîðåìó 4.2 äèññåðòà-
öèè, à òàêæå ðàáîòû [51, 52] ) äëÿ ïîëó÷åíèÿ ë.ï.ò. äëÿ âåðîÿòíîñòåé áîëü-
øèõ óêëîíåíèé ÷èñëà ÷àñòèö â áîëüøîì êàíîíè÷åñêîì àíñàìáëå â Λ ïðè
|Λ| → ∞. Äîêàçàòåëüñòâî èñïîëüçóåò ìîäèôèêàöèþ õîðîøî èçâåñòíîãî ìå-
òîäà Êðàìåðà [9] äëÿ èçó÷åíèÿ âåðîÿòíîñòåé áîëüøèõ óêëîíåíèé äëÿ ñóìì
íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåëåííûõ ñëó÷àéíûõ âåëè÷èí, à òàêæå ë.ï.ò.
äëÿ ÷èñëà ÷àñòèö (Òåîðåìó 14). Äëÿ ïðîñòîòû ìû ôîðìóëèðóåì ðåçóëüòàò
äëÿ ñëó÷àÿ d = 2.

Òåîðåìà 15 (Áîëüøèå óêëîíåíèÿ, [59, 58]. Ïóñòü ýâêëèäîâî èíâàðè-
àíòíûé ïîòåíöèàë ϕ óäîâëåòâîðÿåò óñëîâèÿì Òåîðåìû 12. Ïîëîæèì
α = α(Λ, β, z) = N − E|η|. Åñëè α|Λ|− 1

2 ≥ 1 è α = o(|Λ|), òî äëÿ ëþáîãî
ïàðàëëåëåïèïåäà Λ ⊂ Z2 âåðíà ñëåäóþùàÿ îöåíêà

Pr
(
ω ∈ M(ΛR)

∣∣∣ |ω| = N
)
=

1√
2π|ΛR|

√
Ω′′

ΛR,z(0) exp

(
− α2

2|ΛR|
Ω′′

ΛR,z(0)

)

· exp

−|ΛR|
∑
n≥3

αn

n!|ΛR|n
Ω

(n)
ΛR,z(0)

[
1 +O

(
α

|ΛR|

)]
,

ãäå ΩΛR,z(x) � ò.í. ôóíêöèÿ óêëîíåíèé [9], êîòîðàÿ ÿâëÿåòñÿ àíàëèòè-
÷åñêîé ôóíêöèåé îò x â íåêîòîðîé îêðåñòíîñòè íà÷àëà êîîðäèíàò . Áîëåå

19



òîãî, âòîðàÿ è òðåòüÿ ïðîèçâîäíûå ôóíêöèè ΩΛR,z(x) ïî x èìåþò ñëåäó-
þùèå ðàçëîæåíèÿ:

Ω′′
ΛR,z(0)

|ΛR|
= [a0(ϕ, z)R

2|Λ|+ a1(ϕ, z)R|∂Λ|+ a2(Λ, ϕ, z) + r(Λ, ϕ, z)]−1

è

Ω′′′
ΛR,z(0)

|ΛR|2
= −

[
a0(ϕ, z)R

2|Λ|+ a1(ϕ, z)R|∂Λ|+ a2(Λ, ϕ, z) + r(Λ, ϕ, z)
]−3

·
[∂a0(ϕ, z)

∂(ln z)
R2|Λ|+ ∂a1(ϕ, z)

∂(ln z)
R|∂Λ|+ ∂a2(Λ, ϕ, z)

∂(ln z)
+

∂r(Λ, ϕ, z)

∂(ln z)

]
,

ãäå
∂jr(ΛR, ϕ, z)

∂(ln z)j
= o(1), R → ∞, j = 0, 1.

Â Ãëàâe 5 ìû ðàññìàòðèâàåì êâàíòîâûé ãàç, ñîñòîÿùèé èç îäèíàêîâûõ
áåññïèíîâûõ ÷àñòèö â îãðàíè÷åííîé îáëàñòè Λ ñ ãëàäêîé ãðàíèöåé. Áóäåì
ñ÷èòàòü, ÷òî îáëàñòü Λ � îòêðûòîå âûïóêëîå îãðàíè÷åííîå ïîäìíîæåñòâî
R2 ñ êîíå÷íûì ÷èñëîì çàìêíóòûõ âûïóêëûõ äûð. Ïðè ýòîì, ñâÿçíûå êîì-
ïîíåíòû ãðàíèöû ∂Λ îáëàñòè Λ, ÿâëÿþòñÿ çàìêíóòûìè îäíîìåðíûìè ìíî-
ãîîáðàçèÿìè êëàññà Ck, k = 1, 2, . . . Ïóñòü Ok � êëàññ òàêèõ îáëàñòåé.

Ìû ïîëàãàåì, ÷òî ÷àñòèöû âçàèìîäåéñòâóþò ñ ïîìîùüþ ïàðíîãî óñòîé-
÷èâîãî ïîòåíöèàëà ϕ , ãäå ϕ � ÷åòíàÿ íåïðåðûâíàÿ ôóíêöèÿ íà R2.

Îñíîâíîé ðåçóëüòàò Ðàçäåëà 5.1 îïèñûâàåò ïåðâûå äâà ÷ëåíà àñèìïòî-
òè÷åñêîãî ðàçëîæåíèÿ ëîãàðèôìà ñòàòñóììû ln Z(ΛR, z) êâàíòîâîãî ãàçà
Áîëüöìàíà. Ïåðâûé ÷ëåí èìååò ïîðÿäîê ïëîùàäè, à âòîðîé � ïîðÿäîê äëè-
íû ãðàíèöû îáëàñòè ΛR.

Òåîðåìà 16 [68]. Ïóñòü ïîòåíöèàë ϕ óäîâëåòâîðÿþò óñëîâèÿì (1),(2)
è (4), ñ l ≥ 16. Òîãäà äëÿ âñåõ z èç èíòåðâàëà

0 < z < C(β, l)

[∫
R2

du |ϕ(u)|(1 + |u|)l
]−1

(53)

è ëþáîé îáëàñòè Λ ∈ O2, ëîãàðèôì ñòàòèñòè÷åñêîé ñóììû êâàíòîâîãî
ãàçà Áîëüöìàíà èìååò ñëåäóþùåå ðàçëîæåíèå

ln Z(ΛR, z) = R2|Λ|β p(ϕ, z) +Rb(Λ, ϕ, z) + o(R) (54)

ïðè R → +∞, ãäå êîýôôèöèåíòû p(ϕ, z) è b(Λ, ϕ, z) çàäàþòñÿ ÿâíûìè âû-
ðàæåíèÿìè, â òåðìèíàõ âèíåðîâñêèõ èíòåãðàëîâ îò ôóíêöèè Óðñåëëà.
Tåîðåìà 16 ïîëó÷åíà â ñîâìåñòíîé Ã. Öåññèíîì ñòàòüå [68].
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Â Ðàçäåëå 5.2, íàëàãàÿ áîëåå îãðàíè÷èòåëüíûå óñëîâèÿ íà ïîòåíöèàë ϕ è
îáëàñòü Λ, ìû âûâîäèì òðåòèé (ïîðÿäêà êîíñòàíòû) ÷ëåí àñèìïòîòè÷åñêîãî
ðàçëîæåíèÿ ëîãàðèôìà ñòàòèñòè÷åñêîé ñóììû êâàíòîâîãî ãàçà Áîëüöìàíà.
Ìû òðåáóåì, ÷òîáû ïàðíûé óñòîé÷èâûé ïîòåíöèàë ϕ áûë äèôôåðåíöèðóåì
è îãðàíè÷åí âìåñòå ñî ñâîèìè ïðîèçâîäíûìè, ïðè ýòîì

|ϕ(u)| ≤ M, ||ϕl||1 =

∫
Rν

du|ϕl(u)| < +∞, l ≥ 16 (55)

è

|∇ϕ(u)| ≤ M ′, ||∇ϕ||1 =

∫
Rν

du|∇ϕ(u)| < +∞. (56)

Òåîðåìà 17 [62]. Ïóñòü ïîòåíöèàë ϕ è îáëàñòü Λ óäîâëåòâîðÿþò
ñôîðìóëèðîâàííûì âûøå óñëîâèÿì è ïóñòü àêòèâíîñòü z óäîâëåòâîðÿ-
åò ñîîòíîøåíèþ

0 < z < [2lβ eβB+1 λ max(M, ||ϕl||1, ||∇ϕ||1)]−1. (57)

Òîãäà äëÿ ëþáîé îáëàñòè Λ ∈ O3, ëîãàðèôì ñòàòèñòè÷åñêîé ñóììû êâàí-
òîâîãî ãàçà Áîëüöìàíà èìååò ñëåäóþùåå ðàçëîæåíèå

ln Z(ΛR, z) = R2|Λ|β p(ϕ, z) +Rb(Λ, ϕ, z) + c(Λ, ϕ, z) + o(1) (58)

ïðè R → +∞, ãäå êîýôôèöèåíòû p(ϕ, z), b(Λ, ϕ, z) è c(Λ, ϕ, z) çàäàþòñÿ ÿâ-
íûìè âûðàæåíèÿìè, â òåðìèíàõ âèíåðîâñêèõ èíòåãðàëîâ îò ôóíêöèè Óð-
ñåëëà. Åñëè ïîòåíöèàë ϕ âäîáàâîê èíâàðèàíòåí îòíîñèòåëüíî âðàùåíèé,
òî êîýôôèöèåíòû b(Λ, ϕ, z) è c(Λ, ϕ, z) ìîæíî óïðîñòèòü:

ln Z(ΛR, z) = R2|Λ|β p(ϕ, z) +R |∂ Λ|b(ϕ, z) + 2πχ(Λ) c(ϕ, z) + o(1). (59)

Ïðè ýòîì p(ϕ, z) èìååò ñìûñë äàâëåíèÿ, b(ϕ, z) ìîæíî èíòåðïðåòèðîâàòü
êàê ïîâåðõíîñòíîå íàòÿæåíèå, à χ(Λ) � õàðàêòåðèñòèêà Ýéëåðà - Ïóàíêàðå
îáëàñòè Λ .

Çàìåòèì, ÷òî åñëè ïîëîæèòü ϕ = 0 â ðàçëîæåíèè (62) òî, êàê ÷àñòíûé
ñëó÷àé Òåîðåìû 17, ïîëó÷àåì ðåçóëüòàò ðàáîòû [33] îá àñèìïòîòè÷åñêîì
ðàçëîæåíèè lnZid(ΛR, z) äëÿ èäåàëüíîãî áîëüöìàíîâñêîãî ãàçà.

Ðàçäåë 5.3 èçó÷àåò êâàíòîâûé ãàç â îãðàíè÷åííîé îáëàñòè Λ ⊂ Rd, d ≥ 2
ñî ñòàòèñòèêîé Áîçå - Ýéíøòåéíà. Âíà÷àëå ìû âûâîäèì àñèìïòîòè÷åñêîå
ðàçëîæåíèå ëîãàðèôìà ñòàòèñòè÷åñêîé ñóììû äëÿ èäåàëüíîãî Áîçå ãàçà.
Çàòåì, äëÿ ñëó÷àÿ âçàèìîäåéñòâóþùåãî Áîçå ãàçà â îãðàíè÷åííîé îáëàñòè,
ìû ïîëó÷àåì ÿâíîå âûðàæåíèå äëÿ ãëàâíîãî ÷ëåíà ðàçëîæåíèÿ è ïîêàçû-
âàåì, ÷òî ïîïðàâêà èìååò ïîðÿäîê Rd−1.
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Ëîãàðèôì ñòàòèñòè÷åñêîé ñóììû èäåàëüíîãî Áîçå ãàçà èìååò âèä:

lnZid(Λ, z) =

∫
X (Λ)

ρ+,z,Λ(X).

Ïóñòü F � òðàíñëÿöèîííî èíâàðèàíòíàÿ ôóíêöèÿ íà X ( F (X + u) =
F (X), äëÿ âñåõ X ∈ X 0 è u ∈ Rd), òàêàÿ,÷òî F ∈ L2(X 0, P 0

z ) äëÿ íåêîòîðîãî
z > 0.

Òåîðåìà 18 [55]. Äëÿ ïðîèçâîëüíîé îáëàñòè Λ ∈ O3 è âñåõ z èç èíòåð-
âàëà 0 < z ≤ z èìååò ìåñòî ñëåäóþùåå ðàçëîæåíèå∫

X (ΛR)

F (X) dρ+,z,ΛR(X) =Rd|Λ| a0(F, z) +Rd−1 a1(Λ, F, z)

+Rd−2a2(Λ, F, z) + o(Rd−2)

ïðè R → ∞. Â ñëó÷àå, êîãäà ôóíêöèÿ F , èíâàðèàíòíà òàêæå îòíîñè-
òåëüíî âðàùåíèé, êîýôôèöèåíòû a1 è a2 ïðèíèìàþò áîëåå ïðîñòîé âèä:

a1(Λ, F, z) = |∂Λ| a1(F, z), a2(Λ, F, z) =

∫
∂Λ

HΛ(r) dσ(r) a2(F, z).

Êîýôôèöèåíòû a0, a1, a2, à òàêæå a1, a2, çàäàþòñÿ ÿâíûìè âûðàæåíèÿìè
â òåðìèíàõ âèíåðîâñêèõ èíòåãðàëîâ îò ôóíêöèè Óðñåëëà.

Çàìåòèì, ÷òî â ÷àñòíîì ñëó÷àå, ïðè F ≡ 1, Òåîðåìà 18 äàåò ðàçëîæåíèå
lnZid(ΛR, z), â êîòîðîì ïðè d = 2 êîýôôèöèåíò a2 ÷èñòî òîïîëîãè÷åñêèé,
êàê ýòî ñëåäóåò èç òåîðåìû Ãàóññà - Áîííå. Îí ðàâåí õàðàêòåðèñòèêå Ýéëåðà
- Ïóàíêàðå îáëàñòè Λ.

Ñëåäóþùèé ðåçóëüòàò äàåò ÿâíûé âèä ãëàâíîãî ÷ëåíà àñèìïòîòèêè
lnZ(ΛR, z) äëÿ âçàèìîäåéñòâóþùåãî Áîçå ãàçà.

Òåîðåìà 19 [67].Ïóñòü íåîòðèöàòåëüíûé ïîòåíöèàë ϕ óäîâëåòâîðÿ-
åò óñëîâèÿì (1) è (4), ñ l > 1 , è ïóñòü z ïðèíàäëåæèò èíòåðâàëó

0 < z <
[
C(d, l)||ϕl||1β1− d

2 ζ
(d
2
+ 1

)]−1

. (60)

Òîãäà äëÿ ëþáîé îãðàíè÷åííîé îáëàñòè Λ ⊂ Rd,

lnZ(ΛR, z) = Rd|Λ|p(ϕ, z) +O(Rd−1)

ïðè R → ∞, ãäå

p(ϕ, z) =

∫
X 0

dP 0,0
+,z(X)

∫
M(X )

φ(ω,X)

|ω|+ 1
dWρ+,z (ω).
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Â çàêëþ÷èòåëüíîì ðàçäåëå 5.4 äèññåðòàöèè ìû ðàññìàòðèâàåì âçàèìî-
äåéñòâóþùèé Áîçå ãàç â ìíîãîóãîëüíîé îáëàñòè. Ïðèìåíÿÿ ìåòîä, îòëè÷-
íûé îò òîãî, êîòîðûé ïðèìåíÿëñÿ â ñëó÷àå îáëàñòåé ñ ãëàäêîé ãðàíèöåé,
ìû âûâîäèì âñå íåóáûâàþùèå ÷ëåíû àñèìïòîòèêè lnZ(ΛR, z).

Ïóñòü Λ � âûïóêëàÿ ìíîãîóãîëüíàÿ îáëàñòü â R2 ñ óãëàìè θ1, . . . , θm.
Òåîðåìà 20 [64]. Ïóñòü íåîòðèöàòåëüíûé è èíâàðèàíòåíûé îòíîñè-

òåëüíî âðàùåíèé ïîòåíöèàë ϕ óäîâëåòâîðÿåò óñëîâèþ (4) ñ l > 1. Òîãäà
äëÿ ëþáîé âûïóêëîé ìíîãîóãîëüíîé îáëàñòè â R2 è äëÿ âñåõ z èç èíòåð-
âàëà

0 < z < [C(l)||ϕl||1ζ (2)]−1 (61)

èìååò ìåñòî ñëåäóþùåå ðàçëîæåíèå

lnZ(ΛR, β, z) = R2|Λ|p(ϕ, β, z) +R∂Λb(ϕ, β, z)

+
m∑
j=1

c(θj , ϕ, β, z) + o(1) (62)

ïðè R → ∞ , ãäå êîýôôèöèåíòû p(ϕ, β, z), b(ϕ, β, z) è c(θ, ϕ, β, z) çàäàåòñÿ
ÿâíûìè âûðàæåíèÿìè, â òåðìèíàõ âèíåðîâñêèõ èíòåãðàëîâ îò ôóíêöèè
Óðñåëëà.
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Summary

The thesis presents a new general approach to the cluster expansion method,
one of the most powerful methods for the study of Gibbs random �elds. This
approach can be applied to classical and quantum systems both discrete and
continuous.

With the help of this method a useful inequality for the abstract two-point
semiinvariant is proved. This inequality becomes a basis for other more detailed
estimates of two-point semiinvariants of the Gibbs random �elds in bounded
domains which are proved in this work.

All these estimates are independent of the size of the domain which makes
them e�cient in the study of asymptotic properties of Gibbs distributions in
thermodynamic limit.

The main object of investigation is the partition function of the Gibbs
distribution of quantum gases with various statistics.

To apply the bound of abstract semiinvariants to the study of quantum
systems, the so-called Feynman - Kac representation of a quantum gas as a
system of interacting Brownian loops (interacting loop gas) is used.

For a function of two Brownian loops an integral type decay property is
introduced. It is proved that if the classical pair potential has a power decay
then the two-point semiinvariant of the corresponding loop gas has the same
type of decay.

The cases of repulsive integrable, general stable integrable potentials and
potentials with hard core are considered and corresponding bounds for the two-
point semiinvariants are obtained.

These bounds are the main technical tool for the derivation of the large
volume asymptotic expansion of the log-partition function.

Such expansions are proved for classical gases with pair potential as well as
for lattice spin models with general many body potential.

As an application of these results we prove the central local limit theorem,
give a bound for the convergence rate and prove the local limit theorem for
the probabilities of large deviations of the particle number in a grand canonical
ensemble.

The proof of the large volume asymptotics is based on a new method for the
derivation of such expansions. This approach, in contrast to the existing ones,
uses bounds for the two-point semiinvariants only.
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A modi�cation of this method is applied to derivation of the asymptotic
expansion of the log-partition function of quantum gases.

For interacting Bolzmann and the ideal Bose gases in planar domains with
smooth boundary it is proved that the coe�cients of the expansion depend on
the area, the boundary and the Euler-Poincare characteristic of the domain.

By using another method a similar result is obtained also for interacting
Bose gas in polygonal domains.

Am�o�agir

Atenaxosow�yownowm a�ajarkva� � nor �ndhanowr motecowm Gibsyan

patahakan da�teri owsowmnasirman amenahzor me�odneric meki` klas-

terayin verlow�yownneri me�odi nkatmamb: Ays motecowm� kira�eli � dasa-

kan  qvantayin, in�pes an�ndhat, aynpes na �ndhat hamakargeri

hamar:

N�va� me�odi �gnow�yamb stacva� � kar or anhavasarow�yown erkke-

tani abstrakt semiinvariantneri hamar:

Ays anhavasarow�yown� himq � handisanowm sahmana�ak tirowy�owm

Gibsyan patahakan da�teri erkketani semiinvariantneri tarber

gnahatakanner apacowcelow hamar: Ays gnahatakanner� ardyownavet

en �ermodinamikakan sahmanowm, qani or kaxva� �en tirowy�i �a�seric:

Owsowmnasirow�yan himnakan a�arkan � qvantayin gazeri Gibsyan

ba�xowmneri vi�akagrakan gowmar�: Ditarkvowm en tarber vi�akagrow-

�yownner:

Abstrakt semiinvariantneri gnahatakan� kira�elow npatakov

�gtagor�vowm � qvantayin gazi, ayspes ko�va� Feyman-Kaci nerkaya-

cowm� orpes �oxazdo� Broownyan ��akneri hamakarg:

Erkow Broownyan ��akneric fownkciayi hamar nkaragrva� � integral

tipi nvazman hatkow�yown, or� himnarar der � katarowm hetaga ditar-

kowmnerowm: Apacowcva� �, or e�e dasakan zowyg potencial� nvazowm � as-

ti�anayin � ov apa erkketani semiinvariantn owni nowyn tipi nvazowm:

Ditarkvowm en potencialneri tarber daser. vano� integreli, �ndha-

nowr kayown integreli, in�pes na pind korizov: Ays bolor depqeri hamar

apacowcvowm en gnahatakanner hamapatasxan erkketani semiinvari-

antneri hamar:

N�va� gnahatakanner� handisanowm en ayn himnakan texnikakan

gor�iq�, ori mijocov stacvowm en dasakan  qvantayin hamakargeri
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vi�akagrakan gowmari logari�mi asimptotik verlow�ow�yownner�: Nman

tipi verlow�ow�yownnern apacowcva� en zowyg potencialov dasakan gaze-

ri, in�pes na �ndhat spinayin modelneri hamar:

Orpes ays ardyownqneri kira�owm menq apacowcowm enq kentronakan

lokal sahmanayin �eorem, gnahatowm enq zowgamitow�yan aragow�yown�  

apacowcowm enq lokal sahmanayin �eorem sahmana�ak tirowy�owm masnik-

neri �vi me� �e�owmneri havanakanow�yownneri hamar:

Vi�akagrakan gowmari logari�mi asimptotik verlow�ow�yown� apa-

cowcelow hamar �gtagor�vowm � nor me�od: Ays motecowmn i tarberow�yown ayl

goyow�yown owneco�neri �gtagor�owm � miayn erkketani semiinvariantneri

gnahatakanner�:

Ays me�odi katarelagor�va� tarberak� kira�vowm � �oxazdo� qvan-

tayin gazi vi�akagrakan gowmari asimptotik verlow�ow�yown� apacow-

celow hamar: O�ork sahmannerov har� tirow�nerowm Bolcmani �oxazdo�  

Bozei idealakan gazeri hamar apacowcva� �, or verlow�ow�yan gor�akic-

ner� kaxva� en tirowy�i makeresi, ezrag�i erkarow�yan  �yler-Powanka-

rei bnow�agri�ic:

Bazmankyown tirowy�owm �oxazdo� Bozei gazi hamar stacva� � nman

ardyownq ayl me�odi kira�mamb:
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