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OBIIIAS XAPAKTEPHCTHKA PABOTBI

B mmnccepranmoHHORA paBoTe HCCIELYIOTCS CIOXHOCTHBIE XapaKTEPHCTHKH BBIBOIOB B
psiae cHCTeM KJTaCCHUECKOTO HCUHCIICHHUSI BbICKA3bIBAaHHM: cHcTeMe pe3omomuil ( R ), cHereMe
“Cutting planes (CP)”, cucTeMe, OCHOBaHHOf Ha OBOBIIEHHOM IpaBuie pacuiemienus (P ),

cucreMax Ppere ( F ), cucremax Ppere ¢ npaBuiiomM noactaHoBku ( SF ) u ¢ npaBujioM k -
OTPaHHUEHHOM MOACTaHOBKH (S, F ).

Ha ocHoBaHuM nmocTpoeHHbIX B papoTe alrOPUTMOB HOPMallbHOM (hOpMbI BHIBOLOB B
cucreMax R u CP, a TakXe Ha OBOCHOBAaHHH BbBINOJIHEHHH OIPEACICHHBIX CBOMCTB
BEJIMUHHBI ¢ - ONpENESIONHX KOHBIOHKTOB B YKa3aHHbIX CHCTEMax M B cucreMe P, nns
IOCTaTOUHO BOraToro kjacca ¢popMyJ MOCTpOEHA HepapXHs MO CJIOXHOCTSIM HX BbIBOAOB
HenocpenCcTBeHHO B cucreMax P, R u CP.

Ansa cucreM Ppere ¢ NpaBHIOM CEUEHHSI YCTaHOBJIEHA B3aUMOCBSI3b MEXIY
TPaAUIHOHHBIMH KPHUTEPHSIMH CIOXHOCTH BbIBOAOB (KOJHUECTBO MIArOB W JUIHHA) H
BBEICHHbIM B PaBOTe€ KPHTEPHEM TPYAHOONpPEAENsIeMOCTH (POpMyabl M, B UYaCTHOCTH,
I0Ka3aHOo, UTO TPY.AHOONPEALNSIEMOCTb (DOPMYJIbI HE SIBISIETCS JOCTATOUHBIM YCJIOBHEM LIS
MOJIyUSHHS CYNEepOJMHOMHANIBHOM HHXXHE! OLIEHKH CIOXHOCTH BbIBOJOB B BbIIIEYKa3aHHBIX

cucreMax Ppere, B ornune ot cucreM P, R u CP.
Cucrempt SF u S, F cpaBHEHbl H MO [UIMHE U N0 LIAraM BbIBOAOB OMHHX H TEX XK€

cpopMyJ1, UTO yKa3aJlo Ha CYLIECTBYIOYIO 9PEKTHBHOCTb CUCTeM SF 1O YCKOPEHHIO HIaros
BBIBOJIOB.
Ha ocHOBaHMH ©OJy4EeHHbIX B AHUCCEPTALUOHHON PAaBOTE pE3y/bTATOB YTOUHEHA

Hepapxus pasjiMUHbIX CHCTEM 0Ka3aTEJ/IbCTB KJIACCHYECKOM JIOTHKH.

AKT YaJbHOCTb PaBOTbI

Hccnenosanusi clioXKHOCTHBIX XapaKTEPUCTHK BbIBOAOB B HCUHCJICHHH BbICKa3bIBaHHUH,
BO3HHKIIIHE B CBA3H C pa3pabOTKaMH aBTOMaTH3allMH /A0Ka3aTEJIbCTB H HOCHBIIHE [0 KOHIA

CEMHUACCATHIX I'OA0B ABAALIATOrO0 BEKA JIHIIb (pparMeHTaprlﬁ u I/ISOJII/IpoBaHHLIﬁ XapakTep,
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IOJIyYHIH BYpHOE Pa3BHTHE IIOCIE H3BECTHOro pesynbTata Kyka — PexoBa ', n0Ka3aBIINX B
1979r., uto NP # coNP B TOM U TOJIbKO B TOM Clly4ae, €CJIH HE CYIIECTBYET HOJIHHOMUAILHO
OTPaHHUEHHON CHCTEMBbI [0KA3aTelbCTB KJIIACCHUECKHX TAaBTOJOTHM, T.€., €CIH IS JIOBOM
CHCTEMBI ~ /OKA3aTeJbCTB  KJACCHUECKOM  MPOMO3HIMOHANBHOM  JIOTHKH  Hafizercs
MOCJIe10BaTeNbHOCTb TAKHX (DOPMYJI, HHXKHHE OLEHKH AJHH KpaTJyafilliiX BbIBOJIOB KOTOPBIX
HMEIOT CyTEepIOIHHOMHAJBHYIO 3aBHCHMOCTb OT IUTHH (popMyJ1. MccnenoBanns pa3BHBAIHCH B
IBYX HaNpaBICHHSX: MOHCKA HOBBIX CHCTEM [OKAa3aTeJbCTB H TOHCKA Kjacca hopMyd,
TPY.IHO 1OKa3yeMbIX B JAHHOf CHCTEME.

Cucrembl ¢ mpocTtofi crparernefi moumcka BbiBoAoB (P, R, CP) ynosHbl aAnd
aBTOMATH3ALMH [10Ka3aTENbCTB, H 3/1€Ch BaXHbl aITOPHTMbI MOCTPOESHUST HOPMANBHBIX (POPM
BBIBOIOB.

Anst pa3nuuHbIX MoAHHKAUHR cHcteM Ppere, IS KOTOPBIX MOKA HE YCTAaHOBICHO
HHXHEN T0Ka3aTelbHON OIEHKH BbIBOAOB, aKTyalbHbl “TOBblueHHE (“NOHHMKEHHE )
M3BECTHBIX HHXXHUX (BEPXHHX) OLEHOK CJIOXKHOCTEH BbIBOJOB METOaMH KOHCEPBAaTHBHBIX

HJIH CYIECTBEHHBIX HX pacmnpeHHﬁ.
CIMH CCC OHHOM PaBOThI SBISIOTCS:

®  HccrenoBaHue BO3MOXHOCTH TOCTPOEHHS B chcTeMax pesomouufi, “Cutting planes” u

OBOBIIEHHbIX PACIIEIICHUI HepapXun hopMyJl, HMEIOWMX AJIHHbI IOPSAKA 1 H CIOXHOCTH
i .
BbIBOIOB MOPsIAKA 71 (] <i< [n log, 2])

L4 YTOuHEHH ST OIICHOK CJIOKHOCTE! BBIBOJIOB B CHCTEMaxX fI>pere C MPaBHJIOM CCUCHUA [JIA

psiaa “TpyaHOONpEAesieMbIX ” (hOPMyI.

® (CpaBHeHHE MO CJOXHOCTSM BbIBOJAOB cHcTeM Ppere ¢  MyJIbTHIUIMKATHBHOM

M0ICTAaHOBKOHN H OrpaHHUYEHHOMN 10 ACTaHOBKOM.

Meronbl Heclie10BaHAM

! Cook S.A., Reckhow A.R., The relative efficiency of propositional proof systems, Journal of Symbolic Logic,
44,1979, 36-50.



B pasoTe HCrob30BaHbI
®  U3BECTHBIC METObI HOCTPOCHHS HOPMAIIbHBIX (POPM BbIBOOB,
®  METO.bl OLCHOK CIIOXHOCTHBIX XapaKTEPHCTHK BbIBOIOB,

L4 HU3BECTHBIC METOAbI MOACIIUPOBAHUA OAHUX CHCTEM A0Ka3aTCIIbCTB APYTHMH.

Hayunas HoBH3Ha

Jlanbl HOpMasbHble hOPMbI BBIBOAOB s cucTeM pesomouufi, “Cutting planes” u
OBOBIIEHHBIX pACIICTUICHHI H YCTaHOBIEHa BO3MOXHOCTb ITIPHMEHEHHS METOIHMKH
OnpeneNsIoNUX KOHBIOHKTOB, UTO MO3BOJHJIO MOCTPOHTh B YKa3aHHBIX CHCTEMaX HEPapXHIo
¢popMyI1 MO CIOXKHOCTSIM BBIBOJIOB, aHAJOTHUHYIO HEpApXHH, HocTpoeHHol A. HysapsiH s
cucreMs! Ppere Be3 MpaBHIa CEUCHHUSI.

Nl psina “TpyaHoonpenenseMbix” (hOpMyJl yCTAHOBIEHA MOJMHOMHAJIbHASL BEPXHSIS
OLIEHKA CJIOXHOCTEll BbIBOAOB B cHCTeMax Ppere ¢ MpaBUIIOM CEUEHMs, UTO YKa3bIBaeT Ha
HENOCTATOUHOCTh ~ KPUTEPHUSI  “TPY/HOONPEAETISIEMOCTH Ui TOJNyUEHUS  HHXKHER
9KCTIOHEHITHAJIbHOM OIIEHKH CJIOXHOCTEfl BEIBOIOB B YKa3aHHBIX cHcTeMax Ppere.

/lokazaHo, UTO JB€ JIOBble CHCTeMbl ®Ppere ¢ KOHCTAHTHO OrpaHHUEHHBIMH MpPaBHIAMH
MIOJICTAaHOBKH PaBHOS(PEKTHBHBI KaK MO MJIHHE, TaK H IO IIaraM BbIBOJOB, B TO BpeMs Kak
cucreMpl Ppere ¢ MyJIBTHIUIHKaTHBHOfA MOACTAHOBKOfl CYIIECTBEHHO CHJIBHEE IIO IIaram

BbIBOOB.

BeiHOCSmHECS Ha 3aIIUTY OCHOBHBIC MOJOXECHUSA

®  OnHcaHHe HOPMaNbHBIX (POPM BBHIBOLOB H YCTAHOBJIEHHE BO3MOXHOCTH NPHMEHEHHS
METONMKH ONMPEAENSIONMX KOHBIOHKTOB B CcHcTeMax pesomomufi, “Cutting planes” u
OBOBILEHHBIX pACIIEIUICHHfl H, KaK CHIEeACTBHE, IMOCTPOEHHE Hepapxuu popMyn 1o

CJIOKHOCTSM BbIBOOB B 9THX CHCTEMaX.
®  [loayyeHune NOJHHOMHAIBHON BEpXHEf OLIEHKH CJI0XKHOCTEN BbIBOAOB B cHcTeMax Ppere

C MIPABHJIOM CEUCHHS ISl Psia “TpyAHOONpenensieMblx” (hopMyll, Ui KOTOPBIX B “CaBbIX

CHCTEMaX MOJTYUCHbI TOKA3aTCIbHBIC HUKHUE OLICHKH.



L4 /loKka3aTensCTBO paBHOS(I)CI)eKTI/IBHOCTI/I JIBYyX  CHCTEM <I>pere C  KOHCTaHTHO
OrpaHUUYCHHbIMH NpaBHJIAMH MOJACTAHOBKH KakK IO [MJIHHE, TaK H IO LIaraM BbIBOJAOB H
YCTaHOBJICHHE YCKOPCHHS KOJHMUECTBA 1IAroB BBIBOAOB MpPH INEPEXO0AE OT CHUCTEM <I>pere C
KOHCTaHTHO OrpaHUYCHHBIMH npaBHJiaMui NMOACTaHOBKH K CucreMaMm CDpere C

My JIbTHILUTHKATHBHOM 1OACTaHOBKOM.

OBOCHOBaHHOCTb H JIOCTOBEPHOCTb PE3YJILTATOB

PeSyJII)TaTLI CCI)OpMyJII/IpOBaHLI B BH/IC TCOPEM, KOTOPBIC TOKa3aHbI.

Hpalcmqecxaﬂ LCHHOCTD

I[IpeaioXeHHble alrOpHTMbl MOCTPOEHHS BbIBOAOB, a TaKXe YTOUHEHHE IPaHHI JTHH
BbIBOJIOB B HCCIICIOBAHHBIX CHCTEMaX MOTYT BbIThb HCIIOJIb30BaHbI B MPOLIECCE aBTOMATH3ALUH

J10Ka3aTeNbCTB U B pa3pabOTKaX MOCTPOCHHU A HCKYCCTBEHHOI'O HHTEJUIEKTA.

Anpogsanus pasoTbl

OcHOBHbIE PE3yabTaTbl lII/ICCCpTaHI/IOHHOﬁ PabBOThI pabOThI A0KJIAAbIBAJIHCH

® Ha 13 MexayHapoIHOM KOHrpecce JOrukoB, cocrosiBuieMcs B 2003 r. B r. OBbeno

(Ucnanus),

® na setnell Beeesponefickofi nornueckoii koncepenmn (ESM “Logic Colloquium’-

2005), cocrosBueficst B 2005 r. B Acpunax (I'penust) ,

®  Ha MEXIyHapoAHOA KOH(EPEHIHH MO BbIYHCIMTEIbHBIM HayKaM H HH(OPMALHOHHBIM

texnosorusMm CSIT-2005 (r. EpeBan, Apmenust),
®  na MexnyHapoznHofl KoHdepennun LPAR (r. Epesan, 2007 r.).

®  Ha HayuHOM ceMmuHape akynsreta UIIM EI'Y B 2009r.

Iysmukamn



Tlo Teme AuccepTaliui  OMyBJIMKOBaHO 8 HayUHbIX paBOT, CIIHCOK KOTOPbIX MPUBCACH B

KOHIIE aBTOpedepara.

a H OBBEM THCC! HH

Jluccepraupsi COCTOHT U3 BBEICHHSI, TPEX IVIaB, KPATKHX BbIBOJAOB H CIHCKA IHUTHPYEMOIT
aureparypbl. Papora u3noxeHa Ha 95 cTpaHHIaX MAalIMHOIHCHOTO TEKCTa, COAEPXKHT 2

[HArpaMMBbl, a CIIUCOK JINTEPATyPhbl COAEPKHUT 46 HAHMEHOBaHHIL.

COJEP>KAHHE PABOTEI

PapoTa COCTOHT U3 BBEACHHSI H TPEX IIIaB.

Bo BBe/eHHH NPHBOAATCS T€ OCHOBHbIE NOHSTHS H OB30p PE3yJbTaToB, KOTOpPbIC
HOCITY>KHIIH NPEANOChUIKON A1l HCCNSA0BAaHH HACTOSIIEH PaBOTHI.

MbI By/ZeM IOJIb30BaThCSl OBIICTIPHHSTHIMH TOHSTHSMH CHCTEMbI NOKA3aTeNbCTB LISt
KJIACCHYECKOTO HCYHMCICHHS BbICKA3bIBaHHMH, BbIBOJAA B IaHHOM CHCTEME, CIOXKHOCTHOM
XapaKTePHCTHKH BbIBOJA H  IOJHHOMHAIBHON CBOAMMOCTH CHCTEM [0KAa3aTelbCTB,

OnpeACICHHbIX KyKOM u PeXOBI)IM, a TakKX€ MOHATHAMH C€IUHHUHOTO 7 - MEPHOI'O BYJICBa

n ~ ~
Kysa (E ), NpONO3HLIHOHAILHON (POPMYJIbl, TABTOJOTHH, KOHBIOHKTA, AH3BIOHKTHBHOM
HOpManbHOM (hopMBI (A.H.(.).

[Anuny opMynbl @, OmpeenseMyl0 KaK KOJHUECTBO BCEX BXOXI/ICHUA B Hee
JIOTHUECKHX CBSA30K, OBO3HAUUM 4epe3 |¢| OueBHAHO, UTO JUHEAHOMA (pyHKUUEH OT |¢J|

OLIEHHBAIOTCSI M MOJHAsl ANHHA pOpMyJIbl, MOHHMaeMas KaK KOJHUECTBO BCEX CHMBOJIOB, H
KOJIHYECTBO BXOXK AEHUA MEPEMEHHDIX.

SI3bIK KaXXIOH H3 pacCMaTPHBAEMbIX CHCTEM 3a4aeTCsl PH €€ ONpPeIeTCHHH.

Kaxznass u3 paccMaTpHBaeMbIX CHCTeM @ COAEPXKHT KOHEYHOE MHOXECTBO CXeM
aKCHOM H KOHEUHOE MHOXECTBO CXEMaTHUECKH 3a[aHHbIX MPaBUJI BbIBOAA. BbIBO B cHCTEME
@ (D - BbIBOA) ompesensieTcsl KaKk KOHEUHasl MOCIEA0BaTeNbHOCTb popMysa (MM HX
COOTBETCTBYIOIHX TPEICTABICHHHN), KaXaasi H3 KOTOPBIX JIHBO SIBISIETCS] aKCHOMOH, JHBO

MOJIyuacTCs U3 NpeAbLAYIIHNX IO MpaBHJIaM BbIBOJA.



OCHOBOMOJIAralOIMMH BO BCEH papoTe SIBISIOTCS ClELYIOIHEe MOHATHS: [ - CIOXHOCTb
(anuHa) BbIBOJA, OMpenensieMasl Kak CyMMa IJHH BceX popMyJl BbIBOAA, ! - CAOXKHOCTb —
KaK KOJINYECTBO LIAroB BbIBOJA, [ - CIOXKHOCTb ( f - CIIOKHOCTB) (hOPMYIIBI ¢ B cHcTeMe P,

omnpenensieMasl Kak MHHHMallbHOE 3HaUEHHE cpeau [ - cloxHocTell (f - cloXHocTel) D —

@
BbIBOZOB (hOPMYJIBI () H OBO3HauaeMas uepes [ 0 (t 0 ).

Ilycte @, u &, cyrb NPONO3HUHOHAIBHBIC CHCTeMbl BbiBoAOB. Cienys Kyky u
PexoBy, HanOMHUM NOHATHE NOJHHOMHAILHON CBOAHMOCTH.

Ompenenenne 1. @, p—1- csoaurca Kk D, (P,;<X,P,), €ClH CyWIECTBYET TaKoOM
D D,
TOJMHOM p() , UTO AJ1s1 OBOM (pOpMyJIbl @ , BLIBOAUMOR U B D, uB D, , l/ < p( l¢’ ).
Ompenenenue 2. &, p-1- skpusanentna @, (P; ~, P,), ecmu @,<, P, u

P,%X,9,.

ITonsitne p —1[- SKBHUBAJNEHTHOCTH COOTBETCTBYET OBIIENPHHATOMY MOHSTHIO p -

OKBHBAJICHTHOCTH.

AHAIOTHYHO BBOJSTCS MOHSITHSI p — ! - CBOLHMOCTH H p — ¢ - 3KBHBAJICHTHOCTH.
Onpenenenne 3. &, HMeeT SKCIOHEHIMANbHOE [ - yCKOpeHHe (f- YCKOpEHHE)

OTHOCHTEIIbHO D

', » CCJIH CYHCCTBYCT IOCACA0BATC/IbHOCTD BbIBOAMMbBIX H B ¢1, H B ¢2

@ 1" ) 61”1 )
opmyn @, Takux, uro [’ > 2 ” (1, ”

[ns HacrosweRd pasoTbl OCHOBONOJAraIOIMMM TAaKXKe SBISETCS BBEACHHOE A. A.
HysapsH NOHATHE ONPEAENIAIONIEr0 KOHBIOHKTA, 03B0JUBLIeE ChOPMYJIHPOBATL HEKOTOPOE
YCIIOBHE, TIPH HAMYHH KOTOPOTO CJIOXHOCTh BbIBOAA B “CJIABbIX  CHCTEMAaX NOKA3aTeNbCTB
KJIaCCHUECKOIO0 HCUHCIICHUs BbICKA3bIBAHHH OLIEHHUBAETCS CHH3Y OKCIIOHEHTOH OT JIHHbI
BbIBOAUMORI (pOpMyJIbI.

Cienys OBIICIPUHATON TEPMHHOJIOTHH, JIMTEPAJIOM BY/IEM Ha3blBaTb IEPEMEHHYIO WIIH

€€ OTpHIlaHHE. KonblonkT K MOXET BbITh NPEACTaBIICH KaK MHOXKECTBO JINTEPAJIOB, MPHUEM



9TO MHOXECTBO HE MOXET COAEPKATh H MIEPEMEHHYIO H €€ OTPHIIaHHEe 0AHOBpeMeHHO. /I.H.¢.

MOXET BbITh IIPEACTABIEHA KAK MHOXECTBO KOHbIOHKTOB D ={ K, K,,... K, }.
Ilycts ¢ - npomosnmmonanchast copmyna, P={p, p,,.,p, } - MHOXECTBO ee

/
pasmuuHbBIX  MEpeMeHHbx, a P ={ PioPi e Pi } (I<m<n)- HEKOTOpoE
NOAMHOXECTBO P .

Onpenenenne 4. st HEKOTOPOTo c,.,0 )e E" KOHBIOHKT
1 m

c o,

K =(p." p,

L

m

o,
yeens D; /I Ha3bIBACTCA @ - ONPEACIAIONINM, €CIIH MOACTABIIAA B ¢ BMECTO

KaX 10/l IEPEMEHHON p; 3HaueHue o, (1< j<m), 0ojyyaercs 3HaueHHe OPMyIibl ¢
J

(0 nmu 1), BHE 3aBUCUMOCTH OT 3HAUEHHUM OCTaJIbHBIX MEPEMEHHBIX.

EcrectBeHHO, uTO sl KaXAOW POPMYJbI ¢ MOXKET BbITb MHOTO Pa3jHUHBIX -
OIpeneNSIONNX KOHBIOHKTOB.

Omnpesnenenne 5. /ns xaxaofi popMysbl ¢ MHHUMAJILHO BO3MOXKHOE KOJIHUECTBO
JIUTEPAJIOB B () - ONPEETSIONEM KOHBIOHKTE HA30BEM ONpEACSIOme JHHON (hOpMyIIbl ¢
1 OBO3HAUUM uepe3 d( @) .

Ha ocHoBaHHHM BBEICHHBIX MOHSITHI p - CBOAMMOCTH H p - SKBHBAJEHTHOCTH CHCTEM
OKA3aTelIbCTB, PAa3HbIMH  aBTOPaMH  TOCTpOCHA HEpapXusi CHCTEM I0Ka3aTelibCTB
KJIACCHUECKOTO HCUHCIICHH ST BbICKA3bIBaHHII.

[ns psiga CHCTeM: CHCTEMbI, OCHOBAaHHOH Ha MeTO[E pACIUCIUICHHA, CHCTEeMbl
pe3omonuii, cucreMbl Ppere Be3 ceueHHsI, CEKBEHIHAIBHON CHCTEMbI Be3 CEUCHHUSI, CHCTEMBI
HEPaBEeHCTB C COKpAINICHHEM NMEepPEMEHHbIX, BbUIH MOMYUeHbI MOKAa3aTeIbHbIC HHXXHHE OLEHKH
cnoxHocrefi BbBoZOB. /nsi cucreM Ppere ¢ mpaBuioM modus ponens W CHCTEM,

HaxoAsHUXCs BbIIE HHX B yKa3aHHOﬁ HEpapXuH BbIJIM HU3BECTHLI JIMIIb HUXKHHE OLIEHKH
~ 2 ~
nopsiaka n AJid t - CI0XHOCTCH, n [J1sl l- CJIOKHOCTEH, B TO BPEMA KaK BEPXH:AA OLCHKA

n o
JIMIIb TPUBHAJIbHAS MOPsLAKaA 2 , A€ n - MJIHHA BbIBOAHUMOH CI)OpMyJILI,

Ans cucrem Ppere se3 npasuia ceuennst A. HysapsH 10Kasaia, uto s 10CTaTOUHO

BOJIBIINX 7 CYIIECTBYIOT HOCJIEA0BATENbHOCTH (hOPMYJI (0; (1 <i< [n log, 2]), JorapHpMBbI



JUTAHBI KOTOPBIX HMEIOT MOPAAOK 7, a BEPXHHC H HUXKHUC OLICHKH CJIOXHOCTEN BBIBOAOB

i i+1 o~
KOTOpPbIX paBHbl COOTBETCTBEHHO 1 U n 1o JIOI’apI/ICI)MI/I‘IeCKOI/I mKale. ECTeCTBeHHO, uTo
BEpXHHUE OLCHKH 11O “NOJMHOMHAIIBHOTT uu(a,ne” NnEepeBOAATCA Ha BCE€ CHCTEMbI, p -

OKBHBAJIEHTHbIE STOfl H HAXOAAMECS “BblE” B YNOMSHYTOl HEPAPXHH, & HHKHUE OLEHKH
AHAJIOTHUHO NEPEBOAATCS HA p - 9KBHBAJICHTHbIE M HAXOSMECS “HUXE B TOM Xe
HEpapXHH.

B Hacrosuieil papoTe HCCNEeI0BaH BONMPOC MONYUCHHS aHAJIOTHUHBIX HHXHUX (BEPXHHX)
OLIGHOK B CHCTEMax, PACMOJIOXKEHHBbIX BbIlle (HHXE) yKa3aHHOfl CHCTEMbl B H3BECTHOM
HepapXHH CHCTEM N0KAa3aTebCTB.

B mepBoff raee, cocrosuiell U3 UeTbIpeX MaparpacoB, HCCIEAOBaHbI BbIBOABI H HX
CIIOXHOCTHbIE XapPaKTEPHCTHKH B cHcTeMax pesosounfi, “Cutting planes” u 0CHOBaHHOM Ha

OBOBIICHHOM NPABHIIE PACLICIUICHHIL.

B nepBoM naparpache omucana cucreMa nokasareibcts “Cutting planes” (CP) cnenys
Baccy ' W omHcaH airopuTM MOCTpOGHHs BbHIBOZA B 9TOA CHCTEME MO KaXiIof

IPOTHBOPEUHBOMN CHCTEME HEPABEHCTB.

AJNTOpHTM 3aKJTIOUAETCS B CIIEMYIOMIEM:

a) MO KaXa0f CHCTEME HEPABEHCTB, NMPHMEHEHHEM MPABHJ BbIBOJA, CTPOMTCS HOBAst
“mononHeHHas” CHCTEMA HEPABEHCTB.

B) [alee, ONSTh Xe MO MPABHIaM BBIBOAA, MPEIATaeTcsl HEKas MOCIeN0BaTENb-HOCTh
9IHMHHALHH IEPEMEHHDIX, UTO MPHBOHT K MOCTPOCHHIO BbIBOAA B CHCTEME.

Bo BropoM maparpade onucaHa HEKOTOpas HOpManbHas ¢popMa BbIBOAA B CHCTEME
pe3omonuit (R ).

ANTOPHTM TOCTPOCHHS BBIBOAA TAKXKE NPEANOJaraeT NepBOHAYANbHOE “AONOJHEHHE”
TMIEPEMEHHbIX H AAJIEE THMHHAIMIO IEPEMEHHDIX B ONMPEAEIEHHOM MOP SLIKE.

B 1perseM ma OBOCHOBBIBAETCS ~ BO3MOXHOCTh MPHMEHEHHS  CBOMCTB
MHUHAMAJBHO — ONpEAENSIONHX KOHBIOHKTOB B CP W R, UTO TO3BOJIAET MONYUHTH
COOTBETCTBYIONIHE HUKHUE OIEHKH CIOXHOCTEN BHIBOAOB, @ ONMHCAHHBIC BBIIIE ANTOPHTMbI

TO3BOJIAIOT MOJIYUHTb BEPXHUC OLICHKH CJIOXXHOCTEN BbIBOIOB, H TEM CaMbIM [10Ka3bIBACTC

! Buss S.R., Propositional Proof Complexity, An Introduction, Handbook of proof Theory, North-Holland,
1998.
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Teopema 1.3.1 ' /lna npou3BOSLHOTO [AOCTATOYHO BOJBUIONO UHCHA 7 H

Vi, (I <i<|nlog, 2]) CyWECTBYIOT  (hOPMYJIbl qoi A1 KOTOPBIX  BBbINOJHAETCS

n°

clienyioniee:

1) log,|¢!| = 6(n)

2) log, tcf) = O(nM ), log, tRi = O(ni”)
Pn Pn
CP i R i

3) log, tq), = .Q(n ) log, tq), = .Q(n )

4) log, 11} = o) g, lg,. - o)
cpP i R i

5)logzll:.Q(n), log,1 . = (n)
Pn Pn

B uetBepTOM maparpadye HCCIICAYIOTCSl aHAJIOTHUHBIC BOMPOCHI B CHCTEME, OCHOBAaHHOI

Ha OBOBLIEHHOM NpaBuJie pacuenienus (P ).

Pesynbrarbl MO HHXKHHM OLEHKAaM [ - CJIOXHOCTEH, HampumMep B R, MOTYT BbITb
nepeHeceHbl Ha P, HO TOro K€ HeNb3sl HEMOCPEACTBEHHO YTBEPXKAATh O HHXXHHX OIEHKaX
t - CTIOXHOCTefl, TaK KaK BEPHO

Yreepxaenne 1.4.1. Cucrema P uMeeT - OKCIOHEHIHATbHOE YCKOpPEHHE
OTHOCHTEJILHO CUCTEMbI R .

OmHako W mj1s cucreMbl P n1oka3aH pe3yJibTar, AHAJIOTHYHbBIA pe3yabTaTaM TCOPEMbI
1.3.1:

TeopeMa 1.4.2. /Ina TnpOU3BOJBHOTO  NOCTATOUHO BOJBIIOrO YHCAA 7 H

Vi, (1 <i<|nlog, 2]) CYIIECTBYIOT ~ (hOPMYJIbl (0; , I KOTOpbIX BbIIOJHAETCA

cienyiouee:

1) log,

9)| = 6(n)
2) log, t;i = O(ni”)

P i
3)1 t, =0 )
)ogz(p:' (n

! Hymepanus TeopeM cOOTBETCTBYET HX HyMEPAIHH B HCCEPTAIIHH.
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4) log, l;;l = o(n”’)

5) log, 1, = .Q(ni)

Bo Bropofi rmaBe, cocrosimeff u3 AByX mnaparpacoB, HCCIEIOBAaHbI CIOXKHOCTHbIE
XapaKTEPUCTHKH HEKOTOPbIX KilaccoB ¢popMys B cucreMax ®Ppere ¢ mpaBUiIOM CedeHHA,
HampuMep ¢ npaBuiioM modus ponens ( F ).

B omnume oT cucreM, paccMOTPEHHBIX B NEpBOfi rnase, A1 cucteM Ppere ¢ npasuioM
CCUEHHUS M3BECTHDI JUIIb JIUHEHAHDIC HUXKHUE OLECHKU AJIS f - CIOXKHOCTH M KBaJpaTHUHbIC
HHXKHHE OLEHKH AJS1 [ - CJIOXHOCTH TpH TPHBHANBHOM SKCMOHEHIMATbHON BEpPXHEN OlEHKE
11 OBOHX cloXHocTell. Beenennoe A. HypapsiH NOHATHE XapaKTEPHCTHUECKOTO MHOXKECTBA
NEPEMEHHBIX U1 IMPOU3BOJLHOM TaBTOJOTHMUM ) TO3BONWIO 1 [OCTaTOUHO IMMPOKHUX
KJIACCOB TABTOJIOTMH IOJYYHTb HOJHMHOMHAJbHbIE BEPXHHE OLEHKH CJIOXKHOCTEl BbIBOLOB B
cucreMax ®pere ¢ CEUEHHEM, O/[HAKO, [ OTACIbHBIX “TPY/HbIX  (POPMYJ OLEHKH

OCTaBaJIMCh 3KCMOHCHIHAJIbHbIMH.

HHTYMTHBHO MHOHSTHO, UTO BEJIHUHHA d((p)- MHHHMAJIBHO BO3MOXHOE KOJHYECTBO
JUTEPANOB B ) - ONMPEAENSIONIEM KOHBIOHKTE, YKA3bIBAET HA “‘CIOXHOCTH  YCTAHOBIIEHHSI
TAaBTOJIOTHYHOCTH (POPMYIIbL, H UeM BJIHKE BEJIHUHHA d(go) K |(p| - JTHHE OpMyIIbl @ , TeM

BOJIEE “TPY.IHOOTIPEIESAEMON” MOXHO CUnTaTh hOpMyIy @ .

Onpenenenne 6. [Tycts @ (n 2 1) - HEKOTOpas MOCIEIOBATENLHOCTh MHHHMAJTHHBIX

TaBToJioruii. Ecim mis HEKOTOPOro 7, MOXHO yKa3aTb TaKylOo KOHCTaHTy C , UTO Vn > I’lo

0

TO POPMYJIbL @, @, ;. P, 5, HA3OBEM TPYIHOONPEACTACMBIMH.
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HmenHo TpyanoonpenenseMble (pOpMyJibl paCCMaTPUBAIIUCH B EPBOf I1aBe B KaUeCTBE
IPUMEPOB C SKCHOHEHLHAJbHON HHXKHEfl OLEHKOM CIIOXHOCTefl BBIBOJAOB. 31eCh Xe
I0Ka3aHO, UTO TPYAHOONPEAEISAEMOCTb HE SBJISETCS NOCTATOUHLIM YCIIOBHEM [JIsI HHXKHEMN

9KCIIOHEHIHAJILHON OLEHKH B CHCTEMax deere C IPaBHJIOM CCUCHHU .

B nepsoM maparpace HCCIENOBAHO COOTHOIIEHHE MEXIY d(gp) H CIOKHOCTHBIMH

XapaKTEPUCTHKAMH BbIBOIOB B CHCTEMAX CI)pere C IpaBHJIOM CEUCHH .

/loka3zaHo

YrBepxaenne 2.1.2. /Ins mosofl TaBTOJOTHH (), KOTOpasi HE MOXKET BbITh MOJyueHa
M0ICTAaHOBKOM H3 BOJIEE KOPOTKOH TaBTOJIOTHH
d(p)< " " dlp)<c i
[ [
ZJ151 HEKOTOPOR KOHCTAHTHI C .

Bo BropoM maparpache HcClen0BaHa CIEAyIONas 3a/1aua: HACKONbKO “CIOXHO™ HIH
“npocto”  MOTYT BbITh BBIBEAEHBI B cHcTeMax ®pere ¢ NpaBUIOM CEUEHHSA
Tpy.AHOONpEAETIAEMbIEC (POPMYJIbI.

B uactHOCTH, n0Ka3aHa

Teopema 2.2.8. F - BbIBObI TABTOJIOTH{

m n
m,. = V. & \/p:’j (nzz, ISmSZ"—])

(o‘, o, ...o'”)eE” j=1 \i=I
t - (I -) MOJIMHOMHABHO OTPaHHYCHBL.

YuutbiBasg, urto cpopmyasl IIM TPYAHOONPEAECIAEMbIE, IONyUaeM, UTO
n,

2"-1
TPY.IHOONPENSNSIEMOCTb (POPMYJIbI HE SIBISIETCS] NOCTATOUHBIM YCIOBHEM ISl MOJyUEHHS
HHKHEH SKCIIOHEHIHAIBHONX OLEHKH CIIOXHOCTHBIX XapaKTEPHCTHK BBIBOJOB B CHCTEMax
®pere ¢ MpaBUJIOM CEUYEHHS, T.€. CBOHACTBO TPY.IHOONPEAEIAEMOCTH (POPMYIIbI MOXKET BbITh
“mocturayto” B cucreMax ®pere ¢ MpaBHIOM CEUCHHS C MOJHHOMHAIBHO OTPAHHUEHHOM
CIIOXHOCTBIO BbIBOA.

YuuTbiBasi MONyueHHble B 9TOM maparpacde pesylnbTarbl, pesynbratbl A. HysapsiH o

CJIOKHOCTAX BbIBOIOB B CHCTEMax <I>pere H NOJHHOMHAJIbHYIO 3KBHBAJICHTHOCTb Pa3JIMYHbIX
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cucreM Ppere ¢ MpaBHIOM CEUEHHS, BBIICYNOMIMYThIf pe3ynsrar Kyka u PexoBa Bo3MOXHO
MOXET BbITb mepedpasupoBan: NP = coNP Torza W TOJBKO TOTAa, KOTAAa B HEKOTOPOIl
cucreMe Ppere ¢ MpaBHIIOM CEUESHHsI MIHHBI BbIBOJAOB BCEX TPY.IHOONPENETSIEMBIX (DHOPMYIT
MOJIMHOMHAJIEHO OTPaHHUEHBI.

B Tperbefi riaBe HcCIEdyIOTCSI CIOXKHOCTHBIE XapaKTEPHCTHKH BBIBOJOB B CHCTEMAx
®pere ¢ pa3NHUHLIME MOAHCDHKAUMSME IpaBuia noactaHoBkd. A. Uysapss u I. Lefitun '
BIICPBbIE yCTAaHOBHJIM HEOXHIAHHOE CBOMCTBO NpaBHJA MOJCTAHOBKH, IO3BOJIOSIIEE PE3KO
COKpallaTh KOJMHUECTBO LIArOB BBIBOAOB. DTOT XK€ PE3yJIbTaT 3aTeM Bbll MOMYYEeH H HHBIMH
apropamu (SLKpafiuek, C.Bacc %). Kak BIOC/IEACTBHH OKa3ajl0Ch, Pa3Hble MOMHCPHKALMH
NpaBHja TOACTAHOBKH TAaKXE MOTYT OBECNEeUHBaTh pasHylo S(PEeKTHBHOCTb CHCTEMBI B
CMbICIIE “YMEHBLIEHHS] TOTO HJIH HHOIO KPHTEPHS CIIOXKHOCTH.

Panee A. UybapsH BbLIO NO0KA3aHO °, UTO IO KOJHUECTBY WIATOB MYJILTHILIHKATHBHAS
(HeorpaHHUYEHHasT) TOACTAHOBKA MOXKET [aBaTh 3KCIOHEHIHAIBHOE YCKOPEHHE MO OTHOLICHHIO
K NpaBHJTy €JIHHHYHOM MOJACTaHOBKH.

B pasoTe BBOAHTCS MOHSATHE NpaBHJa k - OrpaHHUEHHON MOACTAHOBKH, T.. KOraAa
OHOBPEMEHHAs MOACTAaHOBKA /[OMYyCTHMa JHIIb BMECTO HE Bojee, UeM k MEpeMEeHHbIX, H
NOKa3aHa:

TeopeMa 3.5.

a) sl JOBbIX (PHKCHpOBaHHbIX k, u k, (k, 21 m k, 2 1) cucrempr ®pere ¢ k, -

OTPaHUUEHHbIM MPABHJIOM TMOACTAHOBKH f - ([ -) 9KBHBajeHTHbl chHcreMaM ®Ppere ¢ k, -
OrpaHHYEHHBIM NPABHIIOM MOICTAHOBKH.

B) U151 TIOBOTO (PUKCHpOBaHHOTO k = I cucteMsl $pere ¢ k - orpaHHUEHHBIM NPABHIOM
MOJCTAaHOBKH [ - OKBHBAaJEHTHbI cucreMe ®Ppere ¢ MyJIbTHIULIHKATHBHBIM MPaBHIOM

0ACTaHOBKH.

" Lleimun . Yybapsan A. A., O HEKOMOpbIX OLEHKaX JAUH AOIUYECKUX BbIBOAOB B KAGCCUYECKOM
ucyucAeHuU BoickasbisaHuu, Mamem. Bonp. KUBepH. u BblUucA. mexH. E. AH Apm CCP, 1975, 57-64.

2 Pudlak P., Lengths of proofs, Handbooks of proof theory, North-Holland, 1998, 547-637.

3 Chubaryan A. A., The powers of the essential subformulaes sets in Frege Proofs and substitution

Frege proofs, Mathematical problems of Computer Science, 21, 2000, 116-118.
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B) cucreMa pere ¢ MyJIbTHIUIMKATHBHBIM INPAaBHJIOM TIOACTAHOBKH  HMEET
9KCTIOHEHIHATIbHOE f - YCKOPEHHE OTHOCHTENBHO CHCTeMbl ®Ppere ¢ k - OrpaHHUCHHBIM
MPaBHJIOM MOACTAHOBKH /15 JIOBOT0 (PHKCHPOBAaHHOTO k = 1 .

Ha ocHoBe nmosyueHHbIX B paBOTe Pe3yJIbTaToB, HEKOTOPBIA (PparMeHT HEPAPXHUH CHCTEM
ZI0Ka3aTeJIbCTB KIIACCHUECKOTO HCUHCICHHS BbICKA3bIBAHHHA MOXET BbITb YTOUHEH B BHIE

CHeﬂle[IIeﬁ JarpaMMmbl.

YTOouHeHHbI hparMeHT HEPapXHH CHCTEM JAoka3areibcts KHB

CucreMbl (IJpere C IpaBUJIOM My.IILT[/IH.HPIKaTPIBHOﬁ TOACTAaHOBKH
Ty

CucreMb ®nere ¢ TnaRunoM k — OrpaHUUEHHON noacTanoRkn (k> I )

Nt

CucreMbt (I)pCFC C IPaBUJIOM CCUCHU S,
CCKBGHHI/Ia.HbeIe HCUHCJICHUS C MPABUJIOM CCUCHH S,
HaTypa.HLHbIC HCUHCIICHU A

Pacumpennbie ciucreMsl ®pere;

Hckmouenne nepeMeHHbIX 13 cicteM HepaseHeTs (Cutting Planes) %k

T

CucreMbl ¢ PE30MOLUAMH; Cucrema ¢ NpaBUIJIOM SJIMMHHALIUH £ N

CCKBGHHI/Ia.HbeIe CHCTEMbI BE3 MpaBUJia CCUCHH A, (I)OpMyJ'[bHafl CHCTEMA BE3 *
TIpaBHjIa CEUCHU S
? d

/lepeBo paciernieHnit 3

TapIHIbI HCTHHHOCTH %k

B kaxnoli knetke AuarpaMMbl 3aKJIOUEHbI p - SKBHUBAJICHTHbIE cHCTeMbl. CTpeska OT
OZHOMl KIEeTKH K ApYyrofi o3HauaerT urto cucreMa(bl) M3 MEpBOH KJETKH p - CBOAATCS K

cucreMe(aM) BO BTOPOI KJIeTKe (B HaIIeH TEPMHHOJNOTHH p — [ - CBOASITCST).
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HepeqepKHyTaﬂ CTpeJjiKa C MIOMETKON { O3HAuaeT, uro CUCTEMa, U3 KOTOpOﬁ BbIXOIHUT
CTpCJIKA, HMECT SKCHOHCHIHAJIBHOC [ - YCKOPCHHC OTHOCHTCJIBHO CHCTEMbI, B KOTOPYIO
HarpasJICHa CTpEJIKa.

OTMeTHM, UTO B KaX/IOH M3 CHCTEM B OTMEUEHHbIX 3BE3A0UKOfl KJETKax (BCC CHCTEMbI

- i
HHXXE IITPUXOBAHHOM JIMHMH), MOXHO YKa3aTh MOCJIE/IOBaTeJbHOCTE popMyT @,

(I <i< [n log, 2]), JorapuchMbl [IMHBI KOTOPBIX HUMEIOT MOPSAOK 71, @ BEPXHHE H HIXHHE

o i i+1
OLEHKH CJIOKHOCTEH BbIBOJAOB KOTOPBIX paBHbl COOTBETCTBEHHO 7 H n no

JorapuMHUECKOf IKaJe.
Bce Te popMyJibl, KOTOpbIE B HHXHHX CHCTEMAax “CJIOXKHO~ BbIBOJMMBI, B CHCTEMaX,
HAXO/SIIMXCS BbIIC IWITPHXOBAHHON JIHHHH, HMEIOT MOJMHOMHAIBHO OrpPaHHUYCHHbIC

CJIO2KHOCTH BbIBOJOB.

BBIBOIBI

OCHOBHbIE PE3yJIHTaThl AUCCEPTAIMOHHOMN PABOThI 3aKJIOUAIOTCS B CIIELYIONIEM:
1. Ha OCHOBaHHMH MOCTPOEHHbIX B PABOTE AITOPUTMOB HOPMAIbHOM (hOPMbI BbIBOAOB B
cucremax “Cutting planes” u “Resolution”, a Takxke Ha OBOCHOBAHHH BbIIOJHEHHH

OnpeAC/ICHHbIX CBOTICTB @ - onpeaCsIOIUX KOHBIOHKTOB B YKa3aHHbBIX CHCTEMax, U B

CHCTEME OCHOBAHHON Ha OBOBLUCHHOM TIpaBUJIC pacmenneHHﬁ MI0Ka3aHO, 4YTO [JIst

i

MOCTATOUHO BOJIBIIMX 7 CYWIECTBYIOT TOCIEAOBATENBHOCTH TakuX hopMyn @,
(] <i S[nlogn 2]), uto JIorapuMbl HX I[IHH HMEIOT IOPSAOK 7, H BO BCEX
i ~

YKa3aHHBIX CHCTEMAx ! - CIOXHOCTH ([ - clOXHOCTH) ¢, (WM HX TPEACTABICHHUI)

HaXOSITCS MO MOPSIAKY MEXIY n' un™ o JIOTapH(PMHUECKOH HIKae.

2. BBemeHo NOHATHE TPyIHOONMPENENSIEMOCTH (POPMyIbl (yCIOBHE, OBECHEUHBAIONIEE
HHKHIOIO 9KCHOHEHIHANBHYIO OIEHKY CIIOXKHOCTEH BBIBOJOB B HA3BaHHBIX B MyHKTE 1
“cnapbix” CHCTEMax) M JO0KA3aHO, UTO B CHCTeMax ®pere ¢ MPaBHIOM CEUEHHs

TPYAHOONPECACIAEMOCTD CI)OpMyJI HE ABJIACTCA NOCTATOUHBIM YCJIOBHEM AJIs1 BOJIBIIUX
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3HAaUCHHMl  CJOXHOCTEHl  BbIBOJAOB. B UacTHOCTH, /0Ka3aHO  CYIIECTBOBAHHE
T0C/IeN0BATENBHOCTH TaKHX TPY/IHOOMpEEAeMbIX (hOPMYJl ¢ , UTO CIOXKHOCTH HX

BBIBOZIOB B cHCTeMax Ppere NOIHHOMHAILHO OTPAHHUCHBI.

CpaBHenbl 110 “ShheKTHBHOCTH  CHCTEMbI Ppere ¢ MyJIbTHILIMKATHBHLIM MPABUJIOM
MO/CTAaHOBKH M KOHCTaHTHO - OTPaHHUYEHHBIM MPABHJIOM MOJACTAHOBKH. /loKa3aHO, UTO
no [ - CJIOXHOCTH BCE YKa3aHHbIC CHCTEMbl MOJHHOMMIBHO 3KBHBaleHTHbL [lo -
CIIOXHOCTSIM  MOJMHOMHJIBHO ~ 9KBHBAJICHTHbI JIHIIb CHCTEMbl C KOHCTaHTHO -
OrpaHHUEHHbIMH  TNpPaBHJIAMH  TOACTAHOBKH, B TO BpeMs KaK CHCTEMBI C
MyJIBTHIUIHKATHBHOM ~ TTOACTAHOBKOA HMEIOT OKCIOHEHIHAJbHOE - YCKOpEHHE

OTHOCHTECJIbHO CUCTEM C KOHCTAHTHO - OI‘paHI/I‘vIeHHOﬁ MOACTaHOBKOM.

Cumcok II!BHP[K@H“ 10 TEME AHCCEPTALIHH.
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